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Abstract The fundamental solution describing non-stationary elastic wave scattering on an isotopic defect in a
one-dimensional harmonic chain is obtained in an asymptotic form. The chain is subjected to unit impulse point
loading applied to a particle far enough from the defect. The solution is a large-time asymptotics at a moving
point of observation, and it is in excellent agreement with the corresponding numerical calculations. At the next
step, we assume that the applied point impulse excitation has random amplitude. This allows one to model the
heat transport in the chain and across the defect as the transport of the mathematical expectation for the kinetic
energy and to use the conception of the kinetic temperature. To provide a simplified continuum description
for this process, we separate the slow in time component of the kinetic temperature. This quantity can be
calculated using the asymptotics of the fundamental solution for the deterministic problem. We demonstrate
that there is a thermal shadow behind the defect: the order of vanishing for the slow temperature is larger for the
particles behind the defect than for the particles between the loading and the defect. The presence of the thermal
shadow is related to a non-stationary wave phenomenon, which we call the anti-localization of non-stationary
waves. Due to the presence of the shadow, the continuum slow kinetic temperature has a jump discontinuity at
the defect. Thus, the system under consideration can be a simple model for the non-stationary phenomenon,
analogous to one characterized by the Kapitza thermal resistance. Finally, we analytically calculate the non-
stationary transmission function, which describes the distortion (caused by the defect) of the slow kinetic
temperature profile at a far zone behind the defect.

Keywords Ballistic heat transport ·Harmonic crystal · Impurity · Isotopic defect ·Non-stationary scattering ·
Non-stationary diffraction

1 Introduction

We consider the non-stationary dynamics of a one-dimensional harmonic crystal (a linear chain) with an
isotopic defect subjected to a point impulse loading applied outside (more precisely, far enough) of the defect.
The present paper is a natural continuation of our previous paper [1], where we considered the same system
but with the loading applied at the defect. Now, the alternated mathematical formulation corresponds to the
essentially different physical nature of the dynamical processes in the chain. Namely, we deal with the problem
of non-stationary scattering (or non-stationary diffraction) of an elastic quasi-wave on a point defect. We speak
about a quasi-wave since the perturbations in discrete systems propagate at infinite speed. In what follows, we
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often refer to quasi-waves as waves. On the other hand, the problem concerning non-stationary scattering is
essentially more difficult from a mathematical point of view compared with the one considered in [1].

An extended discussion concerning the physical motivations to consider the model of a harmonic crystal
with an isotopic defect can be found in our previous paper [1]. Schrödinger [2,3] was probably the first one
who suggested applying the model of a harmonic chain to investigate energy (or heat) transfer in crystals. Now,
it is known [4,5] that heat transport in harmonic crystals violates the Fourier law. Nowadays, the regime of
heat propagation, which is observable in harmonic crystals, is known as the ballistic one. It is experimentally
observed in ultrapure low-dimensional nano-materials [6–8] under certain conditions, in particular in graphene
[9–11]. Moreover, there are experimental observations (see, e.g., [12]), which indicate that the presence of
isotopic defects essentially affects the thermal conductivity. Another experimental and theoretical observation
that motivated the current study is related to the Kapitza (interfacial) thermal resistance [13–16]. A harmonic
chain with an isotopic defect was previously used as a model [15,16], which can illustrate the emergence of
Kapitza thermal resistance in the stationary case. Now we show that a similar effect can be observed in the
non-stationary context.

An extensive bibliography on the studies, which deal with a chain with an isotopic defect, can be also
found in our previous paper [1]. Many of them consider the case when the loading (deterministic or stochastic)
is applied at the defect [17–28]. In [29,30], the general solution is obtained, which involves both cases when
the loading is applied on or outside the defect, but it has a complicated form and is difficult for analysis. In
[15,16,31,32], the steady-state problem concerning the thermal conductivity of a chain of a finite length with
an isotopic defect subjected to thermal (stochastic) sources at the ends is considered. The scattering problem
was considered mostly in the stationary statement [33–39]. In particular, the stationary three-dimensional
problems concerning the scattering on a point or a two-dimensional (plane) defect are discussed in [38,39].
In [35–37], one-dimensional problems concerning scattering in a chain with a defect of a complex structure,
where multichannel propagation is possible, are considered in the stationary statement. The similar, from
a mathematical point of view, problem concerning a chain with an interface is discussed in the stationary
formulation in [14,40–45]. Note that in physics, the phenomenon discussed in the framework of stationary
problems is often referred to as phonon scattering [10,36,41,45]. The incident wave is generally taken as an
infinite harmonic plane wave, i.e., a phonon, not a harmonic wave corresponding to a point harmonic load.
The stationary solution for a semi-infinite chain harmonically excited at the free end with an isotopic defect at
an arbitrary position is obtained in [46].

In the current paper, as well as in [1], we consider two problems: a deterministic and a stochastic one. We
initially formulate the scattering problem as a deterministic problem (Sect. 3.1). Since a unit impulse point load
is under consideration, the obtained solution can be treated as the fundamental one. Since the main point of
interest in the paper is related to the stochastic kinetic energy (heat) transport problem, we are interested in the
derivation of the fundamental solution for the particle velocities. In the framework of the stochastic problem
(Sect. 3.2), we assume that the applied point impulse excitation has a random amplitude. This allows one to
model the heat transport in the chain and across the defect as the transport of the mathematical expectation
of the kinetic energy and to use the conception of the kinetic temperature. The propagation of the kinetic
temperature is referred to in the paper as the thermal motions. The non-stationary fundamental solution, which
describes this process, is the thermal fundamental solution.

Due to the linearity of the problem, the solution of the scattering problem can be represented as a superposi-
tion of an incident wave, which corresponds to the same loading in the uniform chain, and a scattered wave. The
corresponding decomposition for the Green functions in the frequency domain is obtained in Sect. 4. In Sect. 5,
we obtain the asymptotic solutions, which describe the non-stationary scattered wave and the total wave-field.
The obtained solutions provide a continuum description of the wave-field and are in excellent agreement with
the corresponding numerical calculations. The non-stationary solution for the scattered wave-field is found as
a large-time asymptotics at a moving point of observation, using a technique analogous to one used in our
previous studies [1,47,48].

In Sect. 6, we start to deal with the energy (heat) transport problem. Following the procedure suggested
in [48], we use the asymptotics of the fundamental solution for the deterministic problem and get slow and
fast decoupling of the thermal fundamental solution. The slow motion (the slow component of the kinetic
temperature) is introduced as the time average of the kinetic temperature over fast phases (time-like variables).
Note that initially, the slow motion was introduced [49,50] as a formal solution of equations for covariances
with dropped high-order time derivatives. The slowmotion provides a simplified continuum description for the
heat transport process. The fast motion is the energy oscillation related to the transformation of kinetic energy
into potential energy and back [50–52]. In discrete harmonic systems, where a stochastic loading is distributed
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in space [49,50,53–55] or in time [56–58], according to numerical calculations, the fast motion vanishes.
Thus, we expect that to describe heat transport for such a loading, it is enough to calculate the convolution of
the loading with the fundamental solution for the slow motion obtained in the paper (without any spatial or
temporal averaging).

