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Heat transport in infinite harmonic crystals
(APMs 2017-2021)

Evolution of initial temperature profile T,(x) is given by

Is = 4NZ/ T(}X-I-Vg —I—To(X—Vg ))dk

/ 0.005

0.

temperature waves 100

Formula is valid for

e 1D, 2D, 3D lattices

* unit cell has N degrees of freedom
e arbitrary harmonic interactions
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Kuzkin V.A. Unsteady ballistic heat transport in harmonic crystals with polyatomic unit cell. Continuum Mech.
Thermodyn. 2019



Motivation

[ L2p2
e Continuum solution: 7 — e

2
1+ V/E2)

* What parameter(s) determine reflection/transmission
coefficients?

* |s acoustic transparency (T=1) possible in 1D?



“Simple” model



Statement of the problem

M, = m;, Cn+% =c, D, = d forn <0

M, = ms, Cn+% = ¢y, D,, = dy for n > 0.
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Different masses (m2/m1=5)
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Statement of the problem

* Equations of motion

1 — C

n+§ n—

A’[ni’ — C-n+%5 %En_% — Dnun: En+% = Unp+41 — Un, Up = ﬂn

e Parameters

M, = my, C, 1 = ¢, D, =d; forn <0

2

M, = ms, Cn_,_% =y, D,, = dy for n > 0.

* Initial conditions
2rk(n + N)

d k
win), =ty Lgin2l”

N ) miy My N

U, = Upsin



Reflection and transmission coefficients

e Reflection coefficient

E
R=""
E
* Transmission coefficient
Eo
T=-—=1—R
E

Main question: what is frequency dependence of Tand R ?



Methods

e Continuum approximation (long waves)

* “Ansatz” approach (e.g. S. Simon, 2015)

* Energy dynamics (A.M. Krivtsov, ZAMM, 2022)



Approach 1: Continuum approximation

* Problem:
§ def | D
i =c2u”, Cop = 4| —
Pa
e Solution:

’U,-:U[]—f—Ul—f—Ug

la'mzﬁ—

= Uu

=0+ "

D }

r=0—

— Dgu"}x

U{) — %(—x)f(i?—{ilt) U] = A%(—Jl)f(—if—clt) U2 = B%(i?)f (— r — C

=04
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Approach 1: Continuum approximation

 Transmission coefficient:
4, | E2p2
Eim
T = — 5
2H2
(1 Ty Ewl)

. E
* Main parameter: ﬁﬂf

* Question: What is the main parameter in a dispersive medium?
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Approach 2: Energy dynamics

* Local energy flux

1
hn+% — _Qacn+%€n+% (Un + Vng1) -

* Time derivative of the energy flux:

i aCy 1 O e Chyteprr Chyae, 1 Chuse, s LE,
1=— — U 1 1 -
n+3 9 n+1 n n+35-n+3 Iw'n A’l’rn+1 A’fn+1 Iw'n

Dn+1un+1 Dnun
_ ﬂ—|—%€n+% jnl/{n+1 + A{n .
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Approach 2: Energy dynamics

* Total energy flux

+00
H=  hy:.

n=—oC

* Time derivative of the total flux:

2

. d J _
H = 3(02 — ) (‘Ug — 211%) + aci(m = m)

o lemg

* Unknowns: u2, 3, e? 1y Uty

E

2

] I

+

acy

d

ds
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mso

) UpgU_1.
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Approach 2: Energy dynamics

* Assumption 1:

u, = Asin(kan — Qt + ¢y), n > 0.

sz

e Assumption 2: c%&:g_% ~ C%EQ% = 2c3(ug — uopuy) ~ 2¢3 A% sin o

* Energy balance for the right part: £, ~ M %CQQAQ sin k.

2
Uy ~~

AQ

2 ]

Ug

, A

2

1

o upuy ~ A%cosky, hi ~ _EGCQQAQ sin ko.
2
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Approach 2: Energy dynamics

* Excluding amplitude, A, of the transmitted wave:

(IEQ 9 OEEQ 2 (Q2 B ﬁ) CZ(IEQ

ug i~ . (LJD ™~ b 2 2
ma$22go mag2 my ) c182°gs

Constitutive relations



Approach 2: Energy dynamics

* Assumption:

615_%’050 ~ CQE%UL UogU -1 ~~ (1 —

e Constitutive relation:

Uoli_y ~ (IEQ (261 n ﬁ B QZ)

261 Qgi}g mo o
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Approach 2: Energy dynamics

* Balance of the global flux:

H = ")/Eg?

