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Introduction

Lord Rayleigh “The Theory of Sound”, Love, Aron

Timoshenko, Donnell 

O.S.Li, Dimarogonas



x and θ are surface coordinates and z is 

the inward normal to the reference surface. 

The origin of the coordinate system is 

located on the middle surface of the shell, 

and the radius of the middle surface is 

denoted by R. 

Stepped Circular Cylindrical Shell

h – thickness

l - length

3 displacement fields

axial u

circunferential v

radial w



A system of displacement equilibrium equations, based on 

Donnell’s approximations
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Donnell has obtained from the system of equilibrium equations by using special function φ a following equation for wj



• Solution in the form

• The characteristic equation

• The characteristic number
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Jump conditions

where

Determination of constants
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Continuity conditions

where

and
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Boundary conditions

1 the simply supported end

2 the clamped end

3 the free end

Characteristic equation
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• Solution in the form

• The characteristic equation

• The characteristic number
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где z1, z2, z3 это корни кубического уравнения 

z3 + 2xz2 + (x2 – 4c) - b2 = 0, 
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C D
w Mx Nx v w Qx Nxθ u

Boundary  condition (simply suppoted at the ends)

w Mx Nx v

Continuity and jump conditions
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Local Flexibility due to the Crack
Dimarogonas A. Eng. Fracture Mechanics, 1996, v. 55

Geometry of an element of 

cracked shell.

The surface crack in the shell can be modeled as a distributed line 
spring  The presence of the crack in the shell will cause the local 
flexibility. The flexibility of the spring is a function of the local 
dimensions and the elastic properties of the cracked region. If the 
local stress-strain state in the shell will result in the discontinuity 
of the generalized displacement at the both sides of crack’s section, 
then the deformation at the cracked region can be described 
according to the local compliance 

δ i
+-δ i

-=CijPi, 

where δ i
+ and δ i

- are the generalized displacements at the left and 
the right side of the cracked section of the shell, respectively. 



Strain energy
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Table: Stress intensity factor.
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Continuity condition and local flexibility
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Continuity and jump conditions
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Boundary  condition 

w=0,                    

Mx=0

x=0:                                     

A20,= A40=0

x=l:
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Two models of a crack in shell

a) Crack model I                               b) Crack model II
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– crack surface

– stress intensity factor

H. Tada, P.C. Paris, G.R. Irvin, Stress 
Analysis of Cracks. Handbook ASME, 
New York, 2000

Equilibrium: {P+}=-{P-}

{δ+}-{δ-}=[C]{P+}
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a high-power shaker 

(LDS V806, 9000N 

peak force, 100 g 

maximum acceleration, 

300 kg payload, 1–3000 

Hz band frequency)

micro-accelerometer

A mia
a micro-shaker

(TIRAVIB, 10N peak
force) or micro-

hammer

hammer - haamer- молоток





Numerical results

1
simply supported shells with 

l=0,2m; R=0,2m; h=R/20; ρ=7850kg/m3; ν=0,3; E=2,1 1011N/m2

Mode Natural frequencies (Hz)

m/p Present 

method 

1

Present 

method 

2

Exact by 

F.Pellicano

Diff. %

1/5 739,25    737,89    722,10    2,14%

1/6 564,15    561,65    553,30    1,49%

1/7 493,70    489,87    484,60    1,08%

1/8 498,54    493,65    489,60    0,82%

1/9 555,29    549,78    546,20    0,65%

1/10 645,97    640,17    636,80    0,53%

1/11 759,85    753,91    750,70    0,43%

1/12 891,41    885,42    882,20    0,36%

2/10 977,77 973,59 968,10    0,56%

2/11 992,84 987,94 983,40    0,46%



2
Numerical analyses for simply supported shells with stepped thickness and crack are carried out in 

the case: h1=0,009m; l=1,2m; R=0,12m; a/l=0,5; γ=h1/h0 ; ν=0,3
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3

crack model I crack model II crack model II

s Ω Ω (Δ=0,003) Ω (Δ=0,01) diff.% (Δ=0,003) diff.% (Δ=0,01)

0,0 0,0854684 0,0854090 0,0854090 -0,07% -0,07%

0,1 0,0849369 0,0851978 0,0847157 0,31% -0,26%

0,2 0,0838321 0,0849066 0,0838024 1,28% -0,04%

0,3 0,0825535 0,0844910 0,0826216 2,35% 0,08%

0,4 0,0815348 0,0838742 0,0813110 2,87% -0,27%

0,5 0,0811993 0,0829309 2,13%

0,6 0,0810611 0,0815608 0,62%

Frequency parameters Ω for a simply supported cylindrical shell with crack (crack model I and II), the case p=2; 

m=1, a/l=0,5.
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