In Sect. 7, we demonstrate that there is a thermal shadow behind the defect: the order of vanishing for the
slow temperature is larger for the particles behind the defect than for the particles between the loading and
the defect. The presence of the thermal shadow is related to a non-stationary wave phenomenon, which we
call the anti-localization of non-stationary waves [1,47,59]. Due to the presence of the shadow, the continuum
slow kinetic temperature has a jump discontinuity at the defect. Thus, we have shown that the system under
consideration can be a simple model for the non-stationary phenomenon analogous to one characterized
by the Kapitza (interfacial) thermal resistance [13–16]. Finally, we analytically calculate the non-stationary
transmission function, which describes the distortion (caused by the defect) of the slow kinetic temperature
profile at a far zone behind the defect.

Summarizing, the novelty of our paper is related to the non-stationary formulation of the problems under
consideration and to the solutions obtained in asymptotic form, which describe the non-stationary effects,
namely the thermal shadow behind the defect and the phenomenon of the temperature jump analogous to one
characterized by the Kapitza thermal resistance.

2 Nomenclature

In the paper, we use the following general notation:

Z is the set of all integers;
R is the set of all real numbers;

H(·) is the Heaviside step-function;
〈·〉 is the mathematical expectation for a random quantity;
δn is the Kronecker delta (1 if and only if n = 0, 0 otherwise, n ∈ Z);

δ(t) is the Dirac delta-function;
kB is the dimensionless Boltzmann constant (without loss of generality, one can take kB = 1);

Jn(·) is the Bessel function of the first kind of order n;
�(·) is the Gamma function;
c.c. are the complex conjugate terms;
m is the dimensionless mass of an isotopic defect;
n is a particle number;
N is the number of the particle, where the loading is applied.

3 The problem formulation

3.1 Non-stationary elastic wave scattering

Consider a chain of point particles of an equal mass with one alternated mass. All masses are connected by
linear springs with the same stiffness. The equations of motion in the dimensionless form can be expressed as
the following infinite system of differential-difference equations:

mnün − (un+1 − 2un + un−1) = δn−N p(t). (3.1)

Here n ∈ Z, un(t) is the dimensionless displacement of the particle with a number n, mn is the dimensionless
mass of a particle with a number n:

mn = 1 + δn(m − 1), (3.2)

overdot denotes the derivative with respect to the dimensionless time t . We assume that the dimensionless
mass of the defect particle m = m0 is such that

m > 0, m �= 1. (3.3)
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The external force p(t) is applied to the mass point with the number N = const, N �= 0. Without loss of
generality, in what follows, we assume that N > 0.

Taking into account Eq. (3.2), Eq. (3.1) can be rewritten in the following form:

ün − (un+1 − 2un + un−1) = δn−N p(t) − δn (m − 1)ü0. (3.4)

The differential-difference operator in the left-hand side of Eq. (3.4) corresponds to a uniform chain of mass
points of unit mass connected by springs of unit stiffness.

Remark 3.1 In the paper, we use the dimensionless problem formulation from the very beginning. Non-
dimensionalization is discussed in Appendix A.

Since we are interested mostly in thermal processes, which are related to the propagation of the kinetic
energy (or kinetic temperature), in what follows, we deal with the expression for the particle velocity u̇n . In
the paper, we use the fundamental solution

un = UN
n , u̇n = VN

n
def= U̇N

n (3.5)

of the deterministic problem, which corresponds to the choice of the external force as the pulse force

p(t) = δ(t). (3.6)

In this case, the initial conditions for Eq. (3.1) can be formulated in the following standard form, which is
conventional for distributions (or generalized functions) [60]:

un
∣
∣
t<0 ≡ 0, (3.7)

which assumes that the functions un(t) and all their time derivatives identically equal zero for t < 0.
The generalized initial value problem (3.1) with the right-hand side defined by Eq. (3.6) and initial con-

ditions (3.7) can be equivalently formulated in the form of a classical initial value problem for the system of
equations

mnün − (un+1 − 2un + un−1) = 0 (3.8)

with initial conditions in the classical form [60]

un(0) = 0, u̇n(0) = δn−N . (3.9)

In the particular casem = 1 of a uniform chain, the exact expression for the fundamental solution VN
n

∣
∣
m=1

is Vn−N [2], where

Vn = J2n(2t) = J2|n|(2t), n ∈ Z. (3.10)

The fundamental solution Vn
def= V0

n of problem (3.1), (3.7) wherein N = 0, and the external force is defined
by (3.6) was asymptotically investigated in our previous work [1].

3.2 Kinetic energy (heat) transport

Consider the case of a point random initial excitation. Let the initial conditions for Eq. (3.8) be as follows:

un(0) = 0, u̇n(0) = ρδn−N . (3.11)

Here n ∈ Z, ρ is a random quantity such that

〈ρ〉 = 0, 〈ρ2〉 = σ. (3.12)

The (dimensionless) kinetic temperature Θn is conventionally introduced by the following formula:

Θn
def= 2k−1

B 〈Kn〉, (3.13)
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where

Kn(t) = mnu̇2n(t)

2
(3.14)

is the kinetic energy,

〈Kn(t)〉 = mn

2
〈u̇2n〉 = σmn

2

(

VN
n (t)

)2 (3.15)

is the mathematical expectation for the kinetic energy,

E def=
∑

n

〈Kn(0)〉 = σ

2

(

VN
0 (0)

)2 = σ

2
(3.16)

is the mathematical expectation for the initial kinetic (as well as total) energy for the whole harmonic crystal.
Thus,

〈Kn(t)〉 = Emn
(

VN
n (t)

)2
, (3.17)

and, therefore,

Θn(t) = k−1
B E T N

n (t), (3.18)

where we call the quantity

T N
n (t) = 2mn

(

VN
n (t)

)2 (3.19)

the thermal fundamental solution. One has

T N
n (0) = 2δn−N . (3.20)

We choose the fundamental solution T N
n , which satisfies the initial normalization condition (3.20), to be in

agreement with the previous studies [48,49,53,54,56], where a uniform chain is under consideration. In that
particular casem = 1, the exact expression for the thermal fundamental solution T N

n

∣
∣
m=1 = Tn−N [19,48,54],

where

Tn
def= 2J 22n(2t) = 2J 22|n|(2t), n ∈ Z. (3.21)

The thermal fundamental solution Tn
def= T 0

n for problem (3.1), (3.7) wherein N = 0, and the external force is
defined by (3.6), was asymptotically investigated in our previous work [1].

4 The Green function in the frequency domain

Consider now Eq. (3.4), wherein

un(t) = Un(�) e−i�t , (4.1)

p(t) = e−i�t . (4.2)

We substitute expressions (4.1), (4.2) into Eq. (3.4). This yields

(−�2 + 2)Un −Un+1 −Un−1 = δn�
2(m − 1)U0 + δn−N . (4.3)

The boundary conditions are assumed to be in the form of the Sommerfeld radiation conditions at infinity

for � ∈ P and the vanishing boundary conditions for � ∈ S. Here P
def= [−�∗, �∗] is the pass-band,

S
def= (−∞, −�∗)∪(�∗, ∞) is the stop-band,�∗

def= 2 is the cut-off (or boundary) frequency.The corresponding
steady-state solution Un = GN

n of the obtained equation is the Green function in the frequency domain for a
chain with an isotopic defect at n = 0 and load at n = N .
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Since Eq. (4.3) is a linear difference equation, the solutionUn = GN
n can be represented as the superposition

of the incident harmonic quasi-wave Gn−N and the scattered one ĞN
n :

GN
n = Gn−N + ĞN

n . (4.4)

The components in the right-hand side of Eq. (4.4) are individual reactions of the system described by Eq. (4.3)
on the two components of loading in the right-hand side of Eq. (4.3). The first component Gn−N , which
corresponds to δn−N , is defined by [1]

Gn(�)
def= G0

n (�)
∣
∣
m=1, (4.5)

where

G0
n (�) = eia(�)|n| sign�

−m�2 − 2eia(�) sign� + 2
, � ∈ P; (4.6)

G0
n (�) = (−1)|n|e−b(�)|n|

−m�2 + 2e−b(�) + 2
, � ∈ S (4.7)

is the corresponding solution of Eq. (4.3) in the case N = 0. Here

a(�) = arccos
2 − �2

2
, (4.8)

is the absolute value of the wave number q = ±a(�) in the pass band,

b(�) = arccosh
�2 − 2

2
(4.9)

is the absolute value for the imaginary part of the wave-number q(�) = π ± ib(�) in the stop band. The
frequency � and the wave number q satisfy the dispersion relation for a uniform chain [1,61]

�2 = 4 sin2
q

2
≡ 2(1 − cos q). (4.10)

Thus, the incident quasi-wave Gn−N is the Fourier transform with respect to time of the fundamental solution
Vn−N defined by Eq. (3.10), whereas GN

n is the Fourier transform of VN
n .

