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a b s t r a c t
We present a new mechanical model of interatomic bonds, which can be used to describe the elastic
properties of the carbon allotropes, such as graphite, diamond, fullerene, and carbon nanotubes. The interatomic bond is modeled by a hyperboloid–shape truss structure. The elastic characteristics of this bond
are determined. Previous known structural models also used elastic elements (beams, trusses) to simulate a carbon bond. However unlike them our model satisﬁes to the correct ratio of the longitudinal and
lateral stiffness, observed from the previous experimental and theoretical results. Parameters of the bond
in application for graphene and diamond were determined.

1. Introduction
Mechanical properties of carbon nanostructures have been extensively studied by scientists all over the world since the middle of the twentieth century. The elastic properties of two most
common allotropes of carbon: diamond and graphite were experimentally determined in works McSkimin and Andreatch Jr (1972);
McSkimin and Bond (1957) and Blakslee et al. (1970), respectively.
Due to the unique crystal structure, diamond and lonsdaleite are
considered as the most durable of the existing materials. At the
same time it was predicted that graphite should also have an outstanding tensile strength in the basal plane, but the plane orthogonal to the base has signiﬁcantly lower tensile strength (Blakslee
et al., 1970; Bosak et al., 2007). Discovery of such materials as
fullerenes (Kroto et al., 1985), carbon nanotubes (Iijima et al.,
1991), and graphene (Geim and Novoselov, 2007) at the turn of
the present century, warmed up the interest of the scientiﬁc community to the properties of carbon and the structures it is capable
to form.
A key point in the study of the carbon allotropes and its properties at the micro level is the choice of a model describing the interatomic bonds. The ab initio methods developed in the past decade
due to the advances of quantum physics and chemistry are widely
used to model carbon nanostructures (Bichoutskaia et al., 2006;
Kudin et al., 2001; Yanovsky et al., 2009; Zhou et al., 2001). Apparently, they are the most precise and predictively valid methods,
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but due to the high complexity and high computational costs, they
are rarely used to describe even relatively small nanostructures,
not to mention the objects of the size of a few micrometers. Various particle dynamics methods to simulate carbon nanostructures
were applied in order to decrease the simulation time in comparison to ab initio approaches: molecular dynamics (Golovnev et al.,
2008; Jin and Yuan, 2003; Reddy et al., 2006; Yao et al., 2001) and
molecular mechanics (Korobeynikov et al., 2014). These methods
suggest that atoms interact as material points through the empirical interaction potentials. In turn, these potentials are partly based
on the quantum mechanical calculations. Such approaches reduce
the problem to the solution of the ordinary differential equations
at each time step. In addition, they require signiﬁcantly less computational cost than ab initio methods.
At the same time it was shown (Berinskii and Krivtsov, 2010;
Zhang et al., 2002) that a number of commonly used interaction
potentials to simulate the graphene, graphite and diamond bonds
(Allinger et al., 1989; Brenner et al., 2002; Tersoff, 1988) do not
meet the experimentally determined elastic moduli. Furthermore,
the empirical interaction potentials depending on the position of
a number of particles include a large number of parameters with
no clear physical meaning. At the same time they are inferior to
the pairwise potentials of the Lennard-Jones or Morse type that
depend only on the difference between the position vectors of the
interacting particles. However, the classical pairwise potentials do
not adequately describe the majority of covalent structures, which
include carbon allotropes. Such structures are characterized by a
low crystal packing density and oriented interatomic bonds. The
use of a pairwise potential leads to the maximizing of a packing
density that in turn causes the collapsing of a model. A possible
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solution is to take the rotational degrees of freedom for the carbon
atoms into account (Grekova and Zhilin, 2001; Ivanova et al., 2007;
Vasiliev et al., 2010) and develop a generalized moment (torque)
potentials (Berinskii et al., 2007; Kuzkin and Krivtsov, 2011; Kuzkin
and Asonov, 2012; Tovstik and Tovstik, 2012) for simulations. In
these works the atoms are assumed to be the solid bodies, not
just the material points, and interaction between them is described
both by the forces and the torques. It gives the interatomic bond
additional lateral stiffness, providing the desired angle between
the bonds in the lattice. Torque potentials combine the relative
simplicity (they are, in fact, pairwise) and versatility. They independently determine the longitudinal, lateral, torsional and ﬂexural bond rigidity. On the one hand it gives the freedom to choose
the parameters of the simulation. On the other hand, if the longitudinal and lateral stiffness can be unambiguously determined
from the experimentally measured elastic characteristics, the ﬂexural and torsional bond stiffness depends on the couple-stress tensor components of the crystal lattice, for which to date there is no
experimental data. On the macrolevel taking the rotational degrees
of freedom into account allows to construct a generalised model
of material (Eremeyev et al., 2012; Forest et al., 20 0 0; Maugin and
Metrikine, 2010).
The foregoing approaches can be attributed to the discrete
methods, meaning that the crystal lattice is considered to be a
set of interacting particles. However, there are some other approaches that are closer to the ﬁeld of the classical mechanics.
Such approaches are so–called structural or discrete–continuous
methods (Cheng et al., 2009; Goldstein et al., 2008; Kalamkarov
et al., 2006). The most straightforward example of the structural
method is a covalent bond modeled by the solid deformable rod
(Li and Chou, 2003; Tserpes and Papanikos, 2005). The distinction of these methods from the discrete ones consists in that the
interatomic bonds are modeled as a deformable body or a construction. Besides the perception simplicity, these approaches have
one more important advantage. They can be implemented in standard computing packages based on the ﬁnite–element, boundary–
element, or ﬁnite difference methods. These methods can be considered as the bridges between the parameters of atomistic and
continual models of the material. E.g. the classical elastic continual model has to be isotropic in case of graphene (Berinskii and
Borodich, 2013a) and therefore has only two independent parameters.
The interatomic bond energy can be speciﬁed by a interatomic
potential as a function of the distance between the nearest interacting atoms and the angles between the adjacent bonds in the
lattice. The parameters of the potentials are chosen based on the
elastic properties of the entire lattice. At the same time, the binding energy is equivalent to the energy of the rod deformation that
depends on its length and its angular deﬂection. By comparing the
energies one can determine the parameters required for the rod
model. In particular, if the Euler–Bernoulli model of the rod is considered, then the parameters are Young’s modulus of the bond and
its diameter. More complex models can be used, e.g. the Timoshenko beam. However in this case an additional parameter appears namely the Poisson ratio of the rod. Its exact value cannot be
determined (Berinskii et al., 2014). The circular section rod model
imposes some limitations on the properties of carbon bond, but
at the same time it allows to determine not only the longitudinal and transverse, but also the torsional and ﬂexural stiffness using only two parameters. These parameters are necessary to determine the bending stiffness of a crystal lattice of the graphene sheet
(Berinskii et al., 2014). Modelling of the graphene layer deformation with regard to the available experimental data shows that the
ratio of the lateral bond stiffness C2 between the carbon atoms to
the longitudinal stiffness C1 is approximately 1/2 (Ivanova et al.,
2007). However, the rod bond model at the reasonable parameters

