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AbstractIn this paper, we derive expressions for equivalent Cauchy and Piola stress tensors that can be applied
to discrete solids and are exact for the case of homogeneous deformation. The main principles used for this derivation are material frame formulation, long wave approximation and decomposition of particle motion into continuum and thermal parts. Equivalent Cauchy and Piola stress tensors for discrete solids are expressed in terms of
averaged interparticle distances and forces. No assumptions about interparticle forces are used in the derivation,
thereby ensuring our expressions are valid irrespective of the choice of interatomic potential used to model the discrete solid. The derived expressions are used for calculation of the local Cauchy stress in several test problems. The
results are compared with prediction of the classical continuum definition (force per unit area) as well as existing
discrete formulations (Hardy, Lucy, and HeinzPaulBinder stress tensors). It is shown that in the case of homogeneous deformations and finite temperatures the proposed expression leads to the same values of stresses as classical
continuum definition. Hardy and Lucy stress tensors give the same result only if the stress is averaged over a sufficiently large volume. Thus, given the lack of sensitivity to averaging volume size, the derived expressions can be
used as benchmarks for calculation of stresses in discrete solids.
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1. INTRODUCTION
Many phenomena in materials science and engineering at different length scales can be considered from
both discrete [13] and continuum [4, 5] points of view.
In particular, joint application of discrete and continuum
techniques is important for investigation of novel nanomaterials [6, 7], such as graphene [8, 9]. However, given
the differences between discrete and continuum descriptions of matter, comparison and coupling [10] of the
results obtained using these two approaches is difficult.
The comparison requires the estimation of equivalent
continuum fields, such as the stress tensor, for discrete
systems. Several approaches for calculation of continuum fields from discrete systems have been proposed
in the literature. One of the first expressions for a stress
tensor derived for a system of particles was derived by
Clausius [11]. In equilibrium, this virial stress is equivalent to an average Cauchy stress in some finite domain
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containing particles. Calculation of highly localized
pointwise stresses is a more challenging problem. Statistical physics, and a particular averaging kernelthe Dirac delta, was employed by Irving and Kirkwood [12]
to calculate stresses that are consistent with the macroscopic balance laws. Though the obtained expression
for the stress tensor has great importance from theoretical point of view, it does not result in a continuous
field. Additional modifications are required in order to
calculate local stresses using IrvingKirkwood approach. In particular, IrvingKirkwood expression has
been adjusted for calculation of local stresses and used
in molecular dynamics simulations in the paper [13].
Other approaches for estimating a local continuum
field include the method [14], which uses Fourier transformations, and the one by Hardy [1519], which uses
kernels with finite support suitable for computer simulations. With regard to Hardys approach, the dependence
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of stress on the form of localization functions and the radius of localization volume has been investigated in the
paper [18], and the generalization of Hardys approach
for calculation of stress in the material formulation has
been carried out in [19]. A simpler formalism proposed
by Lucy [20] has been used by Hoover [21] for calculation of stresses in shock waves. This approach avoids integration of the kernel along the bond and is therefore
computationally more efficient.
The Lucy and Hardy formalisms are based on the
spatial frame formulation, i.e. continuum properties are
computed at the points fixed in space. These and other
spatial frame formulations are commonly used in
fluid dynamics. In solid mechanics theories, such as thermoelasticity, plasticity, and fracture mechanics, the material frame formulation is more widespread. In the material frame formulation, stresses are calculated at material points. This approach is more efficient for dealing
with problems featuring complexities such as free surfaces, interfaces, cracks, and inclusions. Accurate formulation of equivalent continuum parameters for discrete systems in the material frame is important, for
example, for development of hybrid discrete-continuum
methods for solution of solid mechanics problems [19,
22].
The choice between spatial and material frame formulations strongly influences the expressions for equivalent continuum properties of discrete systems. This
difference has been first emphasized by Hoover [2]. It
has been shown that the virial theorem for solids has two
different formulations. In the material frame formulation, the virial stress has no kinetic part while the potential part depends on interparticle forces and distances
that are averaged separately. In the spatial frame formulation, the expression for the virial stress contains both
kinetic and potential parts.
In the present paper, we generalize the expression for
stress tensor in the material frame formulation obtained
by Hoover [2]. The long wave approximation [2327] is
used for transition from discrete description to equivalent continuum. It is shown that the expression derived
by Hoover [2], with minor modifications, can be used for
calculation of local stresses in static and dynamic problems. In the case of homogeneous deformations and finite temperatures, this expression leads to exactly the
same values of stresses as classical definition used in
continuum mechanics (force per unit area). In addition,
comparison with commonly used equivalent stress tensors is carried out for several examples with uniform and
nonuniform stress fields. The advantages of the derived
expression for the stress tensor are demonstrated.