The scattered quasi-waveUn = ĞN
n , which corresponds to the term δn�

2(m − 1)U0 in the right-hand side
of Eq. (4.3), now can be expressed as:

ĞN
n = �2(m − 1)GNG0

n . (4.11)

Substituting Eqs. (4.8) and (4.9) into Eqs. (4.6) and (4.7), respectively, one can equivalently rewrite Gn in
the following form: [1]:

G0
n (�) = − ei|n| sign� arccos 2−�2

2

(m − 1)�2 + i�
√
4 − �2

, � ∈ P; (4.12)

G0
n (�) = (−1)|n|2|n|

	|n|−1(�)
(

(−m�2 + 2)	(�) + 4
) , � ∈ S; (4.13)

where

	(�)
def= �2 − 2 + |�|

√

�2 − 4. (4.14)
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5 Non-stationary scattering

The fundamental solution for the particle velocity VN
n can be represented as the inverse Fourier transform:

VN
n = (VN

n )pass + (VN
n )stop

def= − i

2π

(∫

P

+
∫

S

)

�GN
n e−i�td�

= − i

2π

(∫

P+
+

∫

S+

)

�GN
n e−i�t d� + c.c. (5.1)

where GN
n is defined by Eqs. (4.4)–(4.11),

P+
def= [0, �∗], S+

def= (�∗, ∞). (5.2)

Since, by construction, −i�Gn−N is the Fourier transform for Vn−N defined by (3.10), one has

Vn−N = (Vn−N )pass + (Vn−N )stop
def= − i

2π

(∫

P

+
∫

S

)

�Gn−N e−i�t d�

= − i

2π

(∫

P+
+

∫

S+

)

�Gn−N e−i�t d� + c.c. = (In−N )pass + (In−N )stop + c.c. (5.3)

Thus,

VN
n = Vn−N + V̆N

n (5.4)

where

V̆N
n = (V̆N

n )pass + (V̆N
n )stop

def= − i

2π

(∫

P

+
∫

S

)

�ĞN
n e−i�td�

= − i

2π

(∫

P+
+

∫

S+

)

�ĞN
n e−i�t d� + c.c. = (IN

n )pass + (IN
n )stop + c.c., (5.5)

where ĞN
n is defined by (4.11).

5.1 The contribution from the pass-band

The incident wave-field Vn−N defined by Eq. (3.10) is an even function of the discrete variable n− N [48]. To
have the possibility to estimate analytically the total wave-field (5.4) superposed of the incident and scattered
wavefields,we use, inwhat follows, the asymptotic representation of Vn−N on themoving at a speed 0 ≤ w < 1
observation point

|n − N | = wt. (5.6)

It has the following form [1,48]:

Vn−N = H(1 − w)√
π t 4

√
1 − w2

cos
(

ωt + π

4

)

+ O(t−1), (5.7)

where

ω
def= 2(w arccosw −

√

1 − w2). (5.8)

After the backward substitution w = |n − N |/t [1,48], Eq. (5.7) can be rewritten as:

Vn−N = H− cos
(

ω−t + π
4

)

√
π

4
√

t2 − (n − N )2
+ O(t−1), (5.9)
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where

ω±
def= ω

∣
∣
∣
w= |n±N |

t

= 2

( |n ± N |
t

arccos
|n ± N |

t
−

√

t2 − (n ± N )2

t

)

, (5.10)

H±
def= H

(

t − |n ± N |). (5.11)

At the same time, the scattered component V̆N
n is an even function of the variable n.

Now we plan to investigate the behaviour of (V̆N
n )pass and

(VN
n )pass = Vn−N + (V̆N

n )pass (5.12)

inside two intervals. The first one is n ≤ 0, where the scattered wave (V̆N
n )pass is a left-running wave, the

second one is n > 0, where (V̆N
n )pass is a right-running wave.

5.1.1 n ≤ 0

First, we should treat n ≤ 0. One has:

(IN
n )pass = − i

2π

∫ 2

0

(m − 1)� ei(|n|+N ) arccos 2−�2
2 −i�t

−(4 − �2) + i(m − 1)�
√
4 − �2

d�. (5.13)

In this case, we plan to estimate the integral in the right-hand side of (5.13) at the same moving fronts (5.6) as
we have done for Vn−N in Eq. (5.7):

|n − N | = |n| + N = wt. (5.14)

Remark 5.1 The choice of the moving observation fronts is generally ambiguous. One can try to construct
asymptotics on moving observation points different from Eq. (5.14) (see Appendix B). However, those asymp-
totics seem practically inapplicable as the approximate solution in terms of variables n and t .

We represent integral (5.13) as follows:

(IN
n )pass = − i

2π

∫ 2

0
Apass(�)eφ(�)t d�, (5.15)

where

Apass(�) = (m − 1)�

−(4 − �2) + i(m − 1)�
√
4 − �2

, (5.16)

φ(�) = w arccos
2 − �2

2
− � (5.17)

are the amplitude and the phase, respectively. One can see that the integral has the structure of a Fourier integral.
The standard technique to estimate Fourier integrals for large time t → ∞ is the method of stationary phase
[62–64]. Applying the classical formula for the contribution from a stationary point, analogously to [1,48],
we can derive the following asymptotics:

(IN
n )pass = − iAsei(ωt+

π
4 )

√
2π |φ′′(�s)|t + O(t−1). (5.18)

Here

�s = 2
√

1 − w2 (5.19)

is the unique non-degenerate stationary point, which exists for 0 < w < 1;

φ′′(�s) =
√
1 − w2

2w2 ; (5.20)
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ω = φ(�s) is defined by Eq. (5.8);

As
def= Apass(�s) = (m − 1)

√
1 − w2

2w(−w + i(m − 1)
√
1 − w2)

. (5.21)

Now, one has

(V̆N
n )pass = (IN

n )pass + c.c. = − iH(1 − w)√
2π |φ′′(�s)|t

(

Ase
i(ωt+ π

4 ) − Āse
−i(ωt+ π

4 )
)

+ O(t−1)

= 2H(1 − w)√
2π |φ′′(�s)|t

(

Im As cos
(

ωt + π

4

)

+ Re As sin
(

ωt + π

4

))

+ O(t−1). (5.22)

The Heaviside step function in the last equation indicates that there are no stationary points for w > 1.
Calculating Re As, Im As, one gets:

Re As = −(m − 1)w
√
1 − w2

2w(w2 + (m − 1)2(1 − w2))
, (5.23)