Fig. 1. 3D model of the carbon interatomic bond.

give a much lower value of the ﬂexural rigidity. Thus, the value of
1/2 can only be achieved if the thickness of the rod is close to its
length and the material of the rod should have the negative Poisson ratio (Berinskii and Borodich, 2013b). So, an important issue is
to ﬁnd a relatively simple mechanical model that allows for such a
ratio of stiffness.
There are other conclusive structural models of the graphene
and nanotubes, e.g. (Goldstein et al., 2008; Odegard et al., 2002).
However, we have shown earlier (Berinskii and Borodich, 2013b)
that they cannot meet the required stiffness ratio.
In this paper, the carbon bond model is built on the symmetry
properties of the hyperboloid. These properties allow it to achieve
a high ratio of the lateral and longitudinal stiffness, therefore the
hyperboloid shapes are widely used in the engineering to create lightweight constructions consisting of straight beams that are
known for being able to carry a large load while achieving a low
use of raw materials. In particular, the ﬁrst hyperboloid tower was
built by Russian engineer V.G. Shukhov in Nizhny Novgorod (1896)
(English, 2005). Being widely demanded in architecture and engineering, such models still haven’t found a wide use in micro- and
nanomechanics. It appears that the analogy drawn from the macro
level will allow to describe correctly the properties of carbon materials at the micro level.
2. A hyperboloid carbon model: compression and tension
stiffness
We model a carbon bond as a rigid structure, which is constructed as follows. Let us introduce the unit vectors of Cartesian
basis i, j, k. Here and after the vector and tensor values are denoted by bold letters. Unit vector i determines a direction of the
bond, unit vectors j and k determine a plane perpendicular to the
bond. Next, consider a cylinder with an axis coinciding with the
bond direction, and with the height equal to its length. Bases of
the cylinder have a radius of R = b/2, where b is a bond width.
Then place a set of N truss elements with stiffness k along the
generatrices of the cylinder so that they are evenly distributed over
the cylinder surface. We then rotate one of the bases of the cylinder around its axis until it makes an angle γ . Then the trusses
will rest on the one-sheet hyperboloid surface connecting the two
cylinder bases (Figs. 1 and 2). Vectors cn connecting the start and
the end point of the truss members of hyperboloid may be represented as

def
cn = −Rsn + ai + Rs˜ n ,

(1)

where

2 nπ
def
sn = P (
i ) ·j,
N

def
s˜ n = P(γ i ) ·sn ;

n = 1, 2, . . . , N;

(2)
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Fig. 3. Longitudinal, transversal, torsional and bending stiffness as the functions of
angle γ .

Fig. 2. Model of the carbon interatomic bond (top view).

The unit vectors sn and s˜ n specify the attachment points of the
trusses to the base of the cylinder. P(γ i) denotes the turn–tensor
around unit vector i by angle γ (Grekova and Zhilin, 2001).
The resulting structure will have tension and shear stiffness,
but will not have a torsion stiffness. To eliminate this shortcoming,
we introduce the second set of N truss members of hyperboloid,
twisted in the opposite direction (Fig. 2):

def

cn = −Rsn + ai + Rs˜ n ,

 def
s˜ n = P(−γ i ) ·sn .

(3)

If γ = π /N, then the set of trusses of the ﬁrst and the second type
form a side surface of the antiprism, which is a polyhedron with
two N-gon end faces and 2N triangular lateral faces. The geometrical properties of the interatomic bond are considered in more details at Appendix B.
A stiffness tensor of the resulting structure has the form


k 
C= 2
cn cn + cn cn ,
c n

(4)
where C3 is a torsional and C4 is a bending stiffness respectively.
Let us represent every stiffness as

where c is the modulus of the corresponding vectors:

c = |cn | = |cn | =


2

R2 (sn − s˜ n ) + a2 =



2R2 (1 − cos γ ) + a2 .

C1 = C10 ,
(5)

Let us calculate the sum



cn cn =

n







R2 (sn − s˜ n )(sn − s˜ n ) + a2 ii .

(6)

n

Here we implement
N>2

n sk

(sn − s˜ n )(sn − s˜ n ) =

n

=

˜k
ns

= 0. By virtue of the symmetry,

N
(sn − s˜ n )2 E˜ = N (1 − cos γ )E˜ ,
2

(7)

where E˜ = jj + kk is a unit tensor in the plane perpendicular to the
bond. Upon substituting these values in formula (4) for the stiffness tensor, one obtains:

C=





2Nk 2
R (1 − cos γ )E˜ + a2 ii .
c2

(8)

Formula (8) gives the following expressions for the longitudinal
and lateral stiffness

C1 = 2Nk

a2
,
c2

C2 = 2Nk

R2
(1 − cos γ ).
c2

(9)

Consideration of torsion and bending of the hyperboloid bond (see
Appendix C and Appendix D) gives the following formulae:

C3 = 2Nk

R4
2
sin γ ,
c2

Fig. 4. (a) an interatomic bond between two atoms, (b) a typical hexagon of
graphene crystal lattice.

C4 =

R2 a2 kN
(1 + cos γ )
2c 2

(10)

C4 =

C40

C2 = C20 (1 − cos γ ),

C3 = C40 sin

2

γ,

(1 + cos γ )

(11)

where C10 − C40 are constant values which can be obtained form
(10) and (11). Fig. 3 shows the dependencies of C1 − C4 on γ . One
can see that at γ = π /2 all functions are far from zero. C1 , C2 and
C4 have the mean values, at the same time C3 has its maximum
value. Hence, the case γ = π /2 is natural for practical applications.
Using the model of the interatomic bond proposed above and
taking the symmetry of the crystal lattice into account it is possible to construct the model of given material. For instance, the
model proposed for graphene is shown at Fig. 4. Ghaphene and
carbon nanotubes have covalent sp2 bonds leading to the hexagonal symmetry of crystal lattice (Cooper et al., 2012; Pierson, 2012).
The carbon atoms at Fig. 4 are represented as the triangles to take
this symmetry into account. It does not mean that carbon atoms
in such model have to be always simulated as the rigid triangles.
However, sometimes this representation can be successfully used
(Berinskii et al., 2007). In case of diamond one has sp3 hybridized
carbon bond (Pierson, 2012), and the atoms can be represented as
regular tetrahedrons (Fig. 5). Other carbons allotropes (Falcao and
Wudl, 2007) also can be considered with hyperboloid model.
3. Ratios between the bond stiffness in different directions
As it was mentioned in introduction, the relation C2 /C1 for carbon materials often exceeds 1/2. It will be shown later that some
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Fig. 6. Relations C2 /C1 and C3 /C4 as functions of angle α = arctan

b
a

at γ = π /2.

Table 1
The stiffness ratio values.

Fig. 5. Representation of sp3 hybridized carbon atom (diamond).

simple models can not satisfy this relation with reasonable parameters. Let us consider the relation mentioned above for hyperboloid
model.

C2
R2
b2 1 − cos γ
= 2 (1 − cos γ ) = 2
,
C1
4
a
a

(12)

where b = 2R is the bond width. In the two-dimensional case the
stiffness ratio is b2 /a2 . According to the formula (12), the maximum stiffness ratio is reached at γ = π . However, γ = π case is
degenerate because all the trusses intersect at a single point. Another case, γ = π /2, is more realistic, so we write:
2

2

C2
R
1 b
= 2 =
.
C1
4 a2
a

(13)

For instance, the value for the stiffness ratio 1/2 is attained at

√

2
a ≈ 0.7a,
2

R=

b=

√
2 a ≈ 1.4a.

(14)

Hence, the thickness of hyperboloid can exceed it’s length and it
does not contradicts the physical sense unlike the rod models of
the bond. Let us calculate then the corresponding value of c

c=



a2

+

b2

√
= 3a ≈ 1.7a.

(15)

Then we get the bond stiffness

C1 =

1
C,
3

C2 =

1
C;
6

def
C = 2Nk.

(16)

Where C is the total truss members’ stiffness.
We next write down stiffness (9) in the form

C1 = C cos2 α ,

2

C2 = C sin

α

1 − cos γ
1
2
2 γ
= C sin α sin
. (17)
4
2
2

Where C = 2Nk, α = arctan ab . Then we get the stiffness ratio

C2
1 − cos γ
1
2 γ
= tan 2 α
= tan 2 α sin
.
C1
4
2
2

1
C4 = R2
4

(18)

π /2

π

C1 /C
C2 /C
C3 /C
C4 /C
C2 /C 1
C4 /C 3

a 2 /c2
0
0
R2 a2 /(2c2 )
0
∞

a 2 /c2
R2 /c2
R4 /c2
R2 a2 /(4c2 )
R2 /c2
a2 /(4R2 )

a 2 /c2
2R2 /c2
0
0
2R2 /c2
0

The functions of ratios on the angle α at γ = π /2 are shown at
Fig. 6 Let us denote

C2
κ2
=
,
C1
2

(21)

where κ is undeﬁned constant with order of unity. Then using
(18) we obtain:

tan α sin

γ
2

= κ.

(22)

It gives us the following representation for the trigonometric functions of argument α :

tan α =

κ
sin

γ ,

sin α =



2

κ
κ 2 + sin2

γ

,

cos α =

2



sin γ2

κ 2 + sin2

γ

,

2

(23)
and formulas (17) take the form

C1 =

2
sin γ2

C2 =

C,
κ 2 + sin2 γ2

1
2

κ 2 sin2 γ2
C.
κ 2 + sin2 γ2

(24)

In particular, if put κ = 1 and γ = π /2, one obtains values (16) for
the stiffness. Similarly, we ﬁnd the expressions for the torsional
and ﬂexural stiffness. In the general case using (C.8) and (23) we
arrive at

1 κ 2 sin γ
CR2
4 κ 2 + sin2 γ
2

C3 =

(25)

2

C4 =

1 κ 2 (1 + cos γ ) 2
Ca
16 κ 2 + sin2 γ

(26)

2

a2
C (1 + cos γ ).
c2

The stiffness values for various γ are shown in Tables 1 and 2.
(19)

A corresponding stiffness ratio can be found as:

C3
sin γ
= tan 2 α
.
C4
1 + cos γ

0

For the bending stiffness formulas (D.18) and (23) result into

Similarly, one can obtain for C3 and C4

1
2
2
C3 = CR2 sin α sin γ ,
4

γ

2

(20)

4. Comparison with the rod models
Let us compare the hyperboloid model and rod model of the
carbon bonds. The longitudinal and transversal stiffness for the
Euler–Bernoulli model (EBM) and the Timoshenko model (TM) are
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Table 4
Parameters of the bonds for graphene and diamond.

Table 2
The stiffness ratio values, expressed in terms of α =
arctan ab .

γ

0

π /2

π

C1 /C
C2 /C
C3 /C
C4 /C
C2 /C 1
C4 /C 3

cos 2 α
0
0
2
a2
sin α
8
0
∞

cos 2 α
2
1
sin α
4
2
R2
sin
α
4
2
a2
sin α
16
1
tan2 α
4
cot2 α

cos 2 α
2
1
sin α
2
0
0
1
tan 2 α
2
0

C 2 /C 1

(C2 /C1 )max

EBM
TM

3 b2
4 a2
3
π 2 b2
4 π 2 a2 +18(1+ν )b2
1−cos γ b2
4
a2

3 b2
4 a2

HM

EF
a

+∞

(27)

Here E is a rod Young modulus, F is a cross section and a is its
length.
However, the transversal stiffness differ for two models. The
Euler–Bernoulli model supposes the cross section is perpendicular
to the bending line. In a Timoshenko model rotation between the
cross section and the bending line is allowed. This makes the latter model more complicated and one need to take the additional
parameters into account:

C2EBM =

12EJ2
,
a3

C2T M =

12EJ2 kF
kF a3 + 24J2 (1 + ν )a

(28)

Here ν is a Poisson’s ratio, k = π 2 /12 is a transverse shear parameter, J2 is a section moment of inertia. Let us consider the rods
with a circular section so that

F=

π b2
4

,

J2 =

π b2
64

C1 , N/m

C2 , N/m

a, nm

Source

Graphene
Diamond

730
472

402
338

0.142
0.154

Ivanova et al. (2007)
Krivtsov and Loboda (2012)

Material

b, nm

C, N/m

k, N/m (N=6)

k, N/m (N=12)

Graphene
Diamond

0.203
0.260

2387
1824

199
152

99
76

that gives π24 ≈ 0.41, which is less than the required experimental value. Theoretically it is possible to achieve an arbitrarily large
stiffness ratio when ν → −1, but the negative values of ν are not
very natural. Additionally, even if b/a reaches a signiﬁcant value,
the use of the Timoshenko model instead of the Euler–Bernoulli
model is fairly straightforward, but still controversial.
As a result, the aforementioned rod models allow to obtain
the experimental stiffness ratio only if they are close to, or even
out of the applicability range. The proposed hyperboloid model
(HM) is free from these drawbacks, it allows to obtain the experimental stiffness ratio along with the reasonable parameter values.
√
Thus, stiffness ratio 1/2 can be obtained for γ = π /2 and b/a = 2.
Moreover, hyperboloid model allows to build a macroscopic model
of a carbon bond and carbon nanostructures that can be used for
the macroscopic simulation.
2

1
π ≈ 0.41
24
2

given (Berinskii et al., 2014). The longitudinal stiffness for both
model is the same:

C1EBM = C1T M =

Material

Table 5
Parameters of the bonds for graphene and diamond.

Table 3
Comparison of the models.
Model type

149

(29)

Stiffness ratio values C2 /C1 for the Euler–Bernoulli model (EBM),
the Timoshenko model (TM), and the hyperboloid model (HM) proposed in this paper are presented in Table 3.
In addition, the table shows maximum possible stiffness ratio
values C2 /C1 attainable within the realistic range of parameters. Recall that ν is the dimensionless Poisson ratio of the rod material,
which in principle can range from −1 to 0.5, but for the most of
the real materials it varies from 0 to 0.5. The angle γ is a hyperboloid model parameter, ranging from 0 to π .
The Euler–Bernoulli model, as it is shown in the table, gives a
result similar to the hyperboloid model, but with a higher stiffness
(the value of the coeﬃcient of b2 /a2 in the BEM is higher than
in HM). However, the Euler–Bernoulli model is derived under the
assumption that the rod is thin, i.e. b  a. Therefore, it can properly describe only the small stiffness ratio values, while the experimental data provides the values close to 1/2. The hyperboloid
model, by contrast, is deﬁned for any b/a value, so it can provide
any stiffness ratio from zero to inﬁnity (it’s impossible only in the
degenerate case, if γ = 0).
Consider now the Timoshenko model. For the small values of
b/a the results are actually the same as the results given by the
Euler–Bernoulli model. On the contrary, if b/a tends to inﬁnity,
2
the model provides an expression, approaching the value 24(π1+ν )
with no dependence on b/a. It takes the maximum value at ν = 0

5. Parameters of hyperboloid bond for graphene and diamond
Let us now calculate the parameters of the proposed model for
the real materials. The principal data are the values of transversal
and longitudinal bond stiffness. These values were calculated previously and results are given in Table 4:
The data for graphene can be also used for carbon nanotubes
and fullerens because these materials have the same type of carbon bond. Let us choose γ = π /2 due to the arguments considered
in the previous sections. From (13) it follows:

b2 = 4a2

C2
,
C1

c2 = a2 + b2

(30)

Now the total trusses stiffness C = 2Nk can be found from the ﬁrst
row of Table 1 as

C = C1 1 +

b2
a2

(31)

The last question is how to choose number of trusses (N). From one
point of view more truss members bring more accurancy to the
model. On the other hand, big number of trusses make the model
too complicated and uneffective for simulations. Determination of
the optimal number of the trusses depends on the speciﬁc way of
simulation and considered task. Here the truss stffness k is calculated for two cases that give the perfect symmetry to the bond and
seem to be a reasonable choise: N = 6 and N = 12. The calculated
parameters are given in Table 5.
The data from Tables 4 and 5 can be used for realization of speciﬁc model (e.g. ﬁnite element model). The trusses in such model
can be sumulated as springs without mass or as the elastic rods.
6. Conclusion
The previous investigations have shown that model of carbon
bond must reveal a ratio between the longitudinal and transverse

150

I.E. Berinskii, A.M. Krivtsov / International Journal of Solids and Structures 96 (2016) 145–152

stiffness equal approximately 1/2. A signiﬁcant disadvantage of the
known structural models of carbon bonds is that they do not allow this ratio without loss of the physical meaning of the model.
In this paper we proposed a hyperboloid shaped rod construction
as a new mechanical model of the carbon bond. Rotation angle γ
between the two bases of the construction is taken as a free model
parameter. The inﬂuence of this parameter on the geometry of the
carbon bond is estimated. The given work provides the stiffness ratio values computed for different γ . In particular, it is shown that
the choices γ = 0 (corresponds to a cylindrical surface), and γ = π
(a conical surface) are the degenerate cases corresponding to the
zero shear, torsional or bending stiffness. Selecting γ = π /2 allows
to avoid the degenerate cases, and the structure in this case has
the hyperboloid shape.
The following values are determined analytically: tension-andcompression (longitudinal) stiffness of the construction, shear
(transverse) stiffness, the torsional stiffness about the symmetry
axis, as well as the bending stiffness. The proposed model is compared with the Euler–Bernoulli and Timoshenko rod models that
have been developed to simulate the carbon bonds earlier. It was
shown that the hyperboloid model combined with the elastic properties of the rods allows to achieve the experimental ratio between
the longitudinal and transverse carbon bond stiffness.
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Appendix
Let us write the basic formulas describing the geometry and
elastic properties of the three-dimensional hyperboloid bond.

Fig. Appendix B.1. Geometry of hyperboloid bond.

deﬁned by formula (1)

def
cn = −Rsn + ai + Rs˜ n ,

where vector cn connects the attachment points of the truss members of hyperboloid in the undeformed state. Let us introduce dimensionless variable ξ , taking the values from 0 to 1. Then the
position of any point of the truss with respect to the bond center
can be determined by a vector

a is a bond length; b is a bond width;
def
R is a bond radius, R = 12 b;

def
c is a truss length, c =
a2 + b2 ;
α is a bond width angle, α def
= arctan ab ;
γ is a bond torsion angle;
x is a coordinate along the bond; y is a coordinate across the
bond;
k is truss stiffness; N is a number of the unidirectional truss
members of hyperboloid;
def
C is a total trusses’ stiffness, C = 2Nk;
C1 , C2 , C3 , C4 are longitudinal, lateral,torsional and bending
bond stiffness;
C
κ is a parameter of the covalency, κ 2 def
= 2 C2 ;
1
ϕ ,  are the angles of hiperboloid torsion and bending respectively;
E, ν are the Young modulus and Poissone’s ratio for EBM and
TM;
F, J2 are the section are and moment of inertia for EBM and TM;
MT , MB are the torque and the bending moment
Appendix B. Geometry of the hyperboloid bond model
Let us deﬁne the geometric characteristics of the threedimensional bond. In the undeformed state the truss direction it

def a
r0 = − i + Rsn .
2

def
r = r0 + cn ξ ,

(B.2)

Let us introduce projections

def
x = r ·i,

def
y = |r · (E − ii )|.

(B.3)

For instance, x gives the vector projection on the direction of i,
and y is the projection length of x on a plane perpendicular to
i (Fig. Appendix B.1). In other words, y expresses the distance
from the point on the truss to the bond axis. Evaluating formulas
(B.2) and (B.3) yields:

x = aξ −
=R

Appendix A. Basic notation

(B.1)



a
,
2

y = R|(1 − ξ )sn + ξ s˜ n |

(1 − ξ )2 + ξ 2 + 2(1 − ξ )ξ cos γ .

(B.4)

More convenient formulas can be obtained by introducing a new
variable ζ :

ζ = 2ξ − 1, −1 ≤ ζ ≤ 1.

(B.5)

Then formulas (B.5) take the form

x=

a
ζ,
2



y = R cos2

γ
2

+ ζ 2 sin

2

γ
2

.

(B.6)

Excluding ζ from these equations yields a hyperbola with respect
to variables x and y.

y2
−
R2

4

a2

2

sin

γ
2

x2 = cos2

γ
2

.

(B.7)

Let us consider this equation for the three characteristic values of

γ

γ =0:
π
γ = :
2

y = R,
y2
x2
− 4 2 = 1,
2
R
a
R
y = ±2 x.
a

2

γ =π:

(B.8)

Thus, y is a constant when γ = 0, which corresponds to a cylindrical surface; if γ = π , then y varies linearly with x, which corresponds to a conical surface; if γ = π2 then the function of y on x
is a hyperbola.
Variables x and y range in values

−

a
a
≤x≤ ,
2
2

ymin ≤ y ≤ R,

(B.9)
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where y reaches its minimum value at x = 0:

γ

ymin = R cos

2

.

(B.10)

R
ymin = √ ≈ 0.7R.
2

(B.11)

In particular:

γ=

π

⇒

2

The derivative of y with respect to x if x = a/2 is equal to

dy
dx

x= 2a

2
R2 sin γ2 x
= 4
y
a2

R
2 γ
= 2 sin
.
a
2

x= 2a

(B.12)

π

⇒

2

dy
dx

=
x= 2a

According to formula (C.8) if γ = 0 and γ = π the torsional stiffness becomes zero and if γ = π /2, it achieves the maximum value.
It is an additional argument to choose this value for γ . Comparing
formulas (9) and (C.8) we ﬁnd that the ratio of torsional and transverse stiffness is

C3
R2 sin γ
R2 sin γ
γ
=
=
= 2R2 cos2 .
2
C2
1 − cos γ
2
2 sin γ2
2

2

(C.9)

If γ = π /2, then the ratio of torsional and transverse stiffness is
exactly equal to R2 .
Appendix D. Bending stiffness

In particular:

γ=

151

R
.
a

(B.13)

Let us consider the bending stiffness of the hyperboloid bond.
Consider the rotation of the bottom side of the hyperboloid (1) by
an angle of  about a unit vector k. The corresponding bending
moment of separate truss element will be following:

Appendix C. Torsional stiffness

Mn B = (−ai/2 + Rsn ) × Fn B

Let us ﬁnd the torque about axis x with unit vector i for the
truss in the three-dimensional model. Imagine that the bottom
side of the hyperboloid (1) was turned by an angle of ϕ about a
unit vector i. The corresponding torque of any separate truss element will be following:

The force Fn B for the given truss is determined by it’s tensor of
stiffness ck2 cn cn and displacement vector:

Mn T = Rsn×Fn T

(C.1)

The force Fn T for the given truss is determined by it’s tensor of
stiffness ck2 cn cn and displacement vector:

Fn T =

nT

(C.2)

k
= 2 (cn cn ) · (−Rsn×ϕ i )
c

(C.3)

The resulting torque will be given by sum

MT =



( Mn T

+ M

nT

)=−

k
(cn cn ) · (−Rsn × k )
c2

Fn B =



Similarly, we have to take forces from other types of trusses into
account:

k  
(c c ) · (−Rsn×k )
c2 n n

Fn B =

Rsn×(Fn T

+ F

nT

MB =



)

n

=−

kR ϕ
c2



(−ai/2 + Rsn )×(Fn B + Fn B )

k
c

(−ai/2 + Rsn )× 2 (cn cn + cn cn ) · (Rsn×k )

n

MB =






sn × cn cn + cn cn × sn

k 2 1
R (C4 − (aR/2 )C24 ) · k
c2

(D.4)

(D.5)

(D.6)

where

·i

(C.5)

C14 =



sn×(cn cn + cn cn )×sn

C24 =



n

n

i×(cn cn + cn cn )×sn

(D.7)

n

Tensor C14 will be considered separately. Using the identities resulting from (1)–(3), one obtains:

sn × cn = asn × i + Rsn × s˜ n = asn × i + Ri sin γ ,

sn×cn = asn×i + R sin γ i



sn × cn = asn × i + Rsn × s˜ n = asn × i − Ri sin γ ,

(C.6)



(cn × sn ) · i = − cn × sn · i = −R sin γ ;

sn×cn = asn×i − R sin γ i

(D.8)

Then we have:


2
C14 = 2(a2 i× sn sn×i − NR2 sin γ ii )

it follows

(D.9)

n

MT = − kRc2ϕ
2

kR2 ϕ
R sin
c2



Let us reformulate (D.5) as

Using expression (1) for cn we get

=



(C.4)


k
Rsn × 2 cn cn + cn cn · (Rsn × ϕ i )
c

2

(Mn B + Mn B ) = −

Substitution of (D.2) and (D.3) to (D.4) gives the bending moment
of the three-dimensional hyperboloid model arising from turning
the end of the bond about k = sn×i by angle :

Substitution of (C.2) and (C.3) to (C.4) gives:

MT = −

(D.3)

n

MB = −

n



(D.2)

The resulting moment will be given by sum

k
(cn cn ) · (−Rsn×ϕ i )
c2

Similarly, we have to take forces from other types of trusses into
account:

F

(D.1)

γ



n



n sn







× cn cn + cn cn × sn · i =


(asn × i + Ri sin γ ) − (asn × i − Ri sin γ ) =
=

2NkR4 ϕ
c2

2

sin



sn sn = −(N/2 )E˜

(D.10)

n

γ i.
(C.7)

Thus, for torsional stiffness C3 we arrive at

R4
def |MT |
2
C3 =
= 2Nk 2 sin γ .
ϕ
c

It is easy to see that for the spherical tensor from (D.9), the following relation holds:

Finally, we arrive at:

C14 = −N (a2 E˜ + 2R2 sin

2

γ ii )

Now, let us consider tensor
(C.8)

i×cn = Ri×(s˜ n − sn )

C24 .

(D.11)
It is easy to see that


i×cn = Ri×(s˜ n − sn )

(D.12)
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Taking into account (D.8) and (D.12), after transformations we get:



C24 = −Rai× (sn + s˜ n )sn ξ + 2aRi× sn sn i

(D.13)

n

Using (2) and (3) we wright

sn + s˜ n = (P(γ i ) + Pγ i )) ·sn = 2ii + 2E˜ cos γ

(D.14)

To obtain this relation we use the formula for a turn–tensor from
Grekova and Zhilin (2001):

P(γ i ) = ii + cos γ (E˜ − ii ) + sin γ i×E˜

(D.15)

Using (D.9), one can rearrange the second term in (D.13):

C24 = −aRN (1 − cos γ )E˜

(D.16)

Introducing (D.11) and (D.16) into (D.6), one obtains the bending
moment:

MB = −

R2 a2 kN
(1 + cos γ )k
2c 2

(D.17)

whence we obtain the bending stiffness

C4 =

|MB | R2 a2 kN
=
(1 + cos γ )

2c 2

(D.18)

N.b. that the maximum value of the bending stiffness is reached at
γ = 0, but if γ = π the bending stiffness becomes zero (the bond
takes the shape of an hourglass in this case).
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