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Forced oscillations with the viscous resistance. The law of motion.
Suppose that on the system above, along with the potential forces act the forces of viscous resistance and the driving force.
Potential forces are determined by the function of the potential energy

- whose zero level is selected in the state of stable equilibrium, where

Forces of viscous resistance are characterized by Rayleigh function Ф, the driving force is represented by the generalized force Q. After linearization (if required), we obtain the quadratic forms:

and generalized driving force

Write Lagrange's equation:

Substituting (3) into equation (5), we obtain the differential equation of forced oscillations with resistance

where

Solution of the inhomogeneous equation (6) equals the sum of the general solution of the homogeneous equation  and a particular solution  inhomogeneous equation.
Лекции А.Костарева 

Solution  decays with time even at low resistance  

Looking for a particular solution in the form of:
    
where A is the amplitude,  phase shift.
Derivatives

The right side of the equation we represent as

After substituting in the equation, we find

Collecting the coefficients at and  we get
             

Erect (14) and (15) squared and added:

Divide the second to the first:

[bookmark: OLE_LINK2]The final partial solution

The general solution of the differential equation of oscillations (if n <k):

Speed

The integration constants С1 and С2, as always, we find from the initial conditions


Wherefrom
         
We see that С1 and С2 consist of initial conditions and terms depending on the driving force. Substituting С1 and С2 in the solution we see that, as in the forced oscillations without resistance, the movement of the system consists of three oscillations (n < k):
1. With quasi frequency  and amplitude depending on the initial conditions,
2. With quasi frequency  and amplitude not depending on the initial conditions
3. Pure forced oscillations with frequency p.
Regardless of the resistance value n, the first two oscillations disappear with time, and remains only the pure forced oscillation (partial solution). Therefore, it is of particular interest.
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Dependeces     and  ε (z)
We build qualitative characteristics for (16) and (17), as before, in dimensionless values of the dynamic factor  λ and phase shift ε


Here  dimensionless coefficient of resistance.
Build the plots for λ (z) and ε (z).
Obviously, at z = 0: λ = 1, when z → ∞: λ → 0
We investigate the dependence of λ (z) for the extremes. Consider the radical expression

We find the points suspicious for extremum.

Root   exists for any resistance ν
The second root  find out from
		
Root decreases with increasing resistance and disappears when the resistance reaches the value 

Determine what kind of extremum will be at zero.

Derivative   is negative at zero for . In this case function  has maximum at zero, and λ -minimum.
That's just when , exists z2, where λ has the maximum, because minimum of a function of one variable should be followed by maximum.
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1. Graph of the function  (Fig.1) depends on the resistance value ν: when   function has a minimum at zero and maximum (resonance) at z2.
2. Value z2 and the value of the resonance amplitude decreases with increasing resistance ν.
3. At a large resistance  function has only a maximum at zero.
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We investigate the dependence . We proceed in the formula (17) to dimensionless quantities by dividing the numerator and denominator by 

We see that for any resistance   and for z = 1
Fig.2

Hence, all the graphics ε (z) pass through π / 2.  We transfer in Fig.2 the graph Fig. 3 form lectures 11 for ν = 0.  Obviously, the graphic change continuously with change in the resistance ν. Hence, with increasing resistance ν graphics will be removing from the schedule for ν = 0.
Conclusions:
1. Conservative system (all forces are potential) makes a sustained oscillations about the position of stable equilibrium ().
2. Environment (viscous force of resistance) dispels the total mechanical energy of the system. Therefore, even with a small resistance oscillations will be damped, and at large resistance there is no oscillations.
3. If energy comes in the system without resistance in the form of a periodic driving force, then it will result in forced oscillations with a frequency of induced forces. Their amplitude reaches an infinite value at p = k (resonance phenomenon), but the system will collapse before.
4. The most common model is forced oscillations with resistance, for which an increase in resistance reduces the resonant frequency and amplitude, and when the resistance value reaches   resonance disappears.
5. [bookmark: _GoBack]Dangerous resonance phenomenon can be avoided if we:
a) run the system far away from the resonance zone.
b) suppress resonance using dampers.
There are mechanisms in which the resonance phenomenon is helpful. For example, in tamping machines, hammers and vibrating conveyors.
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