Im As = −(m − 1)2(1 − w2)

2w(w2 + (m − 1)2(1 − w2))
. (5.24)

Now, one obtains:

(V̆N
n )pass = − H(1 − w)(m − 1) 4

√
1 − w2

√
π t(w2 + (m − 1)2(1 − w2))

(

(m − 1)
√

1 − w2 cos
(

ωt + π

4

)

+w sin
(

ωt + π

4

))

+ O(t−1). (5.25)

The last expression can be transformed into the following form:

(V̆N
n )pass = − H(1 − w)(m − 1) 4

√
1 − w2

√
π t

√

w2 + (m − 1)2(1 − w2)
sin

(

ωt + ψ + π

4

)

+ O(t−1), (5.26)

where

ψ = arctan
(m − 1)

√
1 − w2

w
. (5.27)

Now, following [1,48], we obtain the approximate solution by the backward substitution w = |n|/t :

(V̆N
n )pass = − H−(m − 1) 4

√

t2 − (n − N )2√
π

√

(n − N )2 + (m − 1)2(t2 − (n − N )2)
sin

(

ω−t + ψ− + π

4

)

+ O(t−1), (5.28)

where

ψ±
def= ψ

∣
∣
∣
w= |n±N |

t

= arctan
(m − 1)

√

t2 − (n ± N )2

|n ± N | . (5.29)

To obtain the expression for the total transmissive wave-field (VN
n )pass, now we substitute (5.7) and (5.25)

into the right-hand side of Eq. (5.4). This yields:

(VN
n )pass = H(1 − w)w√

π t 4
√
1 − w2

√

w2 + (m − 1)2(1 − w2)
cos

(

ωt + ψ + π

4

)

+ O(t−1)

= H−|n − N | cos (

ω−t + ψ− + π
4

)

√
π

4
√

t2 − (n − N )2
√

(n − N )2 + (m − 1)2(t2 − (n − N )2)
+ O(t−1). (5.30)
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5.1.2 n > 0

Consider now the case n > 0. The scattered wave-field (V̆N
n )pass must be an even function of n. Thus, to obtain

the expression for (V̆N
n )pass we now need to substitute −n instead of n into Eq. (5.28). This yields

V̆N
n = − H+(m − 1) 4

√

t2 − (n + N )2√
π

√

(n + N )2 + (m − 1)2(t2 − (n + N )2)
sin

(

ω+t + ψ+ + π

4

)

+ O(t−1). (5.31)

where ω+, H+, ψ+ are defined by Eqs. (5.10), (5.11), (5.29), respectively.
The expression for total wave-field (VN

n )pass now can be calculated by Eq. (5.12), wherein (V̆N
n )pass and

Vn−N are given by Eqs. (5.31) and (3.10), respectively. Using approximate solution (5.9) instead of exact
one (3.10) results in

(VN
n )pass � H−√

π
4
√

t2 − (n − N )2
cos

(

ω−t + π

4

)

−

H+(m − 1) 4
√

t2 − (n + N )2√
π

√

(n + N )2 + (m − 1)2(t2 − (n + N )2)
sin

(

ω+t + ψ+ + π

4

)

. (5.32)

Remark 5.2 Two terms in the right-hand side of Eq. (5.32), i.e., the incident and the scattered wave-fields, are
estimated at different moving points of observation, e.g., at

|n + N | = wt, n > 0 (5.33)

and (5.14), respectively. In this sense, formula (5.32) for n > 0 is not an asymptotically exact one and should
be considered as an approximate solution, whereas the analogous formula (5.30) for n ≤ 0 (written in terms
of w) has an exact asymptotic meaning.

Remark 5.3 The expressions for the scattered wave-field (5.28) and the total wave-field (Eqs. (5.30) or (5.32))
provide the continuum description of the corresponding physical processes, i.e., we can assume that n ∈ R;
see [1,48].

Remark 5.4 The first term in the right-hand side of Eq. (5.32) (the scattered wave-field) can be considered
as the contribution of the imaginary mirrored source at n = −N ; see [65] where the problem concerning a
semi-infinite chain is considered. In the framework of the random (thermal) problem formulated in Sect. 3.2,
this mirrored source is not uncorrelated with the real source at n = N , as assumed in [65]. This leads to
the distortion of the analytical solution near the inhomogeneity, i.e., near the free end of the chain, which is
observed, e.g., in Fig. 4 of [65].

Remark 5.5 Due to the coalescence of singular points [1], asymptotic formulae (5.7), (5.25) are not valid near
the leading wave-fronts: for w � 1 or, equivalently, for

|n − N | � t. (5.34)

Analogously, formula (5.31) is not valid near the leading scattered wave-front

|n + N | � t. (5.35)

On the other hand, at the corresponding wave-fronts Eq. (5.7) is singular, whereas the transmissive (5.26) and
the reflected (5.31) waves are zero. Therefore, the practical importance of this fact is greater for Eq. (5.7)
describing the leading wave-fronts (5.34) than for Eq. (5.31) describing the leading front of the reflected wave
(5.35). The leading front of the transmissive wave described by (5.26) coincides with the leading left-running
wave-front (5.34).
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5.2 The contribution from the stop-band

Following [1], we estimate the contribution from the stop-band at a fixed position n. Due to Eqs. (4.5), (4.7),
(4.11), one has

(IN
n )stop = − i

2π

∫ +∞

2

�3(m − 1)(−1)N+|n|e−b(�)(N+|n|)e−i�t

(−�2 + 2e−b(�) + 2)(−m�2 + 2e−b(�) + 2)
d�. (5.36)

The asymptotic order of the contribution from the stop-band depends on the existence of a mode of
oscillation localized near the inclusion at n = 0. Such a mode exists if and only if m < 1 [1,61,66]. In this
case, there exists a simple root

�0 = 2√
m(2 − m)

(5.37)

of the second multiplier of the denominator for the integrand in Eq. (5.36):

− m�2
0 + 2e−b(�0) + 2 = 0. (5.38)

The details of how we should understand the integral in the right-hand side of Eq. (5.36) in this case are
discussed in [1]. One can get:

(IN
n )stop = − (m − 1)�3

0(−1)N+|n|e−b(�0)(N+|n|)e−i�0t

−�2
0 + 2e−b(�0) + 2

Res
( 1

−m�2 + 2e−b(�) + 2
, �0

)

+O(t−1). (5.39)

Here, the symbol Res( f, �0) means the residue of a function f (�) at a pole � = �0. Calculating the residue
yields

Res
( 1

−m�2 + 2e−b(�) + 2
, �0

)

= − (m − 1)�0

2(m(m − 2)�2
0 + 2)

. (5.40)

Due to Eqs. (5.37), (5.38), one gets:

e−b(�0) = m

2 − m
. (5.41)

Taking into account the last expression together with Eq. (5.37), we derive the following formula:

(V̆N
n )stop = 2(m − 1)(−1)N+|n|+1mN+|n|−1

(2 − m)N+|n|+1 cos(�0t) + O(t−1). (5.42)

In the casem > 1, there is no pole in the denominator for the integrand in the right-hand side of Eq. (5.36),
and instead of (5.42), one gets

(V̆N
n )stop = O(t−1). (5.43)

Formula (5.42) describes non-vanishing localized near n = 0 oscillation. One can see that the amplitude
of this oscillation exponentially vanishes with N . In this paper, we assume that the source at n = N is located
far enough from the inclusion at n = 0. Thus, we assume, in what follows, that non-vanishing oscillation
(V̆N

n )stop has an exponentially small amplitude and can be neglected.
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Fig. 1 The particle velocity VN
n versus the spatial variable n. The source position is indicated by the vertical magenta solid line.

