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Summary For triangular crystal lattice we derive tensor form of Gruneisen coefficient in terms of the deformation temperature tensor.
Molecular dynamics simulations for different strain state are performed. The ratio of deformation temperature tensor eigenvalues does not
dependent on pair potential but is primarily determined by the shear strain. The results are used to determine Mie–Gruneisen equation of
state for different types of interaction potential and crystal structures.

Recent advance in nanotechnology has lead to the necessity of determining mechanical properties of solids with mi-
crostructure in a wide range of temperatures and mechanical loads. Basing on analytically derived Mie–Gruneisen equations
of state for crystalline solids [1], we can broaden the class of problems allowing analytical solutions without molecular
dynamics simulation. Generally, methods of statistical mechanics [2] are applied to predict thermodynamic properties from
microscopic properties of a material. V. Kuzkin and A. Krivtsov have obtained equation of state for chain [3] and close-packed
crystal lattices [1] with pair interactions in the form of (1). The expression (1) is a generalization of the Mie–Gruneisen equa-
tion for the thermal part of Cauchy stress tensor τ̃ , Gruneisen function Γ(V ), that is a tensor, and the thermal part of the
internal energy of the system Ũ .

τ̃ = − 1

V
Γ(V )Ũ . (1)

Internal energy Ũ is calculated as a sum of the kinetic Ẽkin and the potential Ẽp energies; zero potential energy corre-
sponds to the stationary state, and motion is divided into “fast” (oscillatory˜) and “slow” (cold̂) parts.

Vector Ak connecting the reference particle with particle k can be also represented as:

Ak = Âk + Ãk, (2)

where Âk and Ãk:
Âk = 〈Ak〉, Ãk = Ak − Âk. (3)

Following [1], let us expand the expressions for the thermal parts of stress tensor and internal energy in series with respect
to Ãk. We leave only first non-zero terms after averaging and make nearest neighbor interaction assumption:

Γ = −1

2

∑
k

(
Â2
kΠ̂′′′k + ΘÂkΠ̂′′k −ΘΠ̂′k

)
ÂkÂk∑

k ÂkΠ̂′′k + ΘΠ̂′k
, (4)

where Π is pair potential, Θ =
〈ÃkÃk〉yy
〈ÃkÃk〉xx

.

In order to calculate the tensor Gruneisen coefficient Γ, we need to determine Θ, which is the ratio of the “deformation
temperature” tensor 〈ÃkÃk〉 components. These components have a clear physical meaning: square of thermal deformation
of Ak along its initial direction (x-axis) 〈ÃkÃk〉xx/a2 and in orthogonal direction (y-axis) 〈ÃkÃk〉yy/a2. The special case
(Θ = 1) of the resulting formula (4) was obtained in [1], expression for trace of the Γ tensor was obtained by Stacey [4] by
another method.

Further investigation is carried out by means of molecular dynamics (MD) simulation. We construct a square sample
with a triangular lattice, periodic boundary conditions are used. The interaction between the particles is described by Morse
potential:

Π(Ak) = D
[
e2α(1−Ak/a) − 2eα(1−Ak/a)

]
, (5)

where D is the depth of the potential well, α is responsible for the well width, and a is the equilibrium bond distance. Initially
the particles have random velocity with normal distribution so that the average kinetic energy of the particle is about five
orders of magnitude smaller than the depth of the potential well D, and center of mass of the system remains fixed. The
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system evolution is described by the solution of the Cauchy problem for the set of ordinary differential equations for the
particles using the Verlet algorithm [7].

For relaxed triangular lattice and small temperatures we get that Θ = 1.435±0.016 and tensors Γ, τ̃ are isotropic. Θ does
not depend in fact on potential parameters or the number of interacting particles. The mean value of Θ depends monotonically
on temperature, and increases by approximately 5% at melting temperature. Correction to Gruneisen coefficient with respect
to previously assumed Γ|Θ=1 [1] is equal to 2.5%, but the differences in τ̃ and Ũ are 20% and 22% respectively.

Fig. 1 shows an influence of volumetric deformation (a) and distortion (b) on the coefficient Θ. Hydrostatic compression
of the sample leads to nonlinear growth of Θ up to 25% for 80% strain. At tension Θ decreases until Π′′ = 0, i.e. the bonds
are broken. We can see significant changes of Θ at distortion, and maximum is observed, though not shown, on the boundary
of the stability domain [5, 6].

a b

Figure 1: Equation of strain path is specified above graphs with deformed lattice relative to stress-free (central) configuration.
a) Θ dependence for volumetric straining path, b) Θ dependence for constant volume straining path.

In this work, we obtain the expression for the Gruneisen coefficient Γ in terms of the tensor of the deformation temperature.
Tensor 〈ÃkÃk〉 is not an isotropic, and the ratio of its eigenvalues Θ, corresponding to deformation along the bond and
perpendicular to them. The value of Θ depends only on crystal structure but not on the system size or the type of the pair
potential and weakly depends on temperature, for stress-free triangular lattice Θ = 1.435 ± 0.016. On the other hand, there
is an essential dependence of Θ on the deformed state, and the main contribution provided by the shear strain. The obtained
results are applied to obtain the equation of state for discrete systems.
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