a? 2Mq1 — Mo )Co — C1M d 1 [/ 2c d
s

- 25()? MqMeo

* Integration yields
H(t.) — H(0) = 7E>. H(0) = Eg,

* Transmission/reflection coefficients

2q,

T = ?
g1+ g2 — 7

R=1-T.
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Approach 2: Energy dynamics

 Transmission/reflection coefficients:

19



Approach 3: Ansatz approach

* The ansatz:

w, = ATEE(Qt_kZR), n > 0?

w, = AIei(Qt—kln) —|—AR€i(ﬂt+kln)’ n< 0.

e “Boundary conditions”:

miu_i = ¢ (U—z — 2u_1 + Uo) — dyuyp,

mgﬁg = cl(u_l — ’ILO) + Cg(’lﬂl — U[}) — dgug.
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Approach 3: Ansatz approach

 Amplitudes satisfy:

A+ Ap = Ag. ﬁ _ 4i¢y sin ].Cl | . |
A (my —mg)2 4+ dy — dy +i(cysinky + ¢y sin ko)

* Transmission coefficient:

Ey  mago| Arl|?

T = = :
E m191|x41|2
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Approach 3: Ansatz approach

* Transmission coefficient

4mimogigo

________________________________________1

mlgl -|-m292 -I—'fil2 mz QZ_|_d2 dl) /(492). |

i

two |mporta nt parameters
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Comparison

* Energy dynamics:

2
T—— "N R_1-T
g1+ g2 — 7

y = (12 (2??’1,1 — ﬂlg)Cg — C1T Q2 _ @ n 1 2(31 n dg _ QQ
2 . .
25 M11Mo Mo 2 \my  me

* Ansatz approach
dmymagi 9o
(g1 + mags)? + a2 ((my — ma)2 + dy — dy)? /(492)

T —

|e213udp|
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Particular case 1

* Transmission coefficient:

T —

49192

(91 + g2)?

e Valid for

* No elastic foundation and eaual masses/stiffnesses

Similar expression is used for
electromagnetic waves
(but with phase velocities)

(my =mgor ¢y =c) and dy =dy =0

* Equal masses, any elastic foundation

my = mey and dy = dy # 0
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Particular case 2

* Transmission coefficient:

T —

Admimagigo

(m1g1 + maga)? + i_z(ml — mg)2Q2?

e Valid for

* |dentical elastic foundations (or no foundation)

dlz

dy (in particular d; = dy = 0)
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Examples
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Low-frequency limit (no foundation)

* Discrete theory:
4 [ e2m2
c11m]
T =

2 .
212
(1 + clml)

e Continuum theory:
L
e

2
E
(1+/22)
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Frequency-dependence of the transmission

coefficient (no elastic foundation)
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Equal impedances

d1=0 c1=2 m1=1 d2=0 c2=1 m2=2 Tmm
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Equal group velocities

d=1c=tm=1d=2c=2mz=2T _=0.88889
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Small contrast of stiffnesses (or masses)

d1=0 c1=1.1 m1=1 d2=0 c2=1 m2=1 Tmu=0.99943
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Small contrast of stiffness of elastic foundation

d1=1 c1=1 rn1=1 d2=1.1 c2=1 rrl2=1 Tmax=0'99937
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Total reflection
(T=0, R=1)



Criterion for total reflection

* From formula

4mimeogi gs

T = .
(m1g1 + maga)® + a® ((my — m2)P* + dy — d1)2 /(4€27)

it follows that the transmission coefficient vanishes if group
velocity(ies) is(are) equal to zero.

e Zero group velocity does not guarantee T=0!
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Zero group velocities <» no transmission?
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Zero group velocities < no transmission?

d,=0.5 c.=1 m =1 d =1 c=1 m=11111 T__ =0.99931
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Acoustic transparency
(T=1, R=0)



v /(a Q)

Transparent interface
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v /(@ Q)

NOT transparent interface

e o =0.73612 T=0.87062 d =1 c.=1 m =1 d =4 c,=1 m=2
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Acoustic transparency

Transmission coefficient (T)

d,=1c=1 m=1d,=4 c,=t m=2T =1 Modified impedances
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Acoustic transparency
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Acoustic transparency

* Criteria of acoustic transparency (T=1, R=0):

C1 = Ca, migr = maga, QQ(ml — m2) —dy +dy = 0.

T~

Satisfied for O, 1 or 2 frequencies

* Frequency of transparency
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Results

* Simple expression for transmission/reflection coefficients was derived
using two different methods

* Transmission/reflection coefficient are strongly frequency-dependent

* At some values of parameters, the boundary is “transparent”