The right leading scattered wave-front is indicated by the vertical magenta dashed line. a The case of a heavy defect, b the case
of a light defect

5.3 Comparison with numerics

In Fig. 1, we present the spatial plot of the fundamental solution VN
n (t) (n ∈ Z) for the particle velocity

obtained by three different approaches. In the first case, VN
n (t) are found by numerical solution for system

of ordinary differential equations (3.1) with periodic boundary conditions [56]. In the second case, we use
Eqs. (5.4), (5.9) for the incident wave Vn−N , and Eq. (5.28) (n ≤ 0) or Eq. (5.31) (n > 0) for the scattered
wave V̆N

n . In the third case, we use the exact expression for Vn−N , where Vn is given by Eq. (3.10) for the
incident wave, and the same formulas for the scattered wave as in the second case. Two sub-plots are presented,
which correspond to a heavy (m > 1) and a light (m < 1) defect. One can see that all three approaches give
very similar results. The differences can be observed only on the leading incident wave-fronts, and on the
leading scattered wave-front, where the coalescence of the critical points should be taken into account, see
Remark 5.5. Furthermore, one can see that the sub-plots are qualitatively similar, and, as expected, due to the
results of Sect. 5.2 for a large enough N , the existence of the localized mode in the second case (see Sect. 5.2)
does not change the wave-field.

Remark 5.6 Of course, from a pure formal point of view, the localized mode contribution defined by Eq. (5.42)
is the principal part of the solution near the defect. For very large times, when the propagating component of the
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wave-field totally vanishes, the solution near the defect equals the right-hand side of Eq. (5.42). However, in this
paper, we are mostly interested in the previous stages of the wave process, when the propagating component
still dominates over the localized one.

6 Heat transport: the slow and fast thermal motions

In what follows, we consider the kinetic energy (heat) transport problem formulated in Sect. 3.2.

6.1 n ≤ 0

Now we calculate the thermal fundamental solution (3.19) taking VN
n = (VN

n )pass and separate the slow and
the fast motions following [1,48]. Consider the case n < 0. Due to Eqs. (3.19), (5.30)

T N
n = 2mnH(1 − w)w2 cos2

(

ωt + ψ + π
4

)

π t
√
1 − w2(w2 + (m − 1)2(1 − w2))

+ o(t−1) = T̄ N
n + T̂ N

n + o(t−1), w �� 1; (6.1)

where

T̄ N
n = mnH(1 − w)w2

π t
√
1 − w2

(

(m − 1)2
(

1 − w2
) + w2

)

= mnH−(n − N )2

π
√

t2 − (n − N )2
(

(n − N )2 + (m − 1)2(t2 − (n − N )2)
) (6.2)

is the slow motion, and

T̂ N
n = −T̄ N

n sin 2(ω−t + ψ−) (6.3)

is the fast motion.

6.2 n > 0

To calculate the thermal fundamental solution T N
n for n > 0, we use approximate solution (5.32):

T N
n � 2mnH+(m − 1)2

√

t2 − (n + N )2 sin2
(

ω+t + ψ+ + π
4

)

π((n + N )2 + (m − 1)2(t2 − (n + N )2))
+ 2mnH− cos2

(

ω−t + π
4

)

π
√

t2 − (n − N )2

−4mnH+(m − 1) 4
√

t2 − (n + N )2 sin
(

ω+t + ψ+ + π
4

)

cos
(

ω−t + π
4

)

π
4
√

t2 − (n − N )2
√

(n + N )2 + (m − 1)2(t2 − (n + N )2)
. (6.4)

The last equation can be transformed into the following form:

T N
n � T̄ N

n + T̂ N
n , (6.5)

where

T̄ N
n = mnT̄n−N + T̆ N

n (6.6)

is the slow motion,

T̆ N
n

def= H+mn(m − 1)2
√

t2 − (n + N )2

π
(

(n + N )2 + (m − 1)2(t2 − (n + N )2)
) (6.7)

is the scattered component of the slow motion;

T̂ N
n = mnT̂n−N + T̆ N

n sin 2(ω+t + ψ+)



S. N. Gavrilov, E. V. Shishkina

−200 −100 0 100 200
n

−2.0

−1.5

−1.0

−0.5

0.0

ω
±

t = 200.0

ω−
ω+

Fig. 2 Frequencies ω− and ω+ versus n. The source position is indicated by the vertical magenta solid line. The right leading
reflected wave-front is indicated by the vertical magenta dashed line

−
2mnH+(m − 1) 4

√

t2 − (n + N )2
(

cos
(

(ω+ + ω−)t + ψ+
) + sin

(

(ω+ − ω−)t + ψ+
))

π
4
√

t2 − (n − N )2
√

(n + N )2 + (m − 1)2(t2 − (n + N )2)
(6.8)

is the fast motion; T̄n−N and T̂n−N are the slow and fast motions in a uniform chain, defined by Eqs. (6.10)
and (6.11), respectively.

Remark 6.1 The thermal fundamental solution Tn−N in a uniform chain, which is defined by (3.21), can be
decoupled in the same way into the following superposition [1,48]:

Tn−N = T̄n−N + T̂n−N , (6.9)

where

T̄n−N
def= H−

π
√
1 − w2

= H−
π

√

t2 − (n − N )2
, (6.10)

T̂n−N
def= −T̄n−N sin 2ω−t (6.11)

are the slow and fast motions in the uniform chain, respectively.

Remark 6.2 Since VN
n is a continuum quantity (see Remark 5.3), the slow T̄ N

n and the fast T̂ N
n motions can

be naturally continualized in the range |n| ≥ 1, where mn = 1, see Remark 12 in [1].

Thus, the slow motion is the thermal fundamental solution averaged over the fast phases, namely, over

ϕ0
def= 2(ω−t + ψ−) (6.12)

for n ≤ 0;

ϕ1
def= 2(ω+t + ψ+), ϕ2

def= 2ω−t, ϕ3
def= (ω+ + ω−)t + ψ+, ϕ4

def= (ω+ − ω−)t + ψ+ (6.13)

for n > 0.

Remark 6.3 In Fig. 2, one can see the plots of frequencies ω− and ω+ versus n. One can observe that at
the leading wave-fronts (5.34) one of the fast phases ϕ0 or ϕ2 transforms to a slow quantity (for n < 0 and
n > 0, respectively). In principle, this breaks the slow-and-fast decoupling, but it is not a big problem for
us since asymptotics (5.7) is in any case wrong at these wave-fronts (see Remark 5.5). For n > 0, at the
leading reflected wave-front (5.35), the phase ϕ1 transforms to a slow quantity. This also corresponds to a
domain where approximation (5.31) is not valid (see Remark 5.5). Additionally, the phase ϕ4 transforms to a
slow quantity for n → +0, n ∈ R. This breaks at n → +0 the slow-and-fast decoupling for T N

n , which is
proportional to (VN

n )2: the fast motions caused by the incident and reflected waves originate a slow motion.
The last observation will be illustrated in what follows; see Sect. 6.3.
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Fig. 3 Kinetic temperature T N
n versus spatial variable n. The source position is indicated by the vertical magenta solid line. The

right leading reflected wave-front is indicated by the vertical magenta dashed line

6.3 Comparison with numerics

In Fig. 3, we present a spatial plot of the fundamental solution for the kinetic temperature T N
n expressed by

Eq. (3.19) and obtained by two approaches. In the framework of the first approach, particle velocities VN
n (t) in

Eq. (3.19) are found numerically solving system of ordinary differential equations (3.1) with periodic boundary
conditions [56]. In the second case, we use the obtained above analytic approximations for the fundamental
solution VN

n (t), which lead to Eqs. (6.1)–(6.3) (for n ≤ 0) or Eqs. (6.5)–(6.11) (for n > 0). Here, n ∈ Z

or n ∈ R for the discrete approximation or for the continuum one, respectively. One can see that discrete
approximation is in excellent agreement with numerics everywhere except near leading wave-fronts (5.34),
where asymptotics (5.7) is not valid (see Remark 5.5). The agreement is a bit worse near the reflected wave
leading front (5.35) (see Remark 5.5 again).