2. HYPOTHESES
Let us consider a discrete system consisting of particles arranged in an infinite ideal crystal lattice. Herein,
only crystals with simple structure are investigated (i.e.
crystals that are invariant to translation on any vector
connecting lattice nodes).
We use two main principles for transition from discrete system to an equivalent continuum: (i) a decomposition of particle motions into slow continuum and fast
thermal modes [2527] and, (ii) the long wave approximation [23, 24]. First let us focus on the particle motion decomposition, as this approach has been intensely
examined by many researchers in recent years. In the
literature, it is effected using different types of averaging
such as spatial averaging, time averaging, averaging over
phase space or over frequency spectrum, etc. In [28] it
was noted that unique decomposition is impossible because rules for a choice of averaging parameters like
averaging time, representative volume, etc. do not exist. The only restriction for these parameters is that they
should depend on time and spatial scales of the problem being solved, and some work to quantify these scales
has been done in [29].
Let us denote average 〈 f 〉 and oscillating (thermal)
%f components of physical quantity f as:
def
f = 〈 f 〉 + f% , f% = f − 〈 f 〉.
(1)
Different expressions for the averaging operator 〈⋅〉 are
proposed in the literature.
For the case of a one-dimensional chain of N particles, the following operator was defined for the velocity v [25]:
1 t +T 2 n +Λ 2
〈 v〉 n =
(2)
∫ ∑ vk (τ)dτ .
T Λ t −T 2 k =n −Λ 2
Here 〈 v〉 n denotes the averaged value of physical quantity v over a spatial region centered at n and comprised of
the Λ particles surrounding n (inclusive of n), and over a
temporal domain of size T that surrounds the current
time t.
As an alternative approach, the direct and inverse
Fourier transformations were used for decomposition
(1) in [28]. The Fourier transformation of v is given by:

where

+∞
% (ν) = 1 ∫ veiντdτ,
V (ν ) = 〈 V 〉 (ν ) + V
2π −∞

(3)

V (ν), ν < ν cut , %
0, ν < νcut ,
〈 V 〉 (ν ) = 
V (ν ) = 
(4)
0, ν ≥ νcut ,
V (ν ), ν ≥ ν cut .
Here νcut is the cut-off frequency, which is on the order
of THz [23] and depends on the material. The quantities
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〈v〉 and v% are obtained through the inverse Fourier transformation:
1 +∞ % − iνt
1 +∞ −iνt
〈 v〉 =
∫ Ve dν, v% =
∫ Ve dν. (5)
2π −∞
2π −∞
The approaches developed by Hardy [1619] and
Lucy [20, 21] employ the kernel density estimation; in
particular, the velocity is given by
∑ mk v k w(x − rk )
.
(6)
〈 v〉 ( x, t ) = k
∑ mkw (x − rk )
k

Here v k , mk , rk are the velocity, mass and position of
particle k; x is the coordinate of the spatial point, where
the velocity is calculated; and w is the localization/kernel function that determines the weights in this weighted
average. Applying decomposition (1), the thermal component of the velocity for particle n is

v% n ( x, t ) ≡ v n (t ) − 〈 v〉( x, t )
(7)
and is associated with both the particle n itself and the
spatial point x. This type of decomposition (as well as all
those discussed) is not unique. It strongly depends on the
choice of localization function. In particular, if localization volume surrounds a single atom, then the thermal
component of the velocity is equal to zero.
Since a unique averaging operator does not exist, a
formulation for estimating continuum fields should not
be dependent on the specific choice of the operator, nor
should the results depend qualitatively on this choice. In
the following derivations, properties of the particular
averaging methods are not used unless otherwise stated.
Another principle used in the present paper (independent of the decomposition) for transition from a discrete
system to an equivalent continuum is the long wave approximation [23, 24]. The approximation assumes that if
an average component of any physical quantity is slowly
changing in space over distances of order of the interatomic spacing, then the average component can be considered as a continuum function of a space variable and
can be expanded into power series with respect to the interatomic distance. Moreover, the resulting series should
converge rapidly. Development and use of this approach
is examined in further detail in the next section.
3. THE APPROACH BASED ON THE LONG
WAVE APPROXIMATION
3.1. Kinematics
We consider two states of a discrete solid and its equivalent continuum: the reference configuration and the
current configuration. It is assumed that the mapping
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between these configurations exists. This assumption is
usual for solid mechanics theories based on the material
frame formulation. For the sake of simplicity let us take
the undeformed configuration of the crystal lattice as the
reference. Using a local numbering convention, similar
to one established in papers [26, 27], we focus on a reference particle 0 and mark all of its neighbors by the index
α. The vector that connects 0 with α in the reference configuration is a 0α . By the definition, vectors a 0α have
the following property
(8)
a0( −α ) = −a0 α .
Note that no thermal motion is associated with the reference configuration, i.e. a% 0α ≡ 0. In a current configuration vector connecting particle 0 to its neighbor α is denoted A 0α :
def
% ,
A 0α = A α − A 0 = 〈 A 0α 〉 + A
(9)
0α
where A 0 , A α are radius-vectors of particles 0 and α.
The use of lower-case letters to denote reference configuration and upper-case letters to denote current configuration was done in [26, 27], and we maintain this notational style here for consistency.
Let us consider kinematics of the discrete system in
the long wave approximation. It is assumed that average
values of particle positions are identical to positions of
corresponding points of continuum media. Positions for
points of equivalent continuum in the reference and current configurations are denoted as r and R respectively.
Thus, the position of particle 0 is represented by the vector r0 in the reference configuration of the equivalent
continuum, and is represented by the vector R (r0 ) =
〈 A 0 〉 in the current configuration. Note that R (r0 ) is a
mapping that implicitly depends on time as well as the
reference position r0 . Here, we have dropped this dependence on time for brevity. The average position of particle 0s neighbor α is determined by vector R (r0 + a0α ).
Then vectors À0α and a 0α connecting the particles are
related by the following formula

