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AKTYa/IbHOCTb

AKTyanbHOCTb paboTbl 06ycnoBneHa:

HEO6XOANMOCTbIO YCTAHOBNEHUS CBA3N MeXKay
KOHTUHYa/IbHbIM U ANCKPETHbIM ONncaHne aepopmmnpyembix
TBEPAbIX TEN;

HEObXOAMMOCTbLIO PeLLeHNA 3334 TEPMOMEXaHUKN Ha
MUKPO- N HAHOYPOBHe (B T.4. NS AM3aNHA HOBbIX
NpPOLLEeCccopoB);

HEeobX0AMMOCTbIO PACCMOTPEHMUS CUAbHO HEPABHOBECHbIX
npoueccos B feGopmMUpyembIx TBEPAbIX TeNax,
BO3HMKAKOLWWMX, B T.4. NPN N1a3ePHOM BO3AENCTBUM;

OTK/IOHEHMEM OT MaKPOCKOMUYECKMX ONpeaenatoLmx MEXAHUKA —
COOTHOLIEHUM Ha MUKPO- M HAHOYPOBHE (B T.4Y. HapyLleHne OT AUCKPETHOTO K CMNIOWHOMY
3aKoHa dypbe).

domuH, B. M., Kpayc, E. U., WabanuH, A. N. (2008).
MexaHuKka - OT AUCKPETHOrO K CrSIOLLHOMY.
Hosocubupck: N3a-so CO PAH, 2008 r., 344 c.
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Transistor
Density
MTr/ mm2

https://spectrum.ieee.org/nanoclast/semiconductors/processors/intel-now-packs-100-million-
transistors-in-each-square-millimeter
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HVM Wafer Start Date

Semiconductor

device
fabrication

MOSFET scaling
(process nodes)

10 yum — 1971
6 um — 1974

3 um—1977
1.5 ym — 1981
1 um — 1984
800 nm — 1987
600 nm — 1990
350 nm — 1993
250 nm — 1996
180 nm — 1999
130 nm — 2001
90 nm — 2003
65 nm — 2005
45 nm — 2007
32 nm - 2009
22 nm -2012
14 nm - 2014
10 nm — 2016
7 nm—2018

5 nm - 2020




PeXXnumbl TenionepeHoca

Length dependence of heat conductivity*

w 10
* AndPy3nOHHbDLIN g .
~ 7 ¥
* BbinonHAaeTcA 3aKoH Pypbe o E o] d P
® L ;D-D:-"F‘I'I'I'I'I'
KoadpurumeHT Tens1onposBoaHOCTH © eS0TI 8
— KOHCTaHTa maTepurana P L (um)
% 47 ﬁ -
hd | . @ SiG.QGED.'I
* bannnctnyeckum - . @ Sig ,Geq g batch 1
* Hapymienue 3akoHa dypebe - i " SloaGeog batch 2
D ! I ! I ! I ! I ! I ! I ! ‘ ! I ! I ! I ! I !
o 0 1 2 3 4 5 6 -IL 8 e 10 n 12
* DOPEeKTUBHbIN KOIPPULUMEHT Lum)
TENN0NMPOoBOAHOCTU ballistic diffusive

nponopumnoHaneH pasmepy (K ~ L)

*T.-K. Hsiao et al. Observation of room-temperature ballistic thermal conduction persisting over 8.3 micron in SiGe
nanowires. Nature Nanotech. 2013 !



HecTtaumoHapHble 3KCepuMeHTbI Mo TenaonposoaHocTU. MeTtoa Transient
Thermal Grating*

* CuHycomnaanbHoe nose TemnepaTypbl CO34aeTcs
NBYMSA 1a3epPHbIMU 1y4amm

* M3mepseTca oTparKeHHbIN OT MOBEPXHOCTU
CUTHa, 3aBUCALLUIA OT TemnepaTypbl

* B nonunkpucrannnyeckom rpapute npn T~ 100K 5 osf ;‘-\_;\ : »/'/ —
g ) ECES — :':"j..‘nl
aMMANTyaa CUHYCa 3aTyXaeT HEeMOHOMOHHO 2 oo \\\\\_ £ / — 7s0um
£ LN T T -— . |
o 04 \‘\\'- " wavevectoriznfm)
£ I\ \ \
NapameTpbl: g | \\\ '\
n b | N e
. ~ - \ \ \A“\ ~_
[Nepuog cuHyca ~10 um, 2 A ——
 Temnepatypa poHa ~100 K, £ =
—0.2 v v v * .
e [nutenbHocTb MMmnynbea ~60 ps o e

S. Huberman et al. Science, 2019

* J.A.Rogers, A.A. Maznev, M.J. Banet, K.A. Nelson, Optical generation and characterization of acoustic waves in thin films:
fundamentals and applications. Annu. Rev. Mater. Sci. (2000).