The slow motion T̄ N
n , which is also plotted in Fig. 3, has essentially different limiting values at the

boundaries for domains of continuity n = ±1, n ∈ R. It is minimal (and close to zero) for small non-
positive n, where a thermal shadow behind the defect is forming. For small positive values of n, the slow
motion is essentially larger. Thus, at the defect, one can observe a pronounced jump discontinuity of the slow
kinetic temperature.

One can see that the slow motion looks like a spatial average for T N
n . In the ranges where the fast motion

contains a unique harmonic, we can introduce “a peak temperature”

TN
n

def= 2T̄ N
n , n ∈ R; n ≤ 0 or n > t − N . (6.14)

One can see that the plot for TN
n looks like the envelope for T̄ N

n , n ∈ R in these intervals. In the range
0 < n < t − N , where the fast motion consists of multiple harmonics, see Eq. (6.8), a beat is observed since
one of a number of the fast phases becomes a slow quantity for n → +0, n ∈ R; see Remark 6.3. Introducing
the peak temperature as

TN
n

def= 4T̄ N
n , n ∈ R; 0 < n < t − N , (6.15)

one can see that for small enough positive n, the plot for TN
n again looks like the envelope for T̄ N

n , n ∈ R.
Thus, the value of the slow temperature for small n > 0 is close to a quarter of the “nearest global maximum
value1” for T N

n , n ∈ R, which is observed in Fig. 3 at n ≈ 15.6.
In Fig. 4, we present temporal plots of the fundamental solution for the kinetic temperature T N

n obtained
for several values of n > 0 by the same two approaches (numeric and analytic ones) as we used for Fig. 3.
Again, in the range N − n < t < N + n, where the fast motion contains a unique harmonic, the plot for TN

n is

1 In a certain large enough neighbourhood of zero.
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Fig. 4 Kinetic temperature T N
n versus time t for various positive n. The instant of coming of the leading reflected wave-front is

indicated by the vertical magenta dashed line

the envelope for T N
n . For larger times t > N + n, the peak temperature TN

n again becomes the envelope2 for
T N
n after some transient process. The beat period becomes infinity for n → +0; therefore, the approximate

description of the energy transport by the slowmotion becomes a bit doubtful for small positive n (see Fig. 4a).

2 Or, better to say, the envelope for the envelope.
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Fig. 5 Kinetic temperature T N
n versus time t (n = 0)

For larger n, this quantity again acquires a clear physical meaning (see Fig. 4b–c), though the beat period
grows and approaches infinity as t → ∞.

In Fig. 5, we present the temporal plot of the fundamental solution T N
n obtained for n = 0. One can see

that the fast motion contains a unique harmonic, and the plot for TN
n is the envelope for T N

n as expected. The
plots for various n < 0 have the same qualitative character as for n = 0, and, thus, we do not demonstrate
more ones.

7 Anti-localization for n ≤ 0: a thermal shadow behind the defect, the Kapitza thermal resistance

In Sect. 6.3, we have shown numerically that the slow temperature T̄ N
n quickly changes near the defect. Thus,

we observe the non-stationary analogue of the effect characterized by the Kapitza thermal resistance [13].
Note that in [15,16] a similar model is used to describe the Kapitza thermal resistance in the case where two
stationary thermal sources are located at the ends of a finite chain with an isotopic defect.

Let us formally calculate for a fixed n > 0 and n ≤ 0 the large time asymptotics of the components
mnT̄n−N and T̆ N

n in the right-hand side of Eq. (6.6) of the slow temperature T̄ N
n .

For n > 0, n ∈ Z (or n ≥ 1, n ∈ R if we discuss continuum quantities), according to (3.21), (6.7), we
have: mn = 1,

mnT̄n−N = 1

π t
+ O(t−3), (7.1)

T̆ N
n = 1

π t
+ O(t−3), (7.2)

and, thus,

T̄ N
n = 2

π t
+ O(t−3). (7.3)

Formulae (7.1)–(7.3) are clearly derived in a not entirely correct way, i.e., by calculating the asymptotics at
a fixed position of the solution obtained at a moving point of observation. They demonstrate that reflection
from the defect results in the doubling of the slow temperature T̄ N

n for all n > 0. In Fig. 4, one can see that
numerical calculations confirm such a conclusion for very large times: the red dotted curves asymptotically
approach the corresponding green dashed ones in all plots. According to Eqs. (7.1)–(7.3), the slow temperature
at this final stage does not depend on n for n > 0.

For n ≤ 0, according to Eq. (6.2), one obtains:

T̄ N
n = mn(n − N )2

π(m − 1)2t3
+ O(t−4). (7.4)
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Remark 7.1 The result for n ≤ 0, generally speaking, is obtained incorrectly since we have dropped the terms
of order o(t−1/2)when calculating the asymptotics (5.30) of the particle velocity (VN

n )pass at a moving point of
observation. These terms correspond to the terms of order o(t−1) in expansions for T N

n , whereas the principal
term in (7.4) is of order t−3. However, one can see in Fig. 5 that formula (7.4) describes the final stage of
evolution for T N

n quite well. To verify Eq. (7.4), in Sect. 7.1, we construct the large-time asymptotics for the
particle velocity VN

n and the slow temperature T̄ N
n at a fixed position n ≤ 0.

7.1 Asymptotics for the particle velocity and the slow temperature at a fixed position n ≤ 0

To calculate the fixed position asymptotics, we deal with integral representation (5.1) and apply the method of
stationary phase. The only critical point is the cut-off frequency; thus, we need to calculate the corresponding
contribution for integrals over the pass-band and the stop-band. Take n ≤ 0. We base on the expansions for
the amplitude

CN
n

def= �GN
n (7.5)

in the pass-band and the stop-band, see Eqs. (C.9), (D.8), which are obtained in Appendices C and D, respec-
tively. Now, the total contribution from the cut-off frequency can be calculated in the same way as in Sect. 7.3
of [1], where the corresponding expansions of the amplitude are given by Eqs. (7.13) and (7.49), respectively.
The first (zero order) terms in the right-hand sides of Eqs. (C.9), (D.8) are equal to each other, and the cor-
responding total contribution from the pass-band and the stop-band is zero. The second (square root) terms
equal the corresponding terms in the right-hand side of Eqs. (7.13), (7.49) in [1] with accuracy to the multiplier
(−1)N−n

(

1 + 2(N − n)(m − 1)
)

. Thus, one gets (see Eqs. (7.54) and (10.6) in [1], respectively):

VN
n = (−1)N−n

(

1 + 2(N − n)(m − 1)
)

sin
(

2t − π
4

)

2
√

π(m − 1)2t3/2
+ o(t−3/2), (7.6)

T̄ N
n = mn

(

1 + 2(N − n)(m − 1)
)2

4π(m − 1)4t3
+ o(t−3). (7.7)

Provided that

2(N − n)|m − 1| � 1, (7.8)

i.e., number N is large enough,3 the right-hand sides of Eqs. (7.4) and (7.7) almost coincide (see Fig. 5). Thus,
Eq. (7.4) really provides “an almost correct result”.