〈 A 0α 〉 = 〈 A α 〉 − 〈 A 0 〉

o

= R (r0 + a0α ) − R (r0 ) ≈ a0α ⋅∇ R (r0 ),

o def

(10)

where ∇ = ∂ ∂r is the spatial gradient operator in the
reference configuration [5].
This expression is the Taylor series expansion of the
equivalent continuum position for particle α relative to
the position for particle 0, truncated to first order. One
can see that expression (10) is similar to the formula
used in continuum mechanics that connects material
vectors dr and dR. In the literature formula (10) is usually called CauchyBorn rule (see, e.g., [30]). If particle
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positions are known, then formula (10)
can be used for
o
calculation of deformation gradient ∇ R (r0 ) for equivalent continuum:
−1



(11)
∇ R (r0 ) =  ∑ a0 αa0 α  ⋅ ∑ a0 α 〈 A 0 α 〉 .
α
 α
Note that in the long wave approximation the function
R(r) is assumed to be slowly changing on the distance of
order of | a 0α | . Therefore defining the function R(r) at
particle positions is sufficient for calculation of gradients.
Using Eq. (10) one can derive relations between vectors 〈 A 0α 〉, a0α and measures of deformation used in
nonlinear theory of elasticity [5]. For example, the following identity is satisfied for CauchyGreen measure
o
def o
G = (∇ R ) ⋅ (∇ R )T :
| 〈 A 0α 〉 | 2 = a0α ⋅ G ⋅ a0α .
(12)
Thus, the long wave approximation allows us to connect
deformations of the discrete system and the equivalent
continuum.
o

3.2. Equivalent Stress Tensor
Consider dynamics of infinite perfect crystal of
simple structure. Let us assume that the total force F0
acting on the reference particle 0 is represented in the
form:
(13)
F0 = ∑ F0α ({A 0α }α∈Λ ).
α

Here F0α is the force acting on the reference particle due
to its neighbor α, {A 0α }α∈Λ is the set of all vectors A 0α
from particle 0 to its neighbor α lying within the set Λ. It
is assumed that the decomposition (13) is carried out in
such a way that the forces F0α satisfy Newtons third
law with respect to the neighbor α. The example of decomposition (13) in the case of three-body forces is considered in Sect. 4.2.
Note that decomposition (13) used in the present paper, as well as many other papers dealing with calculation of stresses [15, 19] for systems with multibody interactions is not the only possibility. Alternative ways of decomposing atomic forces and constructing a corresponding expression for the stress tensor are derived in [31].
The application of this approach is demonstrated in next
section using simple example with three-body forces.
Now let us derive the equation of motion for the equivalent continuum using the equation of motion for the reference particle and the decomposition of motions:
m〈 v 0 〉 ⋅ = 〈 ∑ F0α ({A 0α }α∈Λ )〉,
α
(14)
mv%& 0 = ∑ F% 0 α ({A0 α }α∈Λ ),
α

where m is the mass of particle 0. The first equation in
(14) describes slow motion of the system that corresponds to average value of particles velocity 〈 v 0 〉. The
motion 〈 v0 〉 can be considered as the motion of a continuum media. The second equation describes the thermal oscillation characterized by thermal component of
displacement v% 0 . One can see that both 〈 F0α 〉 and F% 0α
depend on the total particle-neighbor distances, A 0α =
% , and thus couple two equations in (14).
〈 A 0α 〉 + A
0α
We assume that average interparticle forces can be
approximated by continuum functions f α (r ), i.e.
f α (r0 ) = 〈F0 α 〉 , f −α (r0 ) = 〈F0(−α ) 〉.
(15)
Evidently this assumption is satisfied exactly in the case
of homogeneous deformations, since in this case f α are
constant. The functions fα (r ) satisfy Newtons third
law:
fα (r0 ) = −f −α (r0 + a 0α ), f −α (r0 ) = −f α (r0 − a 0 α ). (16)
By their physical meaning, the functions f α (r0 ) are similar to traction vectors at material point r0 in directions a 0α . Using the introduced functions f α (r ), one
obtains
〈 F0α + F0(−α ) 〉 = fα (r0 ) + f−α (r0 )
o

