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Potential force field

Definition and properties of potential force field. 
Force field is a three-dimensional space at each point of which is given the force function.

If the time t is not included, the field is stationary. 
Consider a stationary force field specified analytically by Cartesian projections:

As has been shown, to calculate the finite work at force field, it is necessary to know the trajectory of the point.  Among the force fields there exist a class of potential force fields for which the finite force work depends only on the start and end positions of the point and does not depend on its trajectory.
Force field (2) is called the potential, if exists such potential energy function П (x, y, z) that

Consider a field (2).  How to check whether it is potential?  We suppose that the potential energy П is a continuous, twice differentiable function of coordinates. Then we can say that the order of derivation does not affect the result:
Hence the criteria of the potentiality of the given force field is
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Properties of potential forces
1. Elementary work of potential force is equal to minus the differential of potential energy. Really:

	From here, follow other properties.
2. The finite work of potential force depends only on the initial and final position of the point. dr
F
П=0
M(x,y,z)
Mo
Fig.1


3. Potential force work on the vicious circle is zero: 
,		 поэтому 	

Equipotential surfaces
Potential energy calculation examples.  
The law of conservation of total mechanical energy.
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Let us find out the direction of potential force F relative to the equipotential surface.  If we move the point on the equipotential surface  force F would not work:
Since the displacement dr belongs to the tangent plane to the surface, then potential force is perpendicular to the equipotential surface.
On the other hand


Thus, the potential force is directed toward decreasing of potential energy П.
According to definition of potential force field two functions
П(х,у,z)          and         П(х,у,z) + С,
where C is an arbitrary constant, define the same force field.   
We say that potential energy is defined up to an additive constant.
This means that we can appoint the potential energy to be equal to zero at any selected by us equipotential surface (Fig. 1), and call it the zero level of potential energy.
Select the zero level of potential energy. Let us move the point from an arbitrary position of M (x, y, z) to any point  on the zero level and calculate the force work:

We get the rule of potential energy calculation: 
П (x, y, z) equals the potential force work when moving the point 
from an arbitrary position M (x, y, z) to the zero level.
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Examples (see lecture 5):r1
r2
Δr
F
x
y
z
h
Рис.2

1) Constant force F =  = const:
Elementary work

Potential energy 

Finite work

We come to the well-known formula 

[bookmark: OLE_LINK5]All equipotential planes are perpendicular to the force F. 

2) Force of gravity.  
An example of constant force, where s =-z: 
The field is homogeneous, if  
Direct the axis z vertically upwards, then

Elementary work

Potential energy

All the planes z = const are equipotential. Therefore, as before we get


The work is positive if the point descends.

3) Direct linear spring: 
It is known (lecture 5) that the projection of restoring force is 
с
Fв
mg
l0
x
y
x
0
Рис.3

Elementary work

Potential energy

Finite work

Replacing the coordinates by equal to them strains, we get the familiar formula
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4) Spiral linear spring : 
The elastic torqueс’
φ = Δ’
Δ’= 0


Рис.4


Elementary work

Potential energy

Finite work


Total mechanical energy conservation law
The system is called  conservative, if all the force are potential. We will write the theorem of kinetic energy for a conservative system in integral form

or
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As we can see, the total mechanical energy of a conservative system is constant.
E = const                       (18)
That is why such a system is called  conservative.
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Suppose that in addition to the potential forces there are non- potential forces, then:

Dividing by dt, we find that the 
speed of change of the total mechanical energy is equal to the power of non- potential forces


For example, for the force of viscous resistance which module is proportional to the speed

the total mechanical energy decreases with speed


[image: ]Bernoulli Equation. Lifting force.

The law indicates that the higher is the flow speed, the lower is the air pressure.
The length of the upper surface of the wing is longer than at the bottom. Therefore, the speed of air at the top is higher than at the bottom. The pressure difference creates the lift force of the wing.
	Blowing between two sheets of paper, makes the pressure between them fall, and the sheets stick together.
Ships are forbidden to move parallel to each other for the same reason.

Generalized forces of conservative system. 
Static principle of possible speeds for conservative system
Consider a conservative non-free system with potential energy П (x, y, z), and the generalized coordinates q1....ql.  We find generalized forces following their definition:

or

Example: elliptical pendulum
Let us choose the zero level of potential energy at x = 0, φ = 0, and calculate П as the work of gravity forces while returning the system to coordinates origin

П does not depend on x, then


Static principle of possible speeds for conservative system
	In the equilibrium position all generalized forces are zero.

This means that 
at the equilibrium position potential energy of  conservative system has an extremum


Therefore, to find the equilibrium positions of a conservative system means to find the extremums of the function П. 
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Lagrange's equation for conservative system.  
Cyclic coordinates and integrals.
Consider a conservative system with l degrees of freedom.  Its potential energy  defines the generalized forces 

Lagrange's equations are 

It is considered that the potential energy does not depend on the generalized velocities

We rewrite the Lagrange equations (24)	

with Lagrange function
Coordinate,  is called cyclic if the Lagrange function does not depend on it

Lagrange equation number σ takes the form

and it has a circular integral 

Often, circular integral presents the case of preserving of momentum or angular momentum.

Example: elliptical pendulum 
П and T does not depend on x, so x is a cyclic coordinate, and exists integral

We have already noted that this integral presents the expected case of conservation of momentum along the x-axis.

Program
http://www.wolframalpha.com/input/?i=Lagrangian+%28q%27%29%5E5+-+q%5E3
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