7.2 The non-stationary transmission function for the kinetic temperature

The obtained Eqs. (7.6), (7.7) show that for all n ≤ 0, we observe the phenomenon of anti-localization of
non-stationary quasi-waves. This is the zeroing of the non-localized propagating component of the wave-field
in a neighbourhood of an inclusion [1,47]. This neighbourhood expands with time, capturing more and more
material points of the chain. However, this process never leads to a total blocking [67,68] of energy propagation
towards n → −∞ but only to some distortion of the incident wave-field. Indeed, in the interval n ≤ 0, consider
the ratio

R(w) = T̄ N
n

T̄n−N
= w2

(m − 1)2
(

1 − w2
) + w2

(7.9)

as the function of the speed w defined by Eq. (5.14), which we call the non-stationary transmission function
for the kinetic temperature. Here T̄ N

n and T̄n−N are calculated by Eqs. (6.2) and (6.10), respectively. The plot
of ratio R versus w is presented in Fig. 6.

One can see that the greater the quantity |m − 1|, the wider the anti-localization zone (i.e., the thermal
shadow) behind the defect, and more wave energy concentrates closer to the leading wave-front w = 1. For

3 This is assumed in our paper, see Sect. 5.2.
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Fig. 6 The non-stationary transmission function for the kinetic temperatureR versus w

m �= 1, any material particle of the chain with n ≤ 0 after some time from the instant of passing the leading
wave-front moving at w = 1 enters the thermal shadow, where the kinetic temperature decreases according to
Eq. (7.7) as O(t−3).

Remark 7.2 The cold point at the defect (see Fig. 8(a) in [15]), apparently, is the only anti-localization point
observed in the system with two thermal sources at both sides of an isotopic defect.

Remark 7.3 The anti-localization of non-stationary waves was introduced previously in the framework of the
problems [1,47,59], where a loading is applied to a defect. In this paper, we show for the first time how the
anti-localization influences a wave process when a loading and a defect are located at different positions.

8 Conclusion

In the paper, we have considered two problems. The first one is the deterministic problem concerning elastic
wave scattering on an isotopic defect in a one-dimensional harmonic crystal (a linear chain). The chain is
subjected to a unit impulse point loading applied to a particle far enough from the defect. In the framework of
the second problem, we assume that applied point impulse excitation has random amplitude. This allows one
to model the heat transport in the chain and across the defect as the transport of the mathematical expectation
for the kinetic energy and to use the conception of the kinetic temperature.

The most important result related to the first (scattering) problem is Eqs. (5.28), (5.31), which provide for
t → ∞ a continuum approximation for the fundamental solution describing the scattered wave-field in the
time domain. This approximation is obtained as a large-time asymptotics at a moving point of observation, and
it is in excellent agreement with corresponding numerical calculations (see Fig. 1). We have shown that in the
case of loading applied far enough from the defect, which is assumed in the paper, the scattered wave-fields
caused by heavy (m > 1) and light (m < 1) defects are qualitatively similar. The localized non-vanishing
in time oscillation, which exists in the system in the case m < 1 [1,61], has exponentially vanishing with
the distance (between the defect and the point of the loading) amplitude; see Eq. (5.42). Thus, the localized
oscillation can be neglected. This is an essential difference from the case when the loading is applied at the
defect considered in our previous paper [1]. In the latter case, the wave-field caused by a light defect contains
a pronounced non-vanishing localized component.

It is interesting that the choice of the moving point of observation, which we use to get the corresponding
asymptotics is generally ambiguous. In previous studies [1,47,59], we considered the case when the loading
was applied to the defect. We followed the natural choice, which was to consider the fronts emerging at the
instance of the impulse loading and then moving at a constant speed away from the loaded particle, i.e., from
the defect. Now, we consider the problem, where the loading and the defect are in the different positions, and
it is not clear what is “a natural choice”. We have tried to use various choices (see Appendix B) and obtained
different formally correct asymptotics. We have shown that the only one among the proposed asymptotics is
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applicable as an approximate solution, which characterizes the wave-field in terms of the particle number n
co-ordinate and time t .

The most important result related to the second (heat transport) problem is Eqs. (6.2), (6.7), which provide
for t → ∞ the expressions for the slow (in time) component of the kinetic temperature in the chain, i.e.,
the slow motion. To intuitively understand what the slow motion is, the reader can look through Figs. 3–5.
In discrete harmonic systems, where a stochastic loading is distributed in space [49,50,53–55] or in time
[56–58], according to numerical calculations, the fast component vanishes. Thus, we expect that to describe
the heat transport for such a loading, it is enough to calculate a convolution of the distributed loading with the
fundamental solution for the slow motion without any spatial or temporal averaging. However, in the range
n > 0, especially for small n, such a description is perhaps too oversimplified; see Remark 6.3 and Sect. 6.3.

The obtained solution allows us to show that there is a thermal shadow behind the defect: the order of
vanishing for the slow temperature is larger for the particles behind the defect than for the particles between
the loading and the defect (see Eqs. (7.3), (7.4) and Fig. 3). From a pure mathematical point of view, such
a result cannot be obtained correctly based on the asymptotic solution at a moving point of observation (see
Remark 7.1). Therefore, we have verified and confirmed it by considering asymptotics at a fixed position (see
Sect. 7.1). The asymptotics at a fixed position describes only the last stage of the evolution of corresponding
quantities, i.e., the particle velocity or the kinetic temperature, whereas the asymptotics at a moving point
of observation, suggested in Sect. 5.1.1, describes earlier stages (see Figs. 4, 5). Due to the presence of the
shadow, the continuum slow kinetic temperature has a jump discontinuity at the defect. Thus, the system under
consideration can be a simple model for the non-stationary phenomenon analogous to one characterized by
the Kapitza thermal resistance [13–16].

The presence of the thermal shadow is related to a non-stationary wave phenomenon, which we call the
anti-localization of non-stationarywaves. This is the zeroing of the non-localized propagating component of the
wave-field in a neighbourhood of an inclusion [1,47]. In previous studies [1,47], where the anti-localization
was introduced, the case when the loading and the defect were at the same position was considered (see
Remark 7.3). In the latter case, the zeroing is observed in a two-sided neighbourhood of the defect. In this
paper, the anti-localization is observed only for the defect and particles behind the defect with respect to the
point of loading (n ≤ 0). This one-sided neighbourhood expands with time, capturing more and more material
points of the chain. However, this process never leads to a total blocking of energy propagation towards
n → −∞ (as it is observed, e.g., in [67,68]), but only to a distortion of the incident wave-field due to the
defect. We propose as a measure for this distortion the non-stationary transmission function for the kinetic
temperature, which can be calculated by Eq. (7.9). One can see in Fig. 6 that the greater the quantity |m − 1|
(the absolute value of the difference between the defect mass and the mass of the regular particle), the more
distortion of the wave-field is observed at a far zone behind the defect.

