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Effect of discrete breathers on macroscopic properties of the Fermi-Pasta-Ulam chain
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For a number of crystals the existence of spatially localized nonlinear vibrational modes, called
discrete breathers (DBs) or intrinsic localized modes (ILMs), has been demonstrated using molecular
dynamics and in a few cases the first-principle simulations. High-resolution imaging of DBs is
a challenging task due to their relatively short lifetime ranging typically from 10 to 103 atomic
oscillation periods (1 to 100 ps). An alternative way to prove the existence of DBs is to evaluate
their impact on the measurable macroscopic properties of crystals. In the present study, we analyze
the effect of DBs on macroscopic properties of the Fermi-Pasta-Ulam chain with symmetric and
asymmetric potentials. The specific heat, thermal expansion (stress), and Young’s modulus are
monitored during the development of modulational instability of the zone boundary mode. The
instability results in the formation of chaotic DBs followed by the transition to thermal equilibrium
when DBs disappear due to energy radiation in the form of small-amplitude phonons. Time evolution
of the macroscopic properties during this transition is monitored. It is found that DBs reduce the
specific heat for all the considered chain parameters. They increase the thermal expansion when the
potential is asymmetric and, as expected, thermal expansion is not observed in the case of symmetric
potential. The Young’s modulus in the presence of DBs is smaller than in thermal equilibrium for
the symmetric potential and for the potential with a small asymmetry, but it is larger than in
thermal equilibrium for the potential with greater asymmetry.

PACS numbers: 05.45.Yv, 63.20.-e

Keywords: Crystal lattice, Fermi-Pasta-Ulam chain, modulational instability, discrete breather, intrinsic

localized mode, specific heat, thermal expansion, Young’s modulus

I. INTRODUCTION

Discrete breathers (DBs), also called intrinsic localized
modes (ILMs), are spatially localized, large-amplitude
oscillatory modes in nonlinear lattices free of defects.
Discovery of DBs in nonlinear lattices three decades
ago [1–3] has triggered extensive studies devoted to the
phenomenon of vibrational energy localization [4, 5]. Ex-
perimentally DBs have been excited in the physical sys-
tems of different nature, e.g., in macroscopic arrays of
coupled pendula or magnets [6–8], granular crystals [9–

∗Electronic address: elena.a.korznikova@gmail.com
†Electronic address: alinamorkina@yandex.ru
‡Electronic address: mohitsingh1997@gmail.com
§Electronic address: akrivtsov@bk.ru
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∗∗Electronic address: vagani@mephi.ru
††Electronic address: bebikhov.yura@mail.ru
‡‡Electronic address: dmitriev.sergey.v@gmail.com

16], cantilever arrays [17–19], electrical lattices [20–22],
optical waveguide arrays [23], Josephson junction arrays
[24, 25], etc. DBs can be found in crystal lattices [26],
as confirmed by measuring vibrational spectra for alpha-
uranium [27–29], helium [30], NaI [31, 32], graphite [33],
and PbSe [34]. On the other hand, these experimental
results in some cases can be interpreted in different ways
and they are still debated [35].

At present, computer simulation methods play a very
important role in the study of DB properties in various
crystals. With the help of ab initio simulations, the ex-
istence of DBs in strained graphene and graphane has
been confirmed [36, 37]. With the help of molecular dy-
namics method DBs have been studied in the ionic crys-
tals [38–40], monoatomic Morse lattices [41, 42], covalent
crystals [43, 44], metals [45–51], ordered alloys [52–55],
carbon and hydrocarbon nanomaterials [56–68], boron
nitride [69], and proteins [70–73].