* S.Huberman, R.A. Duncan, K. Chen, B. Song, V. Chiloyan, Z. Ding, A.A. Mazney, G. Chen, K.A. Nelson, Observation of second
sound in graphite at temperatures above 100 K, Science, (2019)



CoaepxaHune

* [apMOHMYECKAA TEOPMA NEePEeHOCa TEMNJIOBOU IHEPTUN
* bananuctnyecknu TensonepeHoc B rpadeHe
* OTpa*KeHune TenJI0BbIX BOJIH OT rPaHMLbl

* BannucTtrnyeckaa TepMoynpyrocTb



[apMOHWYecKas Teopus TeNaonepeHoca



[@apMOHUYECKNN KPpUCTaNN

 KOMMNOHEHTblI BEKTOPOB NepemelLeHnn YacTml, popmupyroT ctonbeu, u ° O ° O ® O
/o [afp | @

b l-|aCTl/1LI,bI COE,EI,MHEHbI C I'IpOM3BOJ'IbeIM YANC/IOM COCE,EI,EI\;I I'IpV)KMHKaMM
* Cwuna, gencTBYOLLLAA Ha KaXKAyHo YacTuuy, npeactaBaseTca B Buae
{0/ ,/®/, @
® ®
X a_
L@/, ®
@ @ ®

JIMHEMHOMN KOMBUHaUMM nepemeLlleHnii Apyrmux 4actuy,
* YpaBHEHUA ABUKEHMA ANA YACTUL, SNE€MEHTAPHON AYENKM X:

Mi(x) =Y Cou(x+a,). Co=C],

3necb M — maTpuua macc, C— matpuubl, onpeaensaemble XKeCTKOCTAMMU
cBA3en

* Ha4vanbHble YC/N10BUA:

u(x) =0, wv(x)=1wvp(x)

* Ha4vanbHble CROPOCTU — HEKOppennpoBaHHbIe cnyqaf/'lele Be/IMYUHDbI C
Hy/1eBblM MaT. OXXKUOJaHUEM



MoTusaumAa

* TennonpoBOAHOCTb YNCTO BananUCTUYECKan
* AHa/IMTUYEeCKMe pelleHuns
* TecTUpoBaHMe 33434 ANA HEIMHENHDBIX CUCTEM

* Ha manbix BpemeHax nMHenHoe npubamnkeHme xopowo onucbiBaeT
noBeaeHne HeJIMHENHbIX CUCTEM



KnHeTuyecKkas TemnepaTtypa 1 TemnepaTtypHas maTpuLa

* TemnepaTypHaa MaTpuLa AYENKHU X:
kpT(x) = M%<v(x)v(x)T>M% & kgl = 1/ﬂf[iﬂfj<vivj>

* KUHeTn4yecKaa temneparTypa

T(x) = %trT(x)

* B cnyyae paBHopacnpeaeneHua T — WapoBas
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BbiBoa, dpopMy/ibl ANA TeEMNEpPaTyPHON MaTpULLb

4 N
e Equations of

motion

¢ |nitial conditions
IINcKpeTHoe
% npeobpasoBaHue

dypbe )

OcpegHeHne
no
peanns3aumam
e Particle velocities
(exact)

/

e Temperature
matrix T(x,t)
(exact)

- 1Ba macwTaba
BPEMEHMU

- KOHTH Hyann3auuna

-

e TemnepaTtypHas
maTpuua T(x,t)
(npnbanKeHHO)

* Krivtsov A.M. Heat transfer in infinite harmonic one dimensional crystals. Doklady Physics, 2015, Vol. 60, No. 9, pp.

407-411

* Kuzkin V.A. Unsteady ballistic heat transport in harmonic crystals with polyatomic unit cell. Continuum Mech.

Thermodyn. 2019
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HecTaupoHapHbIi 6annnctTuyeckuii TennonepeHoc
B FaPMOHUYECKUX KPUCTannax

JBonoumMA TemnepaTypHoro npodunsa Ty(x) onucbisaetca popmynon

| N
l : :

N\
\

TenaoBble BOJ/IHbI

dopmyna npumeHnUma

* 1D, 2D, 3D pelweTKu

* ayenKa umeet N dcteneHen csoboapbl

* NPOWU3BOJIbHbIE IMHENHbIE B3aUMOOENCTBUS

Kuzkin V.A. Unsteady ballistic heat transport in harmonic crystals with polyatomic unit cell. Continuum Mech.
Thermodyn. 2019



HecTaupoHapHbIi 6annnctTuyeckuii TennonepeHoc
B FaPMOHUYECKUX KPUCTannax

i - 1 | _
Ts ~ /PTSP*Tdk,. {Ts}i; = E{P*T (To(x + vyt) + To(x — vyt)) P}j;0;
k

Tg - Haya/IbHOEe pacnpeaeneHne TemnepaTypHOM MmaTpuubl
W; - BeTKa ANCNEPCUOHHOIO COOTHOLLEHMUS

Vg,i - FpynnoBaA CKOPOCTb

P - nonapusaumoHHasa matpuua

Kuzkin V.A. Unsteady ballistic heat transport in harmonic crystals with polyatomic unit cell. Continuum Mech.