= fα (r0 ) − fα (r0 − a0α ) ≈ a0α ⋅∇ fα (r0 )
o

(17)
= ∇⋅ (a0α fα (r0 )).
Given that the functions fα are slowly changing between atoms and, hence, higher order terms in the expansion can be neglected via the long wave approximation.
Let us carry out the following transformations in the
equation of motion of particle 0:
1
mv& 0 = ∑ F0α = ∑ F0(−α ) = ∑ (F0α + F0(−α ) ). (18)
2α
α
α
Substituting formula (17) into averaged equation (18)
and dividing both parts by the elementary cell volume in
the reference configuration V* one obtains
o  1

m
〈 v 0 〉 ⋅ = ∇⋅ 
(19)
∑ a 0αf α (r0 )  .
V*
 2V* α

Let us compare formula (19) with the equation of motion
for continuum in Piolas form [5]:
o

ρ* v& = ∇⋅ P,
(20)
where P is the Piola stress tensor, ρ* = m V* is a density
in the reference configuration. Comparing equations
(19) and (20) one can deduce that Piola stress tensor at
the point r0 has the form
1
(21)
P(r0 ) =
∑ a 〈 F 〉,
2V* α 0α 0α
where the identity (15) was used. Strictly speaking, the
formula (21) determines the stress tensor to within a
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field of zero divergence. This tensor field corresponds to
some equilibrium stress in the crystal. Note that the only
assumption made during the derivation is represented by
formula (17). In the case of homogenous deformation of
the crystal formula (17) is satisfied exactly. Thus in this
case the expression (21) for Piola stress tensor is also
exact. Note that the expression for Piola stress tensor is
used, in particular, for investigation of stability of crystals [32]. In this case it is more convenient for analytical
derivations than the Cauchy stress tensor.
Let us carry our the same derivations in a current configuration using the following transformations:
f −α (R 0 ) = −f α (R 0 + 〈 A 0( −α ) 〉 )

≈ −fα (R 0 ) + 〈 A 0α 〉 ⋅∇fα (R 0 ),
(22)
where ∇ = ∂ ∂R is a gradient operator in the current
configuration. In formula (22) it was used that in the long
wave approximation 〈 A 0( −α ) 〉 ≈ −〈 A 0α 〉. In the case of
homogenous deformation of the crystal (22) is exact.
Using formula (22) one can rewrite (17) in the current
configuration:
〈F0α + F0( −α ) 〉 = f α (R 0 ) + f −α (R 0 )
def

≈ 〈 A0 α 〉 ⋅∇fα ( R 0 ).

(23)

Substituting expression (23) into equation (18) and dividing both parts by the volume of elementary cell in the
current configuration V one obtains
m
. 1 〈 À 〉 ⋅∇f ( R )
〈 v0 〉 =
∑
α
0
2V α 0 α
V

 1

 1

= ∇ ⋅
∑ 〈 À0α 〉 fα  − ∑ ∇ ⋅  〈 À0α 〉  fα . (24)
 2V

 2V α
 α
The argument R 0 of functions f α is omitted in the right
side of the given equation for brevity. The second term in
the right side is equal to zero, since
V o

 1
 1
∇ ⋅
〈 A 0α 〉  =
∇ ⋅  * (∇ R )T  ⋅ a0α = 0, (25)
2
2
 V
 V* 144
 V 2443
=0

where Eq. (10) and Piolas identity were used (see, for
example, [5]). Then the equation of motion (24) has the
following form
m
 1