It is of great importance to understand how DBs af-
fect macroscopic properties of crystals [74]. In the ex-
perimental studies, anomalies in thermal expansion [29]

http://arxiv.org/abs/1907.10094v1
mailto:elena.a.korznikova@gmail.com
mailto:alinamorkina@yandex.ru
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m=1

un+1 un+2un-2

U=ku2+ u3+ u4

unun-1

Figure 1: FPU chain of harmonically coupled, unit mass
point-wise particles interacting with the quartic polynomial
on-site potential with the nearest neighbours.

and heat capacity [27] of alpha-uranium at high temper-
atures were attributed to excitation of DBs. In the nu-
merical study [76] it was shown that DBs are responsible
for the transition from ballistic to normal heat conduc-
tion in a nonlinear chain. DBs increase (decrease) specific
heat of the nonlinear chain with soft (hard) type nonlin-
earity on-site potential and harmonic nearest-neighbour
coupling [77].
For a chain with on-site potential, one cannot calcu-

late the effect of DBs on thermal expansion and on elastic
constants. That is why, in the present study, the Fermi-
Pasta-Ulam (FPU) chain is considered and these macro-
scopic properties are calculated together with the spe-
cific heat. For this we use the same approach as in [77],
namely, we simulate the modulational instability of the
zone boundary mode (q = π) which leads first to energy
localization in the form of long-lived DBs and subsequent
transition to thermal equilibrium [20, 83–87]. The macro-
scopic characteristics of the chain in the regime when
energy is localized on DBs are compared with that in
thermal equilibrium, thus revealing the effect of DBs on
those properties.
We note that properties of DBs in the FPU chain have

been analyzed by Flach and Gorbach in [88].
In Sec. II the model and simulation details are de-

scribed. The simulation results on modulational instabil-
ity of the zone-boundary mode and macroscopic proper-
ties of the chain are presented in Sec. III. Our conclusions
are presented in Sec. IV.

II. THE MODEL AND SIMULATION SETUP

We consider the FPU chain of particles having mass m
(see Fig. 1) described by the Hamiltonian

H = K + P =
∑

n

mu̇2
n

2
+
∑

n

U(un+1 − un), (1)

where K is the kinetic energy, P is the potential energy,
un is the displacement of the n-th particle from its equi-
librium position and u̇n is its velocity (overdot means
derivative with respect to time t). The particles are cou-
pled to their nearest neighbors by the anharmonic bonds

U(ξ) =
k

2
ξ2 +

α

3
ξ3 +

β

4
ξ4, (2)

where k is the coefficient in front of the harmonic term,
while the coefficients α and β define the contributions

from the cubic and quartic terms, respectively.
Without loss of generality, we set m=1 and k = 1.

We take β = 3 and consider three different values for α,
namely, α = {0,−1/4,−1/2}. For α = 0 the potential is
symmetric, while for the chosen negative values of α it is
an asymmetric single-well potential.
From the Hamiltonian defined above, the following

equation of motion can be derived

mün = k(un−1 − 2un + un+1)

+ α[(un+1 − un)
2 − (un − un−1)

2]

+ β[(un+1 − un)
3 − (un − un−1)

3]. (3)

The Störmer method of order six with the time step τ =
10−3 is used for numerical integration of these equations.
With such a time step, the relative change in total energy
of the chain in a typical numerical run is not greater than
10−5.
Substituting the ansatz un ∼ exp[i(qn − ωqt)] into

Eq. (3) with α = β = 0, one finds the relation between
wave number q and frequency ωq for the small-amplitude
normal modes in the form

ω2
q =

2k

m
(1− cos q). (4)

The phonon band of the chain ranges from ωmin = 0 for
q = 0 to ωmax = 2 for q = ±π.
Here, a chain of N = 2048 particles is considered.

Test runs with larger number of particles produced nearly
same results.
Initial conditions are set in the form of the zone-

boundary mode (q = π) with the amplitude A,

un = A sin(πn− ωmaxt). (5)

If A is not too small, the above mode is modulationally
unstable. At t = 0, all the particles have the same energy
but the instability results in energy localization which
can be characterized by the localization parameter

L =

∑

e2n
(

∑

en

)2
, (6)

where

en =
mu̇2

n

2
+

1

2
U(un+1 − un) +

1

2
U(un − un−1), (7)

is the energy of the n-th particle.
We define temperature as the averaged kinetic energy

per atom,

T = K̄ =
1

N

∑

n

mu̇2
n

2
. (8)