Thermodyn. 2019
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OcobeHHOCTH BaNnNUCTUYECKOro TennonepeHoca

fapMOHUYecKaa Teopua npeackasbiBaeT:

v' KoHeuyHana ckopocTb GPOoHTa

v' HecKonbKo Temnepartyp

v' AHM30TpONUA B “M30TPOMHbIX maTepmanax”
,

v’ MepeHoc Tenna “oT XoN04HOro K ropademy’

v' KonebaTenbHoe 3aTyxaHune Temneparypbi

14



[lpumeHeHue Teopunu bannucTnyeckoro TenaonepeHocCa

* Llenoyku
* llenoyKa lyKa
* LlenoyKa c B3aMOAENCTBNAMM He BANKANLINX coceaen
e [IByxaTOMHaA LenoykKa
* alpha-FPUT
* beta-FPUT

* 2D peweTKu
* CKanAapHaAa KBagpaTtHaA
* padeH (konebaHMA B NN1OCKOCTH)
* [padeH (nonepeyHble KonebaHmA)

15



[prmeHeHWe Teopum BanNMCTUYECKOro TenonepeHoca

* Llenoyku
* llenoyKa lyKa
* LlenoyKa c B3aMOAENCTBNAMM He BANKANLINX coceaen
e [IByxaTOMHaA LenoykKa
* alpha-FPUT
* beta-FPUT

* 2D pelueTKu
* CKanApHaA KBagpaTHaA
* [padeH (KkonebaHnA B NN1OCKOCTH)

* [padeH (nonepeyHble KonebaHmA) m% ----- —
ropb bepuHc

m  ApTtem [NaH4YeHKO

16



OcobeHHoCcTH 6annncTnM4ecKkoro TenaonepeHoca



[apmoHu4Yeckana moaens rpadeHa

* [flonepeyHble KonebaHun

* /INHENHbIE U YI/TIOBbIE MPY*KUHbI

e Chy4amHblie CKOpoCTH

* Hynesble nepemelleHUA

18



YpaBHEeHUA ANHAMUKU

Td H.L. T

,.T,Eﬁl.: T—ue'u Uﬁ T+ p— nﬁm _ Twtt—u,  1— Eﬁ+mwlx>|ﬁ Eﬁ+ﬁw+

.._Eﬁc

("TRag+ T A + ias — T Rg + M Enga— ) eAT %
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T— Eﬁ._.__w_bm _1- E~+=ﬁ|_| hﬁ+E=_,L__,.r+ﬂ+Ehfp+Eﬂ+mf,I\a| ~+n vwl
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wr4u

E T “—.1 L
A+ g B_ = "0

E~+:mm+ﬁ Eﬁ+MbLﬁlﬁ EJ+.m T+Hw'1— DL_.:,I_”+E_ b;
[T A — Ay + 9 —
(AR + TP+ Ay + Y Eng — TTHARA — T ) o+
T+E =Q+E,ﬁ+..w vm T+w — ﬁml\aI?Eﬁ b+TE"ﬁ+Mbm‘\»+
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YpaBHEeHUA AUHAMUKN

* 4 cteneHu cBobOAbI
* 4 nUCNEePCUOHKMU

* 4 TemnepaTypbl

kT = m<U$2>, kpThy = m<Uy2>,

kpThss = m<V$2>, kpTys = m<Vy2>.

20



HadanbHble ycnosua

) Cnyqaf;lele CKOpOCTM HeKoppenuposaHHble
Ur:;fm - *gi,?rif\/ﬁ% ) [’}?{m - Bg,m\/ﬁ% ) <'3£’m> - <"Bg’m> - <’Yg"m> - <7g=m> =0,
| ' m | ' m

k L <(-ﬁ£-_m)2> - <(*gi%m)2> - <(7$§,m)2> - <(7:}{,m)2> =1,
ro T 'B i “a . B .
‘/?lam - Tn,m\/iTU ) ‘/?i},m — P}x.::{.._-;fn \/7TO 2 QY x Y QX y r QY
1 m <-A'3.71’-?n.*lg11,ﬂ1> — </Y-n.._-m7-n,._m.> = <.‘g-n..?’r1-7n,m,> — <"Yln“ -.-‘Iaﬂ."_r‘n,> — O-

* HyneBble nepemelleHUA
vr,. =Uy, =0, Vi =VV =0

‘n,m ‘n.m n.,m n,1m
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AHU30TPOMNMA TennonepeHoca B rpadeHe

1 peanunsaums 100 peanuszauum

0.015
Ha4yanbHble YCN10BUA:

el T, 2*+y* <R’
TU ‘,’E!y = 2 2 2

0, z*+y“>R

0.005

0

0.015

0.01

0.005

0

(c) (d)



TennonepeHoc B rpadeHe (B NNOCKOCTH)

1
Ts = - E /Tg(er vl 1)dk
8 — Jx
71—=1
100 ¢ —0.015
0.015
50
0.01- 0.01
& c@
~ ~Z_ 0
= 0.005. >
0.005
0. 50+
100
-100 - - - - 0
-100 -50 0 50 100

X/a
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CpaBHeHWe NPOoAO/IbHbIX U MonepeYHbIX KonebaHui

maximum
0.015 . K///////
0.01 -
0.005 -
0.
100
100
. 0
y/a 100 -100 x/a

in-plane

minimum

0.015

0.01

0.005

x/a 01

-100 v/a

50 100

0
100~ _4gp Y

out-of-plane
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HecKko/ibKO TemnepaTyp

Tl:

