
81.05.Uw 72.10.-d 73.63.-b 73.40.-c

E-mail: ktitorov@mail.io�e.ru, nef2@mail.ru

1



Ýëåêòðîííûå ñîñòîÿíèÿ â îäíîñëîéíîì

ãðàôåíå ñ êîðîòêîäåéñòâóþùèìè

äåôåêòàìè. Ñåïàðàáåëüíûé â èìïóëüñíîì

ïðåäñòàâëåíèè ïîòåíöèàë

Ñ.A. Êòèòîðîâ, Þ.È. Êóçüìèí

Ôèçèêî-òåõíè÷åñêèé èíñòèòóò èì. À.Ô. Èîôôå, Ðîññèéñêàÿ Àêàäåìèÿ íàóê,

Ñàíêò-Ïåòåðáóðã 194021, Ðîññèÿ,

Í.Å. Ôèðñîâà,

Èíñòèòóò ïðîáëåì ìàøèíîâåäåíèÿ,

Ðîññèéñêàÿ Àêàäåìèÿ íàóê, Ñàíêò-Ïåòåðáóðã 199178, Ðîññèÿ,

7 íîÿáðÿ 2010 ã.

Àííîòàöèÿ

Èçó÷åíû ýëåêòðîííûå ñîñòîÿíèÿ â ìîíîñëîéíîì ãðàôåíå

ñ êîðîòêîäåéñòâóþùèìè äåôåêòàìè ñ àñèììåòðè÷íûì ïî

çîííîìó èíäåêñó ïîòåíöèàëîì. Èññëåäîâàíèå âûïîëíåíî äëÿ
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2+1-ìåðíîãî óðàâíåíèÿ Äèðàêà ñ ïîòåíöèàëîì ñåïàðàáåëüíûì â

ïðåäñòàâëåíèè óãëîâîãî ìîìåíòà. Ïîëó÷åííîå â äàííîé ðàáîòå

õàðàêòåðèñòè÷åñêîå óðàâíåíèå äëÿ ñâÿçàííûõ è ðåçîíàíñíûõ

ñîñòîÿíèé ñðàâíèâàåòñÿ ñ ïîëó÷åííûì íàìè ðàíåå äðóãèì

ìåòîäîì óðàâíåíèåì äëÿ òîé æå çàäà÷è. Èñïîëüçîâàííîå çäåñü

ïðåäñòàâëåíèå ïîçâîëèëî óäîâëåòâîðèòåëüíî ðåãóëÿðèçîâàòü ýòó

íåêîððåêòíóþ ïî Àäàìàðó çàäà÷ó ñ ñèíãóëÿðíûì ïîòåíöèàëîì.

Ââåäåíèå

Â òå÷åíèå ïîñëåäíèõ íåñêîëüêèõ ëåò èññëåäîâàíèå ýëåêòðîííîãî

ñïåêòðà ãðàôåíà ïðèâëåêàëî áîëüøîå âíèìàíèå èññëåäîâàòåëåé

(ñì., íàïðèìåð îáçîð [2]). Òî÷å÷íûå äåôåêòû áûëè ðàññìîòðåíû

â ðàáîòàõ [3], [4], [5]. Â íàøèõ ðàáîòàõ [6], [7] áûëà ïðåäëîæåíà

íîâàÿ ìîäåëü, ïðèíèìàþùàÿ âî âíèìàíèå àñèììåòðèþ ìàòðè÷íûõ

ýëåìåíòîâ ïîòåíöèàëà äåôåêòà ïî çîííîìó èíäåêñó. Ýòî îçíà÷àåò,

÷òî âîçìóùåíèå â îáùåì ñëó÷àå îïèñûâåòñÿ íåêîòîðîé ýðìèòîâîé

ìàòðèöåé. Ìû èñïîëüçóåì ïðåäñòàâëåíèå, â êîòîðîì ýòà ìàòðèöà

äèàãîíàëüíà. Ìåæäîëèííûå ïåðåõîäû íå ó÷èòûâàòñÿ (ñì. íèæå).

Âïåðâûå õàðàêòåðèñòè÷åñêîå óðàâíåíèå áûëî ïîëó÷åíî â ðàìêàõ

ýòîé ìîäåëè â ðàáîòå [6]; òåîðèÿ ðàññåÿíèÿ áûëà ïîñòðîåíà â [7].

Áûëî óñòàíîâëåíî, ÷òî ñèíãóëÿðíîñòü äåëüòàîáðàçíîãî ïîòåíöèàëà

ïðèâîäèò ê íåêîððåêòíîñòè ñîîòâåòñòâóþùåé êðàåâîé çàäà÷è, ÷òî
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âëå÷åò íåîáõîäèìîñòü ðåãóëÿðèçàöèè. Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà

ýòîé ïðîáëåìå. Íàéäåííîå çäåñü õàðàêòåðèñòè÷åñêîå óðàâíåíèå äëÿ

ñâÿçàííûõ è ðåçîíàíñíûõ ñîñòîÿíèé ñðàâíèâàåòñÿ ñ ïîëó÷åííûì íàìè

ðàíåå äðóãèì ìåòîäîì óðàâíåíèåì äëÿ òîé æå çàäà÷è. Ñäåëàí âûâîä,

÷òî ïðèìåíåííûé â äàííîé ñòàòüå ìåòîä ðåãóëÿðèçàöèè ïðèâîäèò ê

êîððåêòíîé ïîñòàíîâêå çàäà÷è. Â ÷àñòíîñòè, ñïåêòð ãëàäêèì îáðàçîì

çàâèñèò îò âàðèàöèè óñëîâèé ñøèâàíèÿ. Íåñìîòðÿ íà âîçíèêàþùèå

òðóäíîñòè, äåëüòàîáðàçíûé ïîòåíöèàë ÷ðåçâû÷àéíî ïîïóëÿðåí, îñîáåííî

â ýëåêòðîííîé êèíåòèêå, ïîýòîìó ýòà ïðîáëåìà çàñëóæèâàåò äåòàëüíîãî

àíàëèçà. Òåîðèÿ ïðîöåññîâ ïåðåíîñà ïðè íàëè÷èè ðåçîíàíñíîãî

ðàññåÿíèÿ è òåîðèÿ îïòè÷åñêîãî ïîãëîùåíèÿ â ãðàôåíå òðåáóþò

íåïåðòóðáàòèâíîãî ïîäõîäà ê àíàëèçó ýëåêòðîííûõ ñîñòîÿíèé â

ïðèñóòñòâèè äåôåêòîâ. Ýòî äåëàåò íåîáõîäèìûì ðàññìîòðåíèå òî÷íî

ðåøàåìûõ ìîäåëåé äåôåêòîâ. Îäíà èç òàêèõ ìîäåëåé � ïîòåíöèàë â âèäå

äåëüòà-ôóíêöèè, îïðåäåëåííîé íà ñôåðå ñîîòâòñòâóþùåé ðàçìåðíîñòè. Â

ñëó÷àå äâóìåðíîãî êðèñòàëëà � ýòî îêðóæíîñòü. Â ðàáîòå [1] ðàññìîòðåíà

äâóõçîííàÿ êâàçèðåëÿòèâèñòñêàÿ ïðîáëåìà ñâÿçàííûõ è ðåçîíàíñíûõ

ñîñòîÿíèé, îïèñûâàåìûõ óðàâíåíèåì Äèðàêà â ñëó÷àå äâóõçîííîé

êâàçèðåëÿòèâèñòñêîé ïðîáëåìû äëÿ òðåõìåðíîãî óçêîùåëåâîãî è

áåñùåëåâîãî ïîëóïðîâîäíèêà ñ òàêèì äåôåêòîì. Ïðè ýòîì áûëà

èñïîëüçîâàíà äåëüòà-ôóíêöèîííàÿ ìîäåëü. Âàæíî, ÷òî ýòîò ïîòåíöèàë

íå èìååò ñèíãóëÿðíîñòè ïðè r = 0 è îí ÿâëÿåòñÿ ñåïàðàáåëüíûì â

ïðåäñòàâëåíèè óãëîâîãî ìîìåíòà. Â íàñòîÿùåé ðàáîòå ìû ðàçâèâàåì
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ýòîò ïîäõîä ïðèìåíèòåëüíî ê ýëåêòðîííûì ñîñòîÿíèÿì ìîíîñëîéíîãî

ãðàôåíà. Ìû ó÷èòûâàåì âîçìîæíóþ àñèììåòðèþ ìàòðè÷íûõ ýëåìåíòîâ

ïîòåíöèàëà äåôåêòà ïî çîííûì èíäåêñàì áëàãîäàðÿ ëîêàëüíîìó

íàðóøåíèþ ñèììåòðèè ïîäðåøåòîê, ÷òî ýêâèâàëåíòíî ââåäåíèþ

ëîêàëüíîãî âîçìóùåíèÿ ïîòåíöèàëà è ìàññû. Öåëü äàííîé ðàáîòû

ñîñòîèò â ðåãóëÿðèçàöèè äàííîé íåêîððåêòíîé ïî