We suppose that, without essential modifications, the methodology proposed in this paper can be applied
to other similar problems concerning more complicated one-dimensional harmonic crystals and other types of
defects (or interfaces).
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Appendix A: Non-dimensionalization

The equations of motion for the system under consideration are

m̂n
d2ûn
dt̂2

− Ĉ(ûn+1 − 2ûn + ûn−1) = δn−N p̂
(

t̂
)

. (A.1)

Here n ∈ Z, t̂ is the time, ûn(t̂) is the displacement of the particle with a number n, m̂n is the mass of a particle
with a number n:

m̂n = M̂ + δn(m̂ − M̂), (A.2)
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M̂ is the mass of a regular particle, m̂ is the mass of the defect, Ĉ is the bond stiffness, p̂ is the external force.
The dimensionless equations of motion (3.1) can be obtained by introducing the following dimensionless
quantities:

un = ûn

Â
; t = ωt̂; p = p̂

Ĉ Â
, m = m0 = m̂

M̂
. (A.3)

Here Â is the lattice constant (the distance between neighbouring particles); ω
def=

√

Ĉ/M̂ .

Appendix B: Asymptotics at alternative moving points of observation

The choice of the moving observation fronts is generally ambiguous. One can try to construct asymptotics on
moving observation points different from Eq. (5.14). Consider the case n ≤ 0 (the scattered wave for n > 0 as
in Sect 5.1.2 can be calculated using the evenness of (V̆N

n )pass with respect to n). Let us estimate the integral
(IN

n )pass on a moving point of observation different from the one given by Eq. (5.14). We can try to use the
following moving point of observation instead of Eq. (5.14):

|n| = wt. (B.1)

The integral (IN
n )pass (5.13) can be represented in the form of Eq. (5.15), where

Apass(�) = (m − 1)�eiN arccos 2−�2
2

−(4 − �2) + i(m − 1)�
√
4 − �2

, (B.2)

φ(�) is given by Eq. (5.17). Applying the procedure of the method of stationary phase in the same way as it
is done in Sect. 5.1.1, instead of Eq. (5.25) one gets:

(V̆N
n )pass = − H(1 − w)(m − 1) 4

√
1 − w2

√
π t

(

w2 + (m − 1)2(1 − w2)
)

((

(m − 1)
√

1 − w2 cos F + w sin F
)

cos
(

ωt + π

4

)

+
(

w cos F − (m − 1)
√

1 − w2 sin F
)

sin
(

ωt + π

4

))

+ O(t−1). (B.3)

Here

F = F0 arccos(2w
2 − 1), (B.4)

F0 = N . (B.5)

Formula (B.3) can be transformed into the form of Eq. (5.26), wherein we should substitute

ψ∗ = arctan
w sin F + (m − 1)

√
1 − w2 cos F

w cos F − (m − 1)
√
1 − w2 sin F

= F + ψ (B.6)

instead of ψ defined by (5.27).
Consider now the following moving point of observation:

|n| = w(t − N ). (B.7)

In the latter case

Apass(�) = (m − 1)�eiN (1−w) arccos 2−�2
2

−(4 − �2) + i(m − 1)�
√
4 − �2

, (B.8)

and asymptotics for (V̆N
n )pass has the form (B.3), wherein

F0 = N (1 − w). (B.9)
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Remark B.1 Asymptotics (5.25) can be formally obtained by substituting

F0 = 0 (B.10)

into Eqs. (B.3), (B.4).

All asymptotics in the form of Eq. (B.3) with various F0 defined by (B.5), (B.9), (B.10) are formally correct.
According to Eqs. (B.4), (B.6), for various F0 the right-hand side of Eq. (B.3) has the same amplitude but
different phases. Moreover, formulae (B.1), (B.7), or (5.14) that we use to return to the variables n and t from
w and t are also different. Therefore, the applicability of the corresponding asymptotics as an approximate
solution in terms of n and t can also be different. To check which approach is better, we calculate the absolute
error

eNn
def= (VN

n )num − Vn−N − (V̆N
n )

pass
approx (B.11)

using various asymptotics (B.3), (B.4) with F0 defined by (B.5), (B.9) or (B.10). Here (VN
n )num are values

for the particle velocities found numerically, Vn−N is given by exact formula (3.10), (VN
n )

pass
approx are found

by Eq. (B.3) wherein w is found in accordance with the corresponding formula from set (B.1), (B.7), (5.14).
The plot for the error eNn is presented in Fig. 7. One can see that the choice of F0 in the form of Eq. (B.10)
gives the best result, whereas asymptotics with F0 in the form of (B.5), (B.9) are practically inapplicable as
an approximate solution in terms of variables n and t .

Appendix C: Fixed position asymptotics for n ≤ 0: the amplitude expansion near the cut-off frequency
in the pass-band

Take n ≤ 0. For CN
n defined by Eq. (7.5), one has

CN
n (�) = (

A(�) + B(�)
)

EN
n (�), (C.1)

A(�)EN
n (�) = �ĞN

n , B(�)EN
n (�) = �Gn−N . (C.2)

In the pass-band, A(�) is defined by Eq. (5.16),

B(�) = − 1

i
√
4 − �2

, (C.3)

EN
n (�) = ei(N−n) arccos 2−�2

2 , (C.4)
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see Eqs. (4.5), (4.6), (4.8), (5.1)–(5.5), (5.13). For � → 2 − 0, one can obtain the following asymptotic
expansions:

A(�) = −i

2
√
2 − �

− 1

2(m − 1)
+ i(−m2 + 2m + 7)

√
2 − �

16(m − 1)2
+ O(2 − �), (C.5)

B(�) = i

2
√
2 − �

+ i
√
2 − �

16
+ O

(

(2 − �)3/2
)

, (C.6)

EN
n (�) = (−1)N−n − 2i(N − n)(−1)N−n

√
2 − � + O(2 − �). (C.7)

Now, one gets

A(�) + B(�) = − 1

2(m − 1)
+ i

√
2 − �

2(m − 1)2
+ O(2 − �), (C.8)

CN
n (�) = − (−1)N−n

2(m − 1)
+ i(−1)N−n

(

1 + 2(N − n)(m − 1)
)√

2 − �

2(m − 1)2
+ O(2 − �). (C.9)

Appendix D: Fixed position asymptotics for n ≤ 0: the amplitude expansion near the cut-off frequency
in the stop-band

In the stop-band, we again have Eqs. (C.1), (C.2), wherein

A(�) = �3(m − 1)
(

− �2 + 2e− arccosh �2−2
2 + 2

)(

− m�2 + 2e− arccosh �2−2
2 + 2

) , (D.1)

B(�) = �

−�2 + 2e− arccosh �2−2
2 + 2

, (D.2)

EN
n (�) = (−1)N−ne−(N−n) arccosh �2−2

2 , (D.3)

see Eqs. (4.5), (4.7), (4.9), (5.1)–(5.5), (5.36). For � → 2 + 0, one can obtain the following asymptotic
expansions:

A(�) = 1

2
√

� − 2
− 1

2(m − 1)
−

(

m2 − 2m − 7
)√

� − 2

16(m − 1)2
+ O(� − 2), (D.4)

B(�) = − 1

2
√

� − 2
+

√
� − 2

16
+ O

(

(� − 2)3/2
)

, (D.5)

EN
n (�) = (−1)N−n(1 − 2(N − n)

√
� − 2 + O(� − 2)

)

. (D.6)

Now, one gets

A(�) + B(�) = − 1

2(m − 1)
+

√
� − 2

2(m − 1)2
+ O(� − 2), (D.7)

CN
n (�) = − (−1)N−n

2(m − 1)
+ (−1)N−n

(

1 + 2(N − n)(m − 1)
)√

� − 2

2(m − 1)2
+ O(� − 2). (D.8)
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