HavanbHble yenosusa (T,,=T,.):  Ty(z,y) =
0,

T

XX

72 4+ y? < R?
$2—|—y2>R2

T

25



CuHycomnaanbHOE noae TemnepaTtypbl

* Haya/ibHble yCN0BUA

2
T'O(X):T'b—I—AT'SiD%xj L =X-'€e
* PeweHune Alt)
1; 2me - vIi
Tg = = 4 | 7 dk

L
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HeMOHOTOHHOE 3dTyXaHne CMHyCcomnaa/ZibHOINro noad

isotropy anisotropy
0.5 WS
0.2
o 0.15}
Ac,t 0.1
0.3
A AT L 0.05¢
AT 0
0.2
-0.05¢
0.1 ‘0.10
0 e o ot eI e o - i SR
0 1 7 3
Red — zigzag

Blue — armchair



CtaTtbu

[MonepeyHble KonebaHuA

Continuum Mech. Thermodyn. (2019) 31:1573-1599 Chesk far
https:ffdoi.org/10.1007/500161-019-00802- 1 Dpciaien

ORIGINAL ARTICLE

Vitaly A. Kuzkin(®

Unsteady ballistic heat transport in harmonic crystals
with polyatomic unit cell

Received: 30 March 2019 / Accepted: 6 June 2019 / Published online: 20 June 2019
© Springer-Verlag GmbH Germany, part of Springer Nature 2019

Abstract We study thermal processes in infinite harmonic crystals having a unit cell with an arbitrary number
of particles. Initially, particles have zero displacements and random velocities, corresponding to some initial
temperature profile. Our main goal is to calculate spatial distribution of kinetic temperatures, corresponding
to degrees of freedom of the unit cell, at any moment in time. An expression for the temperatures is derived
from solution of lattice dynamics equations. It is shown that the temperatures are represented as a sum of two
terms. The first term describes high-frequency oscillations of the temperatures caused by local transition to
thermal equilibrium at short times. The second term describes slow changes in the temperature profile caused
by ballistic heat transport. It is shown that during heat transport. local values of temperatures, corresponding
to degrees of freedom of the unit cell, are generally different. Analytical findings are supported by results of
numerical solution of lattice dynamics equations for diatomic chain and graphene lattice. Strong anisotropy
of ballistic heat transport in graphene is demonstrated. Presented theory may serve for description of unsteady
ballistic heat transport in real crystals with low concentration of defects. In particular, solution of the problem
with sinusoidal initial temperature profile can be used for proper interpretation of experimental data obtained
by the transient thermal grating technigue.

Keywords Ballistic heat transport - Ballistic limit - Heat transfer - Thermal waves - Harmonic crystal -
Harmonic approximation - Polyatomic crystal lattice - Complex lattice - Kinetic temperature - Transient
processes - Temperature matrix - Energy transport - Graphene - Anisotropy

KonebaHua B NJ1I0OCKOCTU

Unsteady ballistic heat transport in two-dimensional
harmonic graphene lattice

A.Yu. Panchenko®, V. A. Kuzkin®<, 1. E. Berinskii®™*

*School of Mechanical Engineering, Tel Aviv Univeristy, Ramat Aviv, Tel Aviv 69978, Israel
bInstitute for Problems in Mechanical Engineering RAS, 61, Bolshoy pr. V. 0., St.
Petersburg, 199178, Russia
“Peter the Great St. Petersburg Polytechnic University, 29, Politechnicheskaya str., St.
Petersburg, 195251, Russia

Abstract

We study peculiarities of unsteady ballistic heat transfer in a two-dimensional
graphene lattice. The evolution of two initial temperature profiles in an infi-
nite lattice is investigated analytically and numerically using the harmonic ap-
proximation. We show that ballistic heat transfer in graphene is significantly
anisotropic. In particular, the solution of the problem with circular initial tem-
perature profile has the symmetry of the lattice rather than the radial symmetry.
Additionally, the solution has many local maxima, while in a diffusive regime
there is only one maximum. We also show that in the ballistic heat trans-
fer regime each atom in graphene has two distinct temperatures corresponding
to motions in zigzag and armchair directions. Presented results may serve for
proper interpretation of experimental results on unsteady ballistic heat transfer
in graphene,

Keywaords: ballistic heat transfer, graphene, thermal anisotropy
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Bonpochi

e Kak onncatb noBegeHne Ha rpaHuLax ?

* bygeTt 1n paboTtaTtb rapMmoHUYeCcKasa TeEOPUA B HEJIMHENHbIX
cucrtemax ?

» KaKk cBA3aHbl KosiebaHMA TemnepaTypbl C MAaKPOCKOMNMYECKMMMU
MEeXaHNYECKUMUN ABUKEHNAMMN ?



YTO nponucxoauT Ha rpaHuue?