(26)
〈 v 0 〉⋅ = ∇ ⋅ 
∑ 〈 A 0 α 〉 f α (R 0 )  .
V
 2V α

The requirement of equivalence of discrete and continuum systems leads to expressions for the Cauchy
stress tensor
1
τ( R 0 ) =
(27)
∑ 〈 A 〉〈 F 〉
2V α 0α 0α
and density ρ = m V in the current configuration. The
expressions (21), (27) for the Piola and Cauchy stress
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tensors o satisfy the following well-known relation
ô = V* (∇ R )T ⋅ P V (see, for example, [5]).
Note that the expression for the stress tensor (27)
does not explicitly depend on particle velocities. Also,
unlike usual expression for virial stress tensor, in formula (27) the forces and vectors connecting particles are
averaged separately. However for solids it does not lead
to any contradictions. In [2] it is shown that for solids
there are two equivalent formulations of virial theorem.
According to the theorem the stress tensor can be represented either using 〈 À0α F0α 〉 and kinetic part or using
〈 À0α 〉 〈 F0α 〉. In the latter case there is no kinetic part.
The expression for volume-averaged stress calculated
using formula (27) coincides with the expression from
[2]. The derivation in [2] is based on the assumption
.
〈 À0α 〉 = 0, valid only in the case of statics. The derivation given in the present paper shows that expression (27) has much wider range of applicability. It satisfies the law of momentum balance (26) for equivalent
continuum and therefore can be used for calculation of
local stresses in both static and dynamic problems.
In the next paragraph, we will demonstrate that in the
case of homogenous deformations and finite temperature, formula (27) becomes exact (see Figs. 1, 2). Note
that the only assumption about the interparticle forces
used in the present paragraph is given by formula (13).
4. COMPARISON OF DIFFERENT EXPRESSIONS
FOR CAUCHY STRESS TENSOR
Let us compare the expression for stress tensor (27)
with analogous expressions used in the literature. In the
following examples the operator 〈⋅〉 in formula (27) corresponds to time averaging. The expression for the
Cauchy stress tensor at spatial point x and time t using
the Hardy formalism [16] is
1
τ H (x, t ) = ∑ ∑ Àij Fij Bij (x) − ∑ mi v% i v% i w( x − Ai ), (28)
2 i j
i
1

Bij (x) = ∫ w( A j − λA ij − x)dλ ,
0

where A ij = A j − A i , A i is the position of particle i and
v% i is the thermal velocity as defined in Eq. (7).
Another approach developed by Lucy [20] is used in
[21]. The following expression for Cauchy stress tensor
at spatial point x and time t is proposed:
1

τ L (x, t ) = ∑  ∑ Àij Fij − mi v% i v% i  w(x − Ài ), (29)
i 2 j

where thermal velocities v% i are calculated using formulas (6), (7). The given approach avoids integration over
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bond length. In the present work, the localization function proposed by Lucy [20] is used with both expressions
(28) and (29):
3
 5 
r 
r 

1 + 3  1 −  , r ≤ Rc ,
w( r ) = πRc2 
(30)
Rc  Rc 

0, r > Rc ,

where Rc is a range of localization function. This function has two smooth derivatives everywhere and therefore is appropriate for calculation of continuum fields.
Note that in contrast to formula (27), expressions (28)
and (29) explicitly depend on particle velocities.
Using molecular dynamics simulations, let us examine the consistency of the expressions just described
with continuum mechanics. In all the examples considered below (except Section 4.2) particles interact via
the spline potential [33]. Corresponding interatomic
force Fij acting on particle i due to particle j has the form
8
14 

12ε0
a   a  

Fij = 2 k ( Àij ) 
 −   A , (31)
  Àij   Àij   ij
a

   

1, 0 ≤ Àij ≤ b,

2

2
2 2
  Aij − b  
, b < Àij < acut ,
k ( Àij ) =  1 −  2

2 
 
  acut − b  

0, Àij ≥ acut ,

where b = (13 7)1 6a , a is an equilibrium distance, ε0 is
a bond energy. The force (31) coincides with LennardJones force for Àij < b and smoothly goes to zero as Àij
goes to acut .
4.1. Example 1: Cold Pressure in a Crystal
First, consider a two-dimensional triangular lattice
system compressed volumetrically by 9.75% (bonds are
compressed by 5%). Let us calculate the pressure at
points where the particles are located using formulas
(27)(29). In the given calculations the cut-off radius is
equal to 1.5a. The pressure corresponding to formula
(27) is calculated analytically:
14
8
p 6MA2   a 
5− d d
a 
=
A , (32)
  −  , V =


ps
Vd   À 
2
 À 
where A = 0.95a, d = 2 is a dimensionality, M = 6 is a coordination number, ps = ε0 a2 is usual Lennard-Jones
scaling. The resulting value is p ps ≈ 11.29033. Molecular dynamics simulations are carried out in order to
calculate pressure using formulas (28), (29), and classi-

Fig. 1. Relative error in pressure calculated using Lucy and
Hardy definitions for cold, two-dimensional crystal as a function of localization radius Rc . Here pcl ps = 11.29033 is a
pressure calculated using classical continuum mechanics definition (force per unit length). Triangles corresponds to pressure calculated using formula (27).

