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INTRODUCTION TO THEORY OF OSCILLATIONS

Linear oscillations of system with one degree of freedom

Stability of equilibrium of the system.
All around us, even if it seems to be at rest, makes periodic movement called oscillations. A main condition of oscillation is existence of a stable equilibrium position (or process), around which the system performs oscillations. How to determine whether there are such positions?

Determination of equilibrium position of the system.
Consider a conservative system with ideal holonomic stationary constraints, with one degree of freedom (l = 1) and П (q).   We can find the equilibrium position of the system, if it exists, with principal of possible speeds in generalized coordinates:

which states that in the equilibrium position potential energy has an extremum.
Expression (1) is the equation relative to coordinates . The roots of the equation, if they exist, are the coordinates of equilibrium positions of the system.
Лекции А.Костарева 
Example: inverse pendulum (Fig 1).  
It is the pendulum of length l and mass m with spiral spring of stiffness c ' and zero deformation at the vertical position of the pendulum.
We choose the origin of generalized coordinate φ and zero level of potential energy at the vertical position of the pendulum, 
Fig.1
с’
φ

We calculate П (φ) for the force of gravity and elastic moment of spring :

The static principle of possible speeds    gives the equation of equilibrum:
	
Solutions to this equation are intersection points (fig. 2) of straight line
 and sinusoid   
If the spring is tight φ1=0
φ2
φ3
φ4
φ
у



Fig.2


the plots intersect only at zero, and the pendulum has only one vertical position of equilibrium. At this case
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When the stiffness of the springs

the potential energy П will have multiple positions of equilibrium. The less is the stiffness of the spring c', the more of equilibrium positions will have the system. 
Figure 2 shows that at the given rigidity of the spring the system has 4 equilibrium position.   Since П (φ) is a function of one variable, its extremums alternate between maximum and minimum.   At upper position we have maximum..


Example:  Let .  Then the plot of the function of potential energy 

will be
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Plot of its derivative
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In the absence of spring the system will have countless positions of equilibrum

 but physically it will be only two vertical positions.
Лекции А.Костарева 
	There are three types of equilibrium: stable, non-stable, indifferent.  For the ball on Fig.3 these are positions 1, 2 and 3.  After deviation from the stable equilibrium position the ball comes back.  If you deviate the ball from the unstable equilibrium position the ball will never return to it.  The indifferent equilibrium positions make a continuum.   Experience shows that oscillations occur only about the stable equilibrium position.1
2
3
Рис.3


Stability of equilibrium position by Lyapunov.
Consider a system with one degree of freedom and the position of equilibrium in which we put an origin of generalized coordinate q.  We define the system state by values of the coordinate   and speed  (t).  We assume these values as coordinates of the phase plane (fig. 4). Origin of the phase coordinates corresponds to position of equilibrium. 
The system state is characterized by position of representative point on the phase plane.q	
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Рис.4

At the moment t = 0 we give disturbance to the system, by giving it the initial coordinate and speed .  Representative point starts to move from position .  Next, the system will perform a perturbed movement, and representative point will draw phase trajectory.
The position of equilibrium   is called stable by Lyapunov, if for any two arbitrarily small numbers ε, ε ' you can set another two arbitrarily small numbers δ, δ ', so that the phase trajectory of perturbed movement beginning infrom δ area will never get out of the ε area.
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Linearization.
Potential energy of the system
Consider a conservative system with potential energy П(q) and the position of equilibrium in which we choose the origin of coordinate q and the zero level of potential energy:
		 – condition of equilibrum       (10)
Let us expand П(q) in Maclaurin series, taking into account the condition of equilibrium:

The first nonzero term in the series is called a quadratic form, because it contains a square of q.
The system is linear in П, if П is a quadratic form of q, i.e., all other members of the series are zero.
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Kinetic energy of the system.

where

We see that kinetic energy is a quadratic form of generalized speed

With coefficient

System is called linear on T if T is a quadratic form of  with constant coefficient ̇, i.e. if 

The system is linear if it is linear both in T and П.
If the system is not linear, we should linearize it. Linearization is imposition of restrictions that would make the system almost linear. 
If we consider the small movements q,<<1, then in the series (11) of function П (q) we will keep only the first non-zero member.  Thus П becomes a quadratic form of q with constant coefficient c.

where c is the rigidity of the system

	At the same time in the Maclaurin series for the coefficient

we will have to keep only the first member:

and kinetic energy will become also a quadratic form of  with constant coefficient a.

Consequence: to get a quadratic form of kinetic energy we should calculate T at the moment when the system passes the position of equilibrium.
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Examples:
а) mass m on linear spring (lecture 8, Fig. 3):

The system is linear.
б) Inverted pendulum:
              (22)
The system is linear in T, and is non-linear П.
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Lagrange- Dirichlet theorem on stability.  
Sylvester's criterion (sufficient condition of stability).
Theorem (without proof): System equilibrium position is stable by Lyapunov with sufficiency if potential energy П(q) has minimum in this position.  
This means that, if in position of equilibrum П(q)  has minimum, it is stable.  If not, then we have to make study that is more detailed. 
We select the coordinate origin and zero level of potential energy at equilibrium position. After linearization (if needed), we get:
For a system with one degree of freedom
	 
is condition of minimum for П and condition of equilibrium stability at q = 0.
For a system with l degrees of freedom:

Since

Coefficients of the rigidity of the system
form the stiffness matrix 

According to Lagrange- Dirichlet theorem potential energy П in equilibrium position should have minimum. Since П(0)=0 function П(q) should be positively defined in a neighborhood of zero.
From mathematics it is known that the condition of positive definition of a quadratic form, thus of stability of equilibrium at zero is the criterion of Sylvester: 
if all main diagonal minors of rigidity matrix C are positive the equilibrium position is stable.
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