* YpaBHeHMA ANHAMUKU

Uy, = wg (un+1 — 2u, + un—1);

Uy = 0)3 (uy — up),

cB060AHbIE KOHLbI » ‘
ﬁN—l = (l)g (uN_2 — uN_l). TO Cepreit JIsxkoB

* HayanbHble yCnoBUA

kpTn
m

0 — 0 —
un—O, Un = Pn

=
N R

Ul N
o Ul

(pn> — 0; (pnpm> — 6nm 0 La (L,+I)a
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KOHTUHYa/IbHOE BblparKeHNEe ANA KNHETUYECKOM
TemnepaTypbl

[lone TemnepaTypbl:
T(x,t) =TF+T>

BbicTpbIl Npouecc (BbIpaBHMBAHUE KUHETUYECKOM N MOTEHLMANbHON SHEPTUN):

T0
z(x) ]0 (4(‘)6 t)-

TF(x,t) =

MepaneHHbI npouecc (bannnctnyeckoe pacnpocTpaHeHume Tenna):
T

1
TS(x,t) = Ej T°(]x + vyt cos 8])dO
0

rae v, — CKOPOCTb 3BYKa.
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[pAMoyrosbHoe Tenao0Boe BO3MYLLEHME, He KacatoLleecs

rPaHULbl

[o otpaxeHus Tennosoii onwbl (L, = 25, L, = 50):

T
Continuum
= === Discrete

o Numerical

-100 50 50 100

0
&

BeckoHeuHas uenouyka (f = 20)

'

0.5

047

0.3+

021

0.17¢

Continuum
- === Discrete
! ©  Numerical

20 40 60 80 100
T

Nony6eckoHeuHas uenouka (& = 20)
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CKayekK Ha rpaHuue

Mepuogmyeckan Lenoyka

0.25 . .
Continuum
S - Discret.e
02 Numerical
0.15
0.1
0.05

o f

CBoboaHan Lenoyka

0.3+
0.25

0.2

tt~ 0.15

0.1

0.05

O

Continuum

- === Discrete
Numerical

0.3
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TemnepaTtypa Ha cBOHOOAHOM rpaHULLE LLEeNnOYKH

—

t=L,+L,
5 :
Continuum
= === Discrete
" .
04 I Numerical !
0.3
<
By KOHTUHYyanbHoe
0.2 peweHne Ha
rpaHuULLEe Ha
paboTaet
0.1

80 100 120

36

o
(]
o
£
o
E"ln-}g



CKayeK Ha rpaHuue

2L EURQAG

1
Continuum
Discrete
0.8+
0.6
'
04+
0.2
0 , . .
0 100 150 200 250



[pAMmoyrosbHoOe Tenao0Boe BO3MYLLEHMeE, KacatoLweeca rpaHuLbl

No oTpaxenusa (t = 20):

0.4

'~ 0.3}

0.2}

0.1

Continuum

- === Discrete
©  Numerical | -

0.3

0.25¢

0.2lk

‘&~ 0.15

0.1|;

0.05|f

Nocne otparkeHua (t = 100):

= = = = Discrete
©  Numerical

T
Continuum

50 100 15
z
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MN3meHeHue BO BpeMeHU TemnepaTypbl

1¢

t=1L

0.8

Continuum
= === Discrete
©  Numerical

20 40 60 80 100 120

Ha rpaHuLe

nckpeTHoe un
KOHTUHYa/IbHOEe
pelweHnAa Ha rpaHule
MMEeIOT Pa3Hyo
ACUMNTOTUKY
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bannncrtnyeckaa TepmoynpyrocTb



[MocTtaHoBKa 3aaa4m (microlevel)

* Lleno4yKka ®Pepmu-lacTa-Ynama:

muv, = c(Upa1 — 2Uy + Up_1) + u—-((unH — -un)g — (up — -un_l)gx

nonlinearity

* HayasibHble YyCN0OBUA

. 2k 2mn
Uy = [J U, = ﬁ,f'n\/ B (TD -+ AT sin :Tn ) . <ﬁ.f':-n.> — D._ <"}g> =3
m N

Or any other function
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[lepexon K KOHTUHYaNbHOMY Npeaeny

* OcpegHeHUe No peanmnsaumam -
Uy = (Up ) + Up
d Pa3,u,eneHme Tenn10BblIX U MeXaHN4YeCKUX
ABUXKEHUU
d KOHTVIHyaﬂM3aLI,MFI MeXaHUNKA Tenno

* BbiBOA, onpeaenAatowmx COOTHOLLEHNM

* TennonpoBOAHOCTb ONUCbIBAETCA
rapMoHUYeCcKoUu Teopueun

A.M. Krivtsov, V.A. Kuzkin, Discrete and continuum thermomechanics. In: Encyclopedy of continuum mechanics
42



YpaBHeHUA 6annnucTMYecKom TepmoynpyrocTu

* [lnHamMmunKa
b= v (-u.” — ﬁT'*)

s BbiBOAATCA U3

- YPaBHEHUN
* bannncTtnyecknn tenaonepeHoc OMHAMMKMN peLLeTKu

l 2‘}1'
T(z,t)= fm To(x + v, (p)t)dp.