cal continuum definition. In the latter case, the average
normal component of the force acting on one layer of
particles per unit length is calculated. The resulting value coincides with prediction of formula (32). Pressures
calculated using the Hardy (28) and Lucy (29) stress tensors converge to the same value with increasing range of
the localization function Rc . Trapezoidal rule with
50 points per bond length is used for calculation of integrals in Hardys expression (28). The dependence of relative error in pressure on Rc is shown in Fig. 1. Note
that for Rc > 1.9a the difference between the Lucy and
Hardy stresses is less than one percent and is decreasing
with Rc .
One can see from Fig. 1 that in contrast to formula
(27), formulas (28) and (29) overestimate the pressure, at
least for Rc < 2a. At the same time, formula (27) gives
the exact value of pressure.
4.2. Example 2: Shear of a Square Lattice
with Three-Body Forces at Finite Temperature
Let us demonstrate the possibility of using formula
(27) for calculation of stresses in systems with multibody interactions. Consider the simplest problem with
three-body interactions, notably pure shear of perfect
square lattice at finite temperature. In this problem the
different definitions of stress can be compared analytically. Let particles interact via angular springs connecting two neighboring bonds. The average length of all
bonds are equal to A. Only nearest neighbors are taken
into account. Average positions of the particle number 0
and its neighbors are shown in Fig. 3.
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Fig. 2. Relative error in local thermal pressure calculated using formulae (27)(29) as a function of localization radius
Rc . Here pcl is the pressure calculated using classical continuum mechanics definition (force per unit length).
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Let us calculate the stress vector t cl acting on crystal
cross-section with normal n orthogonal to vector e02
(see Fig. 3). According to classical continuum mechanics definition, the stress vector in two dimensions is
equal to the force acting on the cross-section per unit
length. Then t cl has the following form
1
(36)
t cl = 〈F10 + F12 + F1(−2) 〉,
A
where A is the nearest-neighbor distance. Now let us use
formula (27). Using symmetry of the problem one can
rewrite formula (27) as follows:
1
τ = (〈 A 01〉 〈 F01〉 + 〈 A 02 〉 〈F02 〉
V
+ 〈 A 03 〉 〈F03 〉 + 〈 A 04 〉 〈F04 〉 ),
(37)

tal force acting on particle i. Using formula (33) and definition (34) one can calculate the forces F10 , F12 , F1( −2):
∂U 01( −2) 
 ∂U
F10 = −2  012 +
 e01 ,
∂A01 
 ∂A01
(35)
∂U 01( −2)
∂U
e1( −2) .
F12 = 2 012 e12 , F1( −2) = 2
∂A1(−2)
∂A12
The remaining forces in the system are calculated using
symmetry of the problem and the third Newtons law.

where the identity 〈 A 0i 〉 〈 F0i 〉 = 〈 A 0( −i ) 〉 〈F0(− i ) 〉 , i = 1,
2, 3, 4 is used. Substituting the relations 〈 A 03 〉 = 〈 A 01 +
A 02 〉, 〈 A 04 〉 = 〈 A 02 − A 01〉 , 〈F03 〉 = −〈F1(−2) 〉 , 〈 F04 〉 =
〈F12 〉 into formula (37), one obtains the expression for
the stress tensor:
1
ô = − 〈 A01 〉〈F10 + F12 + F1( −2) 〉
V
1
− 〈 A 20 〉〈F20 + F21 + F2( −1) 〉.
(38)
V
Then the stress vector acting on the cross-section with
normal n orthogonal to vector e02 (see Fig. 3) is calculated using the Cauchy formula t = n ⋅ τ. As a result
n ⋅ 〈 A 01 〉
t = n⋅τ = −
〈 F10 + F12 + F1(−2) 〉 = t cl . (39)
V
Here the expression V = − An ⋅ 〈 A 01〉 for the volume of
the elementary cell was used. From formula (39) it follows that the stress vector calculated using formula (27)
exactly coincides with classical continuum definition (36).
Alternative approach for calculation of the stress vector in systems with multibody interactions is suggested
in [31]. It is stated that every angular spring causes three
forces with zero sum. For example, for the spring connecting particles 0, 1 and 2:

Fig. 3. Shear of the square lattice. Averaged positions of the
particle number 0 and its nearest neighbors.

∂U 012
.
(40)
∂Ai
Here i = 0, 1, 2. The forces Fi012, i = 0, 1, 2 contribute to
the potential part of the stress vector only if the corresponding angular spring is dissected by the cross section.
The sign of contribution depends on position of the particle i with respect to the cross section. Then the potential part of the stress vector is equal to sum of contributions from all crossed angular springs. In the present
example it has the form:

Assume that potential energy of the spring connecting bonds A 01 and A 02 is given by the following expressions

U 012 = U 012 ( A01, A02 , A12 ), A12 = A 02 − A 01. (33)
In order to calculate stresses using classical definition
(force per unit area) let us introduce interparticle forces
Fij using the following definition [15, 19, 34]
Aij
∂U tot
,
Fij =
e ij , eij =
(34)
Aij
∂Aij
where U tot is the total potential energy of the lattice.
Forces Fij defined by formula (34) are central and satisfy the relations Fi = ∑ Fij , Fij = − F ji , where Fi is the toj

def

F0012 + F1012 + F2012 = 0, Fi012 = −
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1 012
〈 F1 + F101( −2) − F0012
A
−2)
01( −2)
− F0
− F2012 − F−01(
〉.
2

t pot
HKB =

(41)

Here it is used that angular springs connecting particles
0, 1, 2 and 0, 1, 2 cause the same average forces as angular springs connecting particles 0, 1, 4 and 0, 1, 3.
The forces in formula (41) are as follows:
∂U 012
∂U
F0012 =
e01 + 012 e02 ,
∂A01
∂A02

