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General equation of body rotation around fixed axis.
[image: ]Consider a body rotating around the z-axis (Fig. 1).  Then, dropping the "wave" indexes over the moving axes, we have: 
  

Here E and  are matrixes of angular acceleration and velocity

General equations
 (
Fig.1
)

Substituting matrixes in  (3) we get: 
          (3’)
From (4) we get:
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+=	  (4’)	
Enrolling (3’,4’) we get:






		There are six unknowns in these equations: the law of rotation φ (t) and five reactions of the bearings.   The last equation in (5) is the differential equation of rotation.	

Equation (6) defines the law of rotation φ (t).  The remaining equations can be used to identify the reactions of bearings after the law of rotation is found.	
	We should remember that the forces applied to the body, may depend on the angle and on angular velocity of the body.   With equation (6) we can be consider direct and inverse problems of dynamics of rotation of the body.  
It implies the power condition of uniformly variable rotation.  It is clear that to maintain the angular acceleration constant, the main torque of applied forces should be constant.	
Mz = Const		(7)
Body rotated uniformly, if the main torque is zero	
[bookmark: _1283142392][bookmark: _1283142665][bookmark: OLE_LINK2]Mz = 0		   (8) of a rotating body
Balance of rotating body
	After the law of rotation is found, the remaining equations (5) can be used to find the reactions of supports XОYОXАYА and ZО.   Equations (5) show that ZО does not depend on the rotation of the body, while the remaining reactions can depend on.	
	Experience shows that at large angular speeds, these reactions can reach values, dangerous by destruction of the bearings.  Thus, it is important to know the conditions, permitting to avoid such a risk.	
	The body is called dynamically balanced relative to the axis of rotation, if the reactions of bearings do not depend on the speed of rotation of the body.  To find the conditions of balance, means to understand when the reactions will not depend on the rotation.  Consider 4 equations for the reactions:	
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It is obvious that if the left parts of the equations (9) equal to zero
                   




the reactions will not depend on rotation of the body.
	Conditions (10) consist of two homogeneous algebraic systems of equations. Determinants of matrices of these systems (10) are not zero.	
 
 

This means that the equations have only zero solution.  This solution:


Means that the axis should be Central and main axis of inertia.
Condition (12) provides the balance, which is called static because it can be easily checked by "static" experience.  If we put the axis of rotation horizontally, and the body will stay at rest at any position, the axis is central.  
	Thus the body is dynamically balanced if the axis of rotation is Central and main axis of inertia.

General equations of Plane motion of  body

	Consider the movement of a plane figure including the center of mass of the body (Fig.2).   (
Fig.2
)Superpose the plane of axis x,y with the plane of the figure, and its origin with the center of mass.  Then WC and the main torque of reactions of the plane will lie in the plane x,y. Angular velocity and acceleration ,  and the reaction N of the plane will be directed along the z axis.  
	General equations will get the form:
	        (16)





+=

After enrolling:

  (17)

The first, second and last equations



are differential equations the plane movement of the body.  They determine the law flat movement x (t), y (t), φ (t), along with initial conditions.   
After we determine accelerations, we can find the remaining three unknowns:  N, MxR , MyR     Note that the reactions of the plane will not depend on the motion of the body, if the axis zC is Central and main axis of inertia.
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Resistance to the wheel movement

The real body is not solid.  When a wheel is rolling on the road, both the wheel and the road are being deformed.  This deformation is viscoelastic, that is accompanied by internal friction.  The result is a resistance to movement of the wheel on the road.  Its nature can be understood if we consider the limit state of wheel rest before it starts to drive under the action of torque (drive wheel) or the central force (driven wheel).

Torque resistance.
First, examine the resistance to rotation of a soft drive wheel on solid horizontal road caused by internal friction of the wheel’s material. This may be a flat drive wheel of the car on asphalt (Fig.3).
 (
Fig.3
Fig.4
Fig.5
Fig.6
)
Distributed normal reactions of the road on the wheel and their resultant N are always normal to the road.
At the absence of the drive torque M plot of normal reactions is symmetrical, and the resultant N runs through the center of the wheel (Fig. 3).
If apply to the wheel a small torque M, then the resultant N remaining vertical, moves toward the torque action by some amount a (Fig. 4).  Just as this happens at rollover.
If we increase torque  M up to a certain value М*, corresponding to the limit state of the wheel rest before it start to rotate offset a reaches the maximum value k, which is called the coefficient of rolling friction (Fig. 5).
At this point force of gravity P and reaction N form a force pair with torque
      (18)
called moment of rolling friction. So instead of the picture (Fig. 5) sometimes we draw an equivalent picture (Fig. 6).
It should be noted that the center of the wheel will start moving only when the force friction appears after the torque M exceeds the limit value of  М*. Until that there is no force of friction.

Driven wheel
 (
Fig.
7
)Picture of acting forces at the limit state of rest of the wheel is on the Figure 7. Contrary to the driving wheel the friction force  is always present and together with the limit driving force  creates the turning couple ..
It should be noted that the wheel may not start to rotate, if the grip is not good enough.  In this case, the friction force reaches the limit value  before it does the rolling friction moment.
   или         (19)
The wheel will start to move in transition, without rotating.  So, a flat driven wheel will be skidding, moved by the driving wheels. Spin resistance has nothing to do with translation of the body, only with its rotation.
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 (
Рис.
8
Рис.
9
Рис.
10
Рис.
11
)Force resistance 
Consider the resistance of internal friction in a soft road to translation of an absolutely solid wheel. First consider the driven wheel, since the central driving force F is always able to overcome any resistance to the road.
Distributed normal reactions of the road and their resultant R always pass by the center of the wheel.
In the absence of the driving force  the plot of normal reactions is symmetrical, and the resultant  is vertical (Fig. 8).
If we apply a small central driving force , then the wheel will stay at rest, and the point of application of reaction R moves to a certain value a in direction of F (Fig. 9).
If we increase the force   to a certain limit    corresponding to the  limit stay of rest of the wheel before moving the gap a reaches its maximum value  (Fig. 10), which is called coefficient of road resistance.
Meanwhile the vertical component N of reaction R balances the force of gravity of the wheel P.  Horizontal component of reaction R , called force of road resistance, has a module

and balances the limit driving force .   So instead of picture (Fig. 10)  we often draw the figure (Fig. 11).
It is remarkable that the resistance force is inversely proportional to the radius of the wheel.  This is why the off-road vehicles have large wheels.   
In addition, not knowing the formula (20), peoples of the North have always made a maximum radius of curvature of the strips at the leading end of the sleds.  Because the resistance force (20) has nothing to do with rotation, it is associated only with its transition movement.	
It should be noted that the driven wheel will start rotating only when the friction force appears after the driving force   exceeds its limit .

Driving wheel
 (
Fig.19
)In the limit state of rest before the center of the driving wheel starts to move the force picture will look like in Figure 19.
Unlike in the driven wheel, the friction force  appears with any value of the driving torque M. At the rest forces and make a pair of resistance , balancing the driving torque M.
It should be noted that the center of the driving wheel can stay at rest if the grip with the road is not good enough.  In this case, the friction force reaches the limit value of  before it does the resistance force.  The wheel starts to slip without rotation.  So may happen when we drive in deep snow. 
Сcondition of lack of slippage
   
or
  (21)
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[bookmark: _GoBack] (
Fig.20
Fig.21
)In general case, when both the wheel and the road are deformable we have both moment of rolling friction , and the force of road resistance of the road .  Picture of the applied forces at an extreme state of rest before moving is presented in Figure  20. The resultant equivalent is in Figure 21.
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