* HayanbHble yCnoBUA

u=20, v=0
* [Mepmnoanyeckme rpaHNYHbIE YCA0BUS
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bannucrtnyeckmm pesoHaHc



KonebaHua TemnepaTtypol

PeweHue (Kpusuyos, 2015)

AT T ="T,+ A(t) sin(Ax), A(t) = AT Jy(wt)
0.75
0.5
005 | : Pe3ynbTaThl:
I, o 1) KonebaHuna temnepaTypbl
oL \AA A -i 2) TapmoHMYeckan Teopus paboTaeT B
: R ' cnaboHeNMHeMHOM ciyyae
-0.25 | U "
y wt
_0.5 1 1 1 1 | 1 1 1 1 | 1 1 1 1 | 1 1 1 1 |
0 25 50 75 100

Analytical solution (line) and numerical results (points) for
aa/c =-0.25 (red), aa/c = -1 (blue)
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Bannuctuyeckuii pesoHaHc: Teopus

[InHamumnyeckmne ypaBHeHUA:

i = vou" — M BAT Jy(wt) cos(Ax)

Periodic “external force” with frequency equal to
the 15t eigenfrequency

PeweHwne:

u(x, t) = z(t) cos(Ax). 2(t) = — %SiTmcoS (wﬁ — %T)

Poct amnantyabl 6e3 BHewHero Bo3aencrsma!
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Bannuctnyeckmin pesoHaHc: YNCAEHHbIE pe3ynbTaTbl

AMNANUTYAQ MeXaHUYeCcKnx konebaHum MexaHu4yeckasa sHeprma
A2 8 ¢ 75 r

I ] E I
BAT 6 | IRRRN ra

- )
8* | \*\,\(’

s
f |

50

’
0) ~e
B 4 e i 1 ~ . -
LT ¥ Fm . il s i p - C—
; - N & m g 1 & 1 i T =
_2 - m ¢ ¥ N & b 7 g ¥ s 7 e ’
W 1 ] W m M Ly T I! - -~
T ] 1 o L A -t
| 1 H ol S ! ! m T J m T 18 H 25 L -
"'" ] i Yy 3 n 1 1 i I" l.).'—,
4 5 iy Y (11 0y i Ll I o ! - o
- [ i ll-“ ¥ g i ‘, - 1 I -

SR
|

_8_||||I||||I||||I||||I 0 N NN N N [ T TN T Y S T TN Y N TN TN O

0 25 50 75 100 0 25 50 75 100
wt wt

Poct amnantyabl 6e3 BHewHero Bo3aencrsma!
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Tepmanmnzayma. 3aTyxaHne MexaHU4YeCcKon SHeprmm

c 200 [
e |
150 |
100 B TepManumsaums
50 | x
O [ I |-‘T"-|-=|,k.‘i""|'-|--|.,|.J 1 :‘r‘|“1
0 250 500 /750 1000

wt

[Tpn KOHEYHOU TemnepaType NnapagoKca Bo3BpalleHna HeT!
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MaKcnmanbHaa mexaHn4yeckas dHEepPrmna

0.004

rgmaxL
Hy 4
0.003
! L 4
0.002 ¢
I 4
0.001 |
e
[ aa
- C
0 1 1 1 1 | 1 1 1 1 ] 1 1 1 1 | 1 1 1 1 J
0 0.25 0.5 0.75 1

MaKcnmanbHaa mexaHnyeckas dHEeprnAa cywecrseHHoO MmeHblle TEN/I0BOW



PacnpocTtpaHeHue Tepmoynpyrmx BoJiH



ToyeyHoe TennoBoe BO3MyLLEeHMe

 HauanbHOE pacnpeseneHve TemnepaTypbl
To(x) = Ad(x)

* [MlepemewteHmna (ballistic thermoelasticity)
_ Afx 1
st 1= (x/cst)?

u x| < cgt

* MNepemewenuna (classical thermoelasticity)

2 2
_ ABcsVm ot 1 ( —(CS(t‘?‘x) _(Cs(t—‘;)+x) )

I. Trunova
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CpaBHeHWe C K1laCCUYECKOoM TEPMOYNPYroCTbio

ﬂ.eCIJOPM_a_U._M!/' (6311”MCTW‘4€CK3H Tep.MOY”pVKOCTb) Jedopmauymm (Knaccuyeckana TepmMoynpyrocTb)
2 T T T T T T T T T T T T T T T T T
18 o
1.6
2 -
14
12} - 1r
L 1 B
Y 0 w
0.8
0.6 = 1k
0.4
-2 r
0.2
D 1 1 1 1 I 1 1 1 1 _3 I ]
10 8 6 -4 2 0 2 4 6 8 10 10 8 & - 2 0 2 4 6 8 10
Bx 1 (cs(t=1)=x)2 (cs(t=1)+x)2
= BCS\/_ ( 4a2 1 —e 4a2 1 dr

TGt [T — (x/cgt)? 1a



[pAMoyroabHoOe HavyasibHOoe Nnosie TemnepaTypsl

NepemeweHuna

* HayanbHoe none TemnepaTypbl

A
To(x) =E(H(x+a) —H(x—a))

* MNepemewenuna (ballistic thermoelasticity)

4 F

(W_ (x,t) — W, (x, t)) s

=25 20 -15 10 -5 o 5 10 15 20 25

Afcgt
T

2
Wi(x, t) = [1 — (%) ] H(cst — |x £ al)
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[pAaMoyronbHoe pacnpeaesieHne TemnepaTypbl

MNepemewtenmns (ballistic thermoelasticity) MNepemewtenmns (classical thermoelasticity)
15 T T T : T . T : T T T T 4 " . t i - - "
3_
10
2_
5 L
1_
0 D0
A F
AT
2k
A0 |
-3 F
_15 1 i i i 1 i 1 i 1 _4 i
100 80 60 40 -20 0 20 40 60 80 10 20 15  -10 -5 0 = 10 15 20
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[pAaMoyronbHoe pacnpeaesieHne TemnepaTypbl

Nedopmaumu (ballistic thermoelasticity) Nedopmauymu (classical thermoelasticity)
1 = = Fa
0.8 | 151
0.6
1 L
0.4
0.5
0.2
0 0
L 05}
04t
At
06}
A5}
08
1 -2

-100 -80 60 40 =20 0 20 40 60 80 100 -15 -10 -5 0 5 10



Pe3synbTaThl

* bannncTtnyeckmum TennonepeHoc NPUBOAUT K HOBbIM 3dpdeKTam

* bannncTtnyecknn TennonepeHoc XopoLlo ONUCbIBAaeTCA JIMHENHOM
Teopumewn

* [NoBeaeHme cnaboHenNHeNHbIX CUCTEM XOPOLLO ONMUCbIBAETCS
YpaBHEHUAMMU 6ANTUCTUUYECKUU TEPMOYNPYrocTu

* bBannncrTnyeckana TepmoynpyrocTb NpeackasbiBaeT HOBble 3P PEeKThI,
Hanpumep 6anInCTUYECKNN pe3oHaHC
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OTKpbITble BONPOCHI

* Linking different theories of heat transport (lattice dynamics, kinetic theory,
fluctuating hydrodynamics etc.)

* Transition between different heat transport regimes

* Interaction of thermal waves with defects, boundaries and interfaces
* Transition of mechanical energy into heat

* Quantum effects at low temperatures

e Real experiments on unsteady heat transport
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Further details mech.spbstu.ru/TC
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BALLISTIC RESONANCE

Publications [edi — —— )
Ballistic resonance and thermalization in FPU chain &
o V.A. Kuzkin, A.M. Krivisov. Ballistic resonance and thermalization in the

Fermi-Pasta-Ulam-Tsingou chain at finite temperature. 2020, Physical
Review, E 101, 042209 (abstracte’, download pdf)

e A.M. Krivtsov, M.B. Babenkov, D.V. Tsvetkov. Heat Propagation in a One-Dimensional Harmonic Crystal on an Elastic Foundation. 2020, Physical
Mesomechanicsg, Vol. 23, No. 2, pp. 109-119 (abstract&’, download pdf)

e S.N. Gavrilov?, A.M. Krivtsov. Steady-state kinetic temperature distribution in a two-dimensional square harmonic scalar lattice lying in a viscous
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Additional slides



Fermi-Pasta-Ulam-Tsingou problem

PP UP PP P PR PR R R P PR

* Nonlinear chain

* Initial conditions correspond to
excitation of the 15t normal mode

* Zero temperature

Fermi, E., J. R. Pasta and S. Ulam. 1955. Studies of nonlinear problems.
|. Report LA-1940. Los Alamos: Los Alamos Scientific Laboratory.

300

200

energy

100

V)

0 10 20 30
in thousands of cycles

Figure 4. Fermi, Pasta and Ulam initialized their system with all energy in the lowest mode of
vibration (1) and calculated what would ensue. They expected that energy would eventually
become shared equally among all possible modes. Instead they found that after being shared
among a few low-order modes, a very large fraction of the energy later returned to the mode
they had used to initialize the system. (Colors correspond to the analogous modes shown in
Figure 3.) This observation, which they modestly dubbed “a little discovery,” marked the birth
of experimental mathematics. (Adapted from Fermi, Pasta and Ulam 1955.)

61



Rectangular temperature profile in the semi-

infinite chain

Continuum
- === Discrete
o Numerical

0
%

Infinite chain at £ = 20

100 50 50 100

Continuum
= - Discret_e
04} O Numerical |
037
'~ Gl

0.2¢
0.1

0 ot ‘ . : : L

0 20 40 60 80 100

~

¥

Semi-infinite chain at £ = 20
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Finite speed of the heat front

Ballistic heat transport in the scalar square lattice

Front speed is equal
to the maximum
group velocity

Kuzkin V.A., Krivtsov A.M. Fast and slow thermal processes in harmonic scalar lattices // J. Phys.: Condens.

Matter, 29, 505401, 2017
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Front tracking using the Huygens—Fresnel principle
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Ballistic heat transport in the scalar square lattice
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Multiple temperatures (unsteady case)

0.9

0.8

0.7

0.6

0.5

Temperatures of sublattices
are different

Parameters:

m-= 2m1, Ci=C2 time 500 T

0 0.5 1 Number of realizations 10*

6
Kuzkin V.A. Unsteady ballistic heat transport in harmonic crystals with polyatomic unit cell // Cont Mech Thermodyn,52019



Multiple temperatures (noneq. steady state)

1.4_— (a) G_Ia N=
128 " N=6s
- I TR R R T R T R T T
~ ]Jll:tlllllﬁ;l \ | Ill Il“ ||II|I | | \ | ||I-II| Ill.l' \ .I 1 | \ \ .il| | I,I | .I'
A Mﬂﬁim I Eﬂﬁ/ﬂ WYY
0.6 N

- s AT TR

=

FIG. 1. (Color online) Temperature profiles for (a) system with
even number of sites N = 32,64 and with y; = y = 1.0 and (b)
system with odd number of sites N = 33,65 and with y, = 1.5,y =
0.5. Other parameters were set tom, = 0.75.m; = 025,k = 1.T; =
1.5,T; = 0.5. The mass of the first particle is always taken to be
mg. Note that in (a), the heavier particles are hotter, while in (b), the
lighter particles are hotter. The horizontal dashed lines indicate the
analytic predictions for N — o0, from Eqgs. (11), (12).

V. Kannan, A. Dhar, J.L. Lebowitz, Nonequilibrium stationary state of a harmonic crystal with

alternating masses, Phys. Rev. E, (2012).



Anisotropy of heat transport in graphene (out-of-plane)

10 realizations 100 realizations
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Kuzkin V.A. Unsteady ballistic heat transport in harmonic crystals with polyatomic unit cell // Cont Mech Thermodyn, 2019



Heat transport “from cold to hot”

V/a Acoustic <10° /g Optical
5 .
100 100 Hot points
4
3 10.015
: +
2 0.015
4
-100 -100 0.01 0.01
0
-100 0 100 -100 0 100 X/  pe—
x/a [ ] 0.005
0.015 / 0.015 /
x/a 0 0.005
0.01 0.01 LA, -100
0.005 + 0.005
| 100 -100 -50 0
y/a y/a
100 x/a 100 x/a
0 100 100
-100 -100 0 -100 -100 0 o8

Kuzkin V.A. Unsteady ballistic heat transport in harmonic crystals with polyatomic unit cell // Cont Mech Thermodyn, 2019



Oscillatory decay of sinusoidal temperature profile in graphene

Initial conditions:

05 A Ty =To(x,y)E,  To(z,y) = THAT‘JIH%

0.4 Computed value:

] 2
0.3 / / (x,y) sinﬂdxdy

0.2 | zigzag
armchair
0.1 Effects:
1) Nonmonotonic decay
0 2) Decay as 1/t rather than e
3) Anisotropy
-0.1
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N3BbpaHHble NYyOMKaUMM
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Kuzkin V.A. Unsteady ballistic heat transport in harmonic crystals with
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Kuzkin V.A. Thermal equilibration in infinite harmonic crystals. Cont. Mech.
Thermodyn, 2019
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OTan4yma ot runepboanyeckom Tena1onpPoBoOAHOCTH

* YpaBHeHUA MakcBenna-KatraHeo-BepHoTTa:

| K, . 1.
h4 —h=——T y Ay e
T T T T

* PeweHne B C/Zlydae KOCNMHyconaazibHONro Ha4v4ya/ibHoOro BO3amMyLweHumA [1]

dathk® > 1:

!
) — » " 37 . * k.t sk ey _  _ dathk?—1 * | o -
I'(t,x)=06Te 2 (cosw ITI—A s w*t)coskx + 1 of = Wl A — k= peva

e OTAnyumas:
* He onucbIBaeT pacnpocTpaHeHue Tensa B JIMHENHbIX N c1abo HeNIMHENHbIX UenoyKkax [2,3]
d ,£I,aeT SKCNnoHeHuuaabHOE 3aTyxaHme, B YANC/IEHHOM :—)KcnepmmeHTe — CTerneHHoe 3aTyxaHme

* HeT 3aBMCMMOCTM OT 3aKOHa B3anmoaencTama (AmMcnepCcMoHHOro cooTHoLeHua). ns pasHbix
LLenoYeK 3aKOH M3MEHeHMA TemnepaTypbl byaeT ogMHaKoBbIM (He cornacyeTcs ¢
pe3yabTataMmu MoaennpoBaHus)

[1] A.A. Sokolov, A.M. Krivtsov, W.H. Miiller, E.N. Vilchevskaya, Physical Review E, 99, 042107 (2019)
[2] O.V. Gendelman, A.V. Savin, Physical Review E, 81, 020103R (2010)
[3] A.M. Kpusuos, [loknaabl akagemmun Hayk. 2015, Tom 464, N2, c. 162-166



AHanuTnyeckoe peweHme (banImMcTMYeckmMm pe3oHaHc)

BAT 2 BAT 3
MepemeLyeHus u(.’r, t) = —'T wt.Jq (wt) COS()\:I.‘-). U~ — ;’T\/ﬁcos (wt — Tﬂ) cos(Ax).
£ = &2 (TR (wt) + JQ(wt)) 9
MexaHuuyeckas , ( ! E ~ ;&wt.
SHeprua £ = Zp’vﬁﬁQATQ.

72



CBA3b MUKPO- M MaKpOMapamMeTPOB

* MexaHun4yeckme napameTpbl

p=—, E = ca, Ve = @
a m

* Tensi0Bble NapameTpbl

&]CB

CV:kB, [)7:

ac?

A.M. Krivtsov From nonlinear oscillations to equation of state in simple discrete systems // CSF, 2003
A.M. KpusLos, B.A. Ky3bKnH MonyyeHmne ypaBHEHUI COCTOAHUA UAEaNbHbIX KPUCTaNN0B NPOCTON CTPYKTYpbI // MTT,
2011