F1012 = −

∂U 012
∂U
e01 + 012 e12 ,
∂A01
∂A02

F2012 = −

∂U 012
∂U 012
e 02 −
e12 ,
∂A02
∂A12

F001( −2)

=

∂U 01( −2)
∂A01

F101(−2) = −
−2)
F−01(
2

=−

e01 +

∂U 01( −2)
∂A01

∂U 01( −2)
∂A0( −2)

∂U 01( −2)

e 01 +

∂A0(−2)

e0( −2) ,

∂U 01( −2)

e 0(−2) −

(42)

∂A1( −2)

e1(−2) ,

∂U 01( −2)
∂A1( −2)

e1(− 2) .

Substituting (42) into formula (41) and using formulas
(35) for the forces F10 , F12 , F1( −2) one obtains:
1
t pot
〈 F10 + F12 + F1(−2) 〉 = t cl .
(43)
HKB =
A
Thus the potential part of the stress vector calculated
using the HeinzPaulBinder formalism exactly coincides with the classical definition (36). In [31] it is suggested that the stress vector should additionally have
kinetic part. The present example shows that at least
for solids the kinetic part should not be added.
The expression for the stress tensor (27) gives the
exact value of the stress vector. Therefore it can be used
for calculation of stresses in systems with multibody interactions.
4.3. Example 3: Thermal Pressure in a Crystal
Consider calculation of local Cauchy stress in twodimensional crystal at a finite temperature. Assume that
initial configuration of the lattice is undeformed. Periodic boundary conditions in both directions are used. Initial velocities of particles are chosen so that the sample
has the following temperature: kBT ε0 = 0.05, where
kB is the Boltzmann constant. Temperature is calculated
as the mean kinetic energy of thermal motion [2]. Consequently, the pressure is due to thermal expansion only.
The pressure is calculated using formulas (27)(29).

Lucy and Hardy expressions (28) and (29) are additionally time averaged over 2 × 104 T0 , where T0 is the period corresponding to the Einstein frequency. In the case
of formula (27), time averaging is carried out using operator 〈⋅〉. In all three cases standard error of the mean is
approximately 0.2%. As in the previous example, the
Lucy and Hardy stresses are calculated for 1 ≤ Rc a ≤ 3.
The results are compared with classical continuum mechanics definition of stress (force per unit length), which
is used as a benchmark. The deviations from the benchmark are shown in Fig. 2. One can see from Fig. 2 that
the error of the Lucy and Hardy stresses is decreasing
with increasing Rc . The error for Rc > 3a is less than
1%. Additionally let us note that the Lucy and Hardy
stresses are indistinguishable for Rc > 2.1a. At the same
time, the pressure obtained using definition (27) coincides with the classical continuum definition within the
standard error. Thus at homogeneous deformations and
finite temperature, Eq. (27) can be used as a benchmark.
4.4. Example 4: Stresses Around a Pair
of Dislocations
Let us consider the case of an inhomogeneous stress
distribution and compare the results with the prediction
of linear elasticity theory. Consider the stress field generated by a pair of edge dislocations as modeled by a twodimensional crystal lattice with pair interactions. An
analogous problem in three dimensions is considered in
[17]. It is well-known that triangular lattice is isotropic
in the case of small deformations. Thus, one can compare the stress field induced in the triangular lattice with
analogous stress field in two-dimensional isotropic linear elastic continuum. First, let us derive expressions
for stresses using well-known results for three-dimensional continuum under plane strain conditions [35].
Consider an infinite three-dimensional continuum
under the plane strain conditions containing single dislocation. Assume that x axis is directed along the Burgers
vector and dislocation line coincides with z axis. Then
the normal stresses have the form [35]:
bG*
y(3 x2 + y2 )
,
τ xx =
2π(1 − ν* ) ( x2 + y2 ) 2
(44)
bG*
y ( x2 − y2 )
,
τ yy = −
2π(1 − ν* ) ( x 2 + y 2 ) 2
where G* , ν* are the shear modulus and Poissons ratio
of the continuum, b is the modulus of the Burgers vector.
Stresses in a two dimensional continuum with a dislocation can be obtained replacing G* with the shear modulus
of a two dimensional continuum G and ν* by ν (ν + 1),
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y

x

Fig. 4. Formation of the pair of dislocations. Only atoms near the dislocations are shown.

where ν is the Poissons ratio for a two dimensional continuum. For a triangular lattice with spline interactions,