Heat capacity of the chain is defined as

C = lim
∆T→∞

∆H

∆T
, (9)
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where ∆H is the increment in energy of the chain and
∆T is the corresponding increment in temperature. The
specific heat capacity (or simply specific heat) is the heat
capacity per particle. Periodic boundary conditions are
used meaning that the specific heat at constant volume
is calculated.
In our simulations, total energyH is conserved, so that

Eq. (9) cannot be used. We characterize the specific heat
of the chain at constant volume by the ratio

cV =
H̄

K̄
, (10)

where H̄ and K̄ are the total energy and the kinetic en-
ergy of the chain per atom, respectively.
In linear systems H̄ = 2K̄ and cV = 2. Due to non-

linearity, the kinetic energy can differ from the potential
energy resulting in deviation of cV from this value.
In the following section, the time evolution of lo-

calization parameter, specific heat, stress in the chain
and Young’s modulus of the chain have been calculated.
These macroscopic characteristics have been compared in
the regime of energy localization by DBs with those in
thermal equilibrium.

III. MODULATIONAL INSTABILITY

We excite the zone-boundary mode Eq. (5) in the chain
considering various amplitudes A. While integrating the
equations of motion Eq. (3), we monitor the change in
the localization parameter L, Eq. (6), specific heat cV ,
Eq. (10), stress and Young’s modulus.

A. Energy localization

Localization parameter as the function of time is pre-
sented in Fig. 2 for various values of A and three values
of the potential asymmetry parameter α. At t = 0, all
curves start from the minimal possible value of the local-
ization parameter that is L = 1/N = 0.49 × 10−3. The
development of modulational instability results in energy
localization due to the formation of DBs and this leads
to an increase in the localization parameter. DBs slowly
radiate their energy and thus, the localization parame-
ter gradually decreases and in the end, when the system
reaches the state of thermal equilibrium, L oscillates near
the small value of 1.8× 10−3.
Distribution of energy over the chain at the time when

localization parameter is maximal is shown in Fig. 3 for
various values of the potential asymmetry parameter α
from α = 0 in (a) to α = −0.5 in (c). One can see the
sets of sharply localized DBs.
The time evolution of the number of DBs produced,

NDB, and the corresponding average DB energy, EDB,
are shown in Fig. 4 and Fig. 5, respectively, for different
values of the zone-boundary mode amplitudes A and for
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t
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 A = 0.05
 A = 0.06
 A = 0.07
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 A = 0.09
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(b) a = -0.25

Figure 2: Localization parameter as the function of time
for various amplitudes of the initially excited zone-boundary
mode, A. For all cases at t = 0 the localization parameter
is L = 1/N = 0.49 × 10−3. Modulational instability results
in increase of L due to energy localization on DBs. Then
L decreases because DBs gradually radiate energy and even-
tually system reaches thermal equilibrium with L oscillating
near the value of 1.8× 10−3. The points of maxima of L are
marked with triangles.
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(a) a = 0; A = 0.08

e n

 

 

(b) a = -0.25; A = 0.1

e n

 

 

(c) a = -0.5; A = 0.1

e n

n

Figure 3: Total energies of particles in the chain at the time
when the localization parameter reaches its maximum for dif-
ferent values of the potential asymmetry parameter α, as in-
dicated in each panel.

three value of the potential asymmetry parameter α. In
these plots, by triangles we indicate the points when the
localization parameter L reaches its maximum. It can be
seen from Fig. 4 that the maximal number of DBs for α =
0 very weakly depends on A and for the negative values
of α maximal values of NDB are somewhat greater for
larger A. The same can be said about the maximal DB
energy: it weakly depends on A for α = 0 and increases
with A for negative α.
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Figure 4: Number of DBs as the function of time for vari-
ous amplitudes of the initially excited zone-boundary mode
at different values of the potential asymmetry parameter α.
Triangles indicate the points of maximal localization param-
eter.
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Figure 5: Average DB energy as the function of time for var-
ious amplitudes of the initially excited zone-boundary mode
at different values of the potential asymmetry parameter α.
Triangles indicate the points of maximal localization param-
eter.

