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[bookmark: OLE_LINK1]Lecture 5
THEOREM OF KINETIC ENERGY

	Theorem on change of momentum and angular momentum do not describe the systems motion under the influence of only internal forces.  For example, vibrations of two material points connected by a spring.	
Theorem of kinetic energy of point and system.   
Force power and elementary work.
Newton's second law for free point
         (1)τ
F
Fτ
V
dr
𝛼
Fig.1

links the point acceleration  with force   
Specific initial conditions cause the actual speed  (Fig. 1).
Dot product of (1) by actual speed  gives:
		(2)
The left side of the expression can be represented as

As we know
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is called kinetic energy.   
The right side of (2) 

is called  power of force F.  We come to the theorem of kinetic energy:
	               (5)
Speed of change of point kinetic energy is equal to the power of the force. 
In Cartesian coordinates, the power can be found using the formula:
               (6)
In natural axes
   (7)
In other words, power creates only the tangential component of the force. Power has the sign of .
Force power is zero if the force is perpendicular to the speed.
Or if the point speed is zero. For example, friction force of the wheel on the road does not develop power if there is no slippage. 
Theorem (5) after multiplying by dt can be written as

Value

is called an elementary work of force F.  Displacement dr is called elementary displacement of the point.  We come to the theorem in differential form
         (8)
Index “ ’ “  in  emphasizes that, in general, elementary work is not a differential of any function A.  In the future, we will see that the only for "potential" forces elementary work is a full differential of potential energy П.
Disclosing the dot product we get
       (9)
From this formula follows:
1. The sign of work is determined by the sign of Cos:
2. The work is done only by tangential component of the force. 
3. Work is zero, if the force is perpendicular to the displacement.
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Consider the motion of a system of material points {  in the inertial reference system.   Kinetic energy of the system is a positive scalar
We denote by  the resultant of all external forces and by the resultant of all internal acting 
on the point. Summarizing the theorem of kinetic energy for all points of the system, we come to theorem for the system           

where  and - power of external and internal forces of the system.
Systems in which the total power of internal forces is zero are called invariable systems.  These systems include the solids; systems of solids, connected by non-stretchable thread etc.

Kenig theorem
In the center of mass C of the system {  has the radius vector

We select in C the origin of the Kenig axis x y z of C-space, moving in translation with C (Fig.2).  Radius vectors of the points of the system relative to the center of mass C are denoted by . Now the absolute speed of the point mk will be 

Speed of translation is the same for all points of the system 

        (14)
Substituting (14) into the formula for kinetic energy	


we come to Kenig theorem 
[bookmark: OLE_LINK3]
Kinetic energy of system is the sum of the energy of translational motion with the center of mass and energy  of the motion relative to C-space.
Лекции А.Костарева 
Kinetic energy of rigid body
Consider free movement of rigid body in inertial frame of reference (fig. 2).   In Kenig formula	
	
the second term is the kinetic energy of the body in spherical motion around the center of mass.  Sincer the body is continuum, the sum becomes an integral by volume of the body 

Relative speed Vr must be found by Euler's formula.

	In matrix form 
Vr= R	        (19)	
Here R is a skew-symmetric matrix (RТ=R) attached to radius vector rC.
Calculate the square of relative velocity in view of (19)

Substituting this expression into formula (17), we obtain
	
We recognize the expression in square brackets as the inertia tensor matrix relative to the center of mass C.
JC  =  dm        (20)
Now the formula of kinetic energy of body in free motion takes the form
        (21)	
Body translation 
In this case, the body does not rotate ( = 0), all points have the same speed V and it means	
    (22)
Spherical body movement 
Repeating the calculations (17) for  in free movement, but about the Center O (Fig.3), we will get a similar formula
1)	
On the other hand, we know that in spherical motion speeds are distributed in the body as if it is rotating around the instantaneous axis L (Fig. 3).  Speed of body point



Then
	
The integral is the moment of inertia about the instantaneous axis

We come to the second formula for the kinetic energy of the body in spherical motion


2)  	  (24)

[bookmark: OLE_LINK4]Body rotation 
This movement (Fig. 4) is a special case of spherical motion when instantaneous axis coincides with the axis of rotation z:  	
     (25)
Body plane movement 
Vector of angular velocity is directed along the z axis (Fig.5):	

We obtain the first formula from Kenig theorem 
1) 	 )           (26)
We get another formula by introducing the instantaneous axis , parallel to z axis passing by instantaneous Center of velocity P.	
2)  	            (27)
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Power of the force applied to a solid body.
Free motion
	The body movement is characterized by the speed of the pole VA and angular velocity  (Fig.6).  Find the power of the force F applied at some point M of the body.    	



We took into account the theorem of speed distribution.

and circular transposition in the mixed product

We recognize expression of force torque in the parentheses.  Since  is directed along the instantaneous axis S 

whereprojection of the angular velocity on S and   is moment of force on this axis.  We come to force power expression:
	  (28)
The second term is positive if directions of the moment and rotation are the same.    Note that unlike the Kenig formula for kinetic energy, here the pole is an arbitrary point of the body, not necessarily the center of mass.
If a force system , after summing over k, we obtain	
	    (29)
Here  is the main vector, and MS  is the main torque of the force system about the axis S.  
Using the general formula (29), we will obtain expressions for some simple body movements.
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Body translation 
In this case, the body does not rotate ( = 0) , all points have the same speed V and it means	


      (30)
Body rotation 
	Here it makes sense to choose the pole A on the rotation axis z. Then  and formula (29) shows that the force power is created by axial torque of the force:
    (31)		
Power is positive, if torque and rotation have the same direction.

Body plane movement 


	Recall that in the plane movement direction of the instantaneous axis does not change, being perpendicular to the plane of motion.    The formula takes the form
	     (32)
If  is not zero, then there is instantaneous Center of velocity P, whose speed is zero at the moment.  By selecting P as a pole, we find from (32) that at the plane movement force power is created by axial torque of the force 
     (33)	
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Finite work.  Integral form of theorem of kinetic energy
Consider the motion of point M under the action of force F along a trajectory from position М1 to position М2. We divide the curve М1 М2 into n parts.  We calculate the work of force F on displacements Δrk as
ΔАк= F (xkykzk)  ΔrkF (xkykzk)
M2
Mk (xkykzk)
Δrk
Fig.9
M1


Finite work of force F on the displacement М1 М2 is a scalar value equal to the limit

This limit is a curvilinear integral of the 2nd kind
       (35)
What do we need to calculate the integral of the finite work?
1. In the common case, when force  depends on all of the parameters, then you need to know the law of the movement of the point r (t). The integral (35) becomes an integral over time. 

2. In the case of force field (space at each point of which force function F (r) is given), we need to know the trajectory of the point to calculate the integral:

3. [bookmark: OLE_LINK6]There exist force fields, called potential, in which we need to know only the starting and ending positions of the point to calculate the finite work. These fields will be considered in detail below. 
	Let us present examples of finite work calculation for some potential forces.  

Constant force F = Const   (Fig.10)

1
2
F
△r
 r2
 r1
Fig.10






Gravity force 
Gravity is a special case of the constant forces.  Direct the z axis vertically upwards (Fig.11).  Then:         
h
P=mg
x
y
2
z
1
Fig.11


Usually this formula is written in the form

Finite work of gravity is positive, if (z1-z2) > 0, i.e., if the point is going down.





Elasticity force of linear spring:
Deformation Δ  of the spring is the change of its length lo (Fig.12).  Stiffness c (n/m) of the spring is the force needed for its elongation per one unit of length.  Deformation Δ causes the elastic force F. Spring is linear if elastic force F depends linearly on deformation.
F = с Δ.x
с
O
lo
F
х
Fig.12

Force F is directed to the origin of x-coordinate which is selected in the equilibrium position of the body.  Therefore, force F is called restoring (the balance) force. 
│х│= Δ        и        Fх = - с х
Elementary force work d’A= - cx dx. When we move the end of the spring from coordinate х1 to х2  elastic force commits the finite work:

We replace the coordinates by deformations
      (40)
Sign of work is determined by the ratio of the initial and the final deformation of the spring.
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Elasticity moment of spiral spring
Consider a rod rotating around a vertical axis under the influence of spiral spring (Fig.13). Stiffness c' (nm) is the torque turning the spring at one radian.  Deformation of such spring, measured in radians Δ ' = φ, causes the elastic torquec'
φ
М=-с φ

Fig.13

М = - с’φ
[bookmark: OLE_LINK7]Elementary work is d'A = - c'φ dφ.  Turning the rod from position 1 to position 2, elastic torque makes the finite work 
A12= - с’ = с’(φ 12- φ 22)
We replace the coordinates by deformations
A12 =с(Δ’ 12- Δ’ 22)       (41)
Sign of work is determined by the ratio of the initial and the final deformation of the spring.

Integral form of theorem of kinetic energy.
We write the theorem in differential form for system of material points	

Multiplying by dt, we get

In the time interval  system moves from configuration 1 to configuration 2. Integrating theorem (43) in this interval

in view of the definition of the finite work, we get the theorem of kinetic energy in the integral form

which can be read like this:
Change of system kinetic energy on the move from configuration 1 to configuration 2 
[bookmark: _GoBack]equals the work of internal and external forces 
It should be underlined that, in contrast to momentum and angular momentum, kinetic energy is changed both by external and internal forces of the system.
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