ν = 1 3, G = 18 3 ps .
(45)
Let us exploit the principle of superposition to determine the complete stress field for a system of two dislocations with equal and opposite Burgers vectors separated in space. This field is
τtxx ( x, y) = τ xx ( x, y, b) + τ xx ( x − x0 , y − y0 , − b),
τt ( x, y ) = τ ( x, y, b) + τ ( x − x , y − y , − b), (46)
yy

yy

yy

0

0

where the first dislocation is at the coordinate system
origin and the second dislocation has coordinates
{ x0 , y0 }.
Now let us compare analytical stresses (46) with results of molecular dynamics simulations. In the given
example the cut-off radius is equal to 1.75a. The dislocations are created using the following procedure. Rectangular sample containing 40 000 particles is considered;
24 particles are removed as it is shown in Fig. 4 (see
[36]).
Interatomic distances in the initial configuration are
set to be equal 0.995a in order to collapse the set of va(a)

cancies shown in Fig. 4. Additionally the crystal is compressed by 0.25% in x direction in order to favor formation of dislocations with Burgers vectors in the same direction. Periodic boundary conditions are used during
the formation of dislocation. Finally boundaries are released and crystal is equilibrated at zero temperature.
The process of formation of the dislocations is shown in
Fig. 4. Coordinates of the second dislocation are x0 =
12a, y0 = 12 3a. The absolute values of the Burgers
vector for both dislocations is equal to a. The distribution of stresses along axis y at x = 0 (see Fig. 4) is calculated using formulae (27)(29). Localization radius Rc =
2.1a is used in formulae (28), (29). The given value corresponds to minimum error in pressure in the case of homogeneous deformations (see Fig. 1). In the case of formula (27) stresses are calculated at atomic positions.
Stresses in between atoms are obtained using linear interpolation. For the sake of simplicity it is assumed that
V ≈ V* = 3a 2 2. The resulting distributions of stresses
τ xx , τ yy along y axis are shown in Fig. 5.
One can see from the figure that in contrast to the
continuum solution, the results of molecular dynamics
(b)

Fig. 5. The dependence of τ xx (a) and τ yy (b) on y at x = 0. The lack of symmetry is caused by the presence of the second dislocation.
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simulation do not contain singularity at y = 0. Obviously
the singularity is a mathematical consequence of the assumptions of linear elasticity. The stresses calculated
using formula (27) proposed in the present paper are
closer to the prediction of elasticity theory (44), (46).
Formulae (28) and (29) give analogous results only for
| y | > 5a. The average difference between the Lucy and
Hardy stresses is less than 1%. Better agreement between formula (27) and continuum theory is caused by
the fact that, in contrast to the Hardy and Lucy formulas,
formula (27) does not contain spatial averaging.
Finally, let us note that comparison of stress distributions obtained using formulas (27)(29) for | y | ≤ 5a is
not so straightforward. On the one hand, the difference
between stresses at some points in this interval is relatively high. On the other hand, given the limitations of
linear elasticity, we would need to appeal to a more complex model of the continuum (e.g. [37]) to determine
which formulation is more accurate. Such an analysis
was performed for the Hardy stress in [17] in three dimensions.
5. RESULTS AND DISCUSSIONS
An approach for the calculation of equivalent continuum parameters for discrete solids in the material
frame formulation was presented. Two main principles
were used for the transformation: the decomposition of
particle motions into continuum and thermal parts, and
the long wave approximation [23, 24]. The relation between kinematics of discrete system and kinematics of
equivalent continuum was established. Equivalent
CauchyGreen measure of deformation for discrete system was introduced. The transition from a single particle
equation of motion to equation of motion for equivalent
continuum was carried out using the long wave approximation. No assumptions about interparticle forces were
used. Expressions connecting the Cauchy and Piola
stress tensors with averaged interparticle forces and distances were derived for the case of multibody interactions. In the case of pair interactions the volume-averaged expression for the stress tensor exactly coincides
with expression derived by Hoover [2].
Four test problems with homogeneous and nonhomogeneous stress fields and finite thermal motion were considered. In the case of pair interactions the expression for
Cauchy stress tensor (27) was compared with the Hardy
[16] and Lucy [20, 21] expression. Additionally, it was
shown that in all considered examples the difference be-

tween the Hardy and Lucy stresses is of order of 1%, noting that the Lucy expressions is more efficient from the
computational point of view. The calculation of stresses
in systems with multibody interactions was demonstrated using simple example, notably pure shear of
square lattice at finite thermal motion. The stress vector
was calculated analytically using formula (27) and
HeinzPaulBinder approach [31]. The stress vector calculated using formula (27) coincide with classical continuum definition and the potential part of the Heinz
PaulBinder stress vector.
It was shown that in the case of homogenous deformations and finite temperatures the stresses calculated
by definition (27) exactly coincide with classical continuum stresses (force per unit length). The Hardy (28)
and Lucy (29) expressions give the same result only if
the averaging over a sufficiently large volume is used. In
the case of non-homogeneous deformations the stress
calculated using formula (27) is closer to prediction of
elasticity theory. Better agreement is caused by the fact
that, in contract to the Hardy and Lucy expressions, formula (27) does not contain spatial averaging.
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