From Fig. 4 one can also see that NDB reaches its max-
imum well before the localization parameter L becomes
maximal for the case of α = 0 and α = −0.25, but when
α = −0.5, first L reaches a maximal value and then NDB.
As for EDB, as shown in Fig. 5, the time when it attains
maximal value is close to the time when L is maximal.

It is also worth pointing out that the maximal number
of DBs, i.e. NDB, weakly depends on the values of α (see
Fig. 4), whereas the maximal DB energy, EDB, rapidly
decreases with increasing asymmetry of the potential (see
Fig. 5).
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Figure 6: Specific heat normalized with respect to the zone-
boundary mode amplitude A as the function of time for vari-
ous values of A at three different values of the potential asym-
metry parameter α. The black triangular markers indicate the
corresponding values at maximal localization parameter L. It
can be seen that specific heat is close to minimum when DBs
are in the system and it increases as the system approaches
thermal equilibrium.

B. Specific heat

The time-dependence of specific heat is plotted for the
various mode amplitudes A in Fig. 6 for three different
values of the potential asymmetry parameter α. We ac-
tually present the deviation of specific heat from its the-
oretical value of 2 for the linear system, normalized by
A. The black triangular markers represent the values
at which the localization parameter is maximal. From
the comparison of Fig. 2 and Fig. 6, it can be seen that
the specific heat is minimal when the the localization pa-
rameter is close to its maximum. During the transition
to thermal equilibrium, the specific heat increases. From
this, we conclude that the DBs resulting from the modu-
lational instability of the zone-boundary mode reduce the
specific heat of the chain. This can be explained quite
simply as in our system with hard type anharmonicity,
the DB frequency increases with its amplitude. Increase
in the oscillation frequency results in an increase of par-
ticle velocities and thus, in their kinetic energies. Kinetic
energy is in the denominator of Eq. (10) (which means
there is an inverse proportionality between cV and K )
and hence its increase results in a decrease of cV . Anal-
ogously, for the case of soft type anharmonicity, DB fre-
quency decreases with its amplitude and the effect is just
opposite, i.e., DBs increase the specific heat [77].
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Figure 7: Stress as the function of time for various ampli-
tudes of the initially excited zone-boundary mode at different
values of the potential asymmetry parameter (α). The trian-
gular markers indicate the corresponding values at maximal
localization. The σ values have been normalized by subtract-
ing the corresponding thermal equilibrium values σ∗ to get
the results in a comparable range.

C. Stress

The time-dependence of stress in the linear chain is
plotted for the various mode amplitudes A in Fig. 7 for
different values of the potential asymmetry parameter:
(a) α = 0, (b) α = −1/4, and (c) α = −1/2. We present
here the deviation of stress σ from its value in thermal
equilibrium, σ∗. For the symmetric potential (α = 0)
there is no thermal expansion and σ∗ = 0. For negative
values of α the dependence of σ∗ on A is given in Fig. 8.
In the limit of very small A, i.e., for the linear regime
with small amplitude phonons, the stress is zero. For
greater asymmetry, the absolute value of σ∗ is larger for
the same value of A [cf. (a) and (b)].

Coming back to Fig. 7, once again according to the
position of the triangular markers or from the comparison
of Fig. 2 and Fig. 7, it can be seen in (b) and (c) that
the stress is maximal when the localization parameter is
close to its maximum. During the transition to thermal
equilibrium, the stress in the chain decreases.

Note that negative (compressive) stress appears in the
system because its thermal expansion is suppressed by
the use of periodic boundary conditions. In the chain
with free ends, for negative α, thermal expansion at zero
stress will be observed.

From this, we conclude that the DBs increase the stress
in the FPU chain with periodic boundary conditions and
in the case of free boundary conditions they will produce
thermal expansion at zero stress.
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Figure 8: The Stress at thermal equilibrium as the function
of Amplitude of the initially excited zone-boundary mode for
different values of the potential asymmetry parameter (α).

D. Modulus of Elasticity

The time-dependence of the Young’s modulus of elas-
ticity E for the FPU chain is plotted for the various mode
amplitudes A in Fig. 9 for (a) α = 0, (b) α = −1/4, and
(c) α = −1/2. Again, the difference between E and its
value in thermal equilibrium, E∗, is given. The values
of E∗ for different amplitudes are plotted in Fig. 10 for
(a) α = 0, (b) α = −1/4, and (c) α = −1/2. From the
comparison of Fig. 2 and Fig. 9, it can be seen that the
modulus of elasticity is minimal when the localization
parameter is maximal for α = 0 and α = −0.25. In the
limit of very small A one has E∗ = 1 and the compressive
rigidity of the chain increases with increasing A almost
equally for different values of α.

From Fig. 9, it can be seen that the effect of DBs on the
Young’s modulus is more pronounced for the symmetric
potential (α = 0). In this case, E − E∗ is minimal when
DBs are in the system and it increases while the system
approaches thermal equilibrium. From this, we conclude
that the resulting DBs decrease the modulus of elasticity
of the FPU chain with symmetric potential.

The effect of the Young’s modulus reduction by DBs
is much weaker for α = −1/4 and this trend gets even
reversed for α = −1/2, i.e., in this case the modulus of
elasticity is maximal when the localization parameter is
maximal and decreases in thermal equilibrium. Thus, no
definite conclusion can be made about the effect of DBs
on the Young’s modulus of the FPU chain with the asym-
metric potential since it can be qualitatively different for
different values of the asymmetry parameter.
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Figure 9: Modulus of elasticity as the function of time for var-
ious amplitudes of the initially excited zone-boundary mode
at different values of the potential asymmetry parameter (α).
The triangular markers indicate the corresponding values at
maximal localization. The values of E have been normalized
by subtracting the corresponding thermal equilibrium values
E∗ to get the results in a comparable range.
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Figure 10: The Young’s Modulus of elasticity at thermal
equilibrium as the function of Amplitudes of the initially ex-
cited zone-boundary mode for different values of the potential
asymmetry parameter (α).

IV. CONCLUSIONS

In the present study, the effect of DBs on differ-
ent macroscopic properties of α-β-FPU chain was dis-

cussed. The properties such as specific heat, internal
stress and Young’s modulus were measured during the
transition from modulationally unstable zone-boundary
mode through the regime with high energy localization
on DBs to thermal equilibrium.

It was found that for the chain with any set of param-
eters, specific heat is reduced by DBs. This is due to the
hard type anharmonicity of the chain with DBs having
greater vibrational frequencies for greater amplitudes. In
the regime of energy localization by DBs, this leads to an
increase in particles velocities and thus, their kinetic en-
ergies. Then, according to Eq. (10), an increase of kinetic
energy in the DB regime results in the reduction of the
specific heat. In the chains with soft type anharmonicity
DB frequency drops with its amplitude and the effect is
opposite, i.e., DBs increase the specific heat [77].

Internal stress in the chain with symmetric potential
(α = 0) does not appear since thermal expansion is ob-
served only for asymmetric potentials. For negative α
values considered in this study, negative (compressive)
stress appears in the chain with periodic boundary condi-
tions that suppress free thermal expansion. If free bound-
ary conditions were used, thermal expansion of the chain
at zero stress would be observed. The compressive stress
is greater in the regime with DBs and thus, DBs increase
thermal expansion of the FPU chain with negative α.

In the chain with symmetric potential, DBs reduce the
Young’s modulus, but with increasing asymmetry the ef-
fect gets weaker and for α = −1/2 it becomes even re-
verse, i.e, an increase in modulus of elasticity is observed.

In future studies, it is planned to analyze the effect of
DBs on macroscopic properties of two-dimensional non-
linear lattices supporting vibrational modes leading to
modulational instability with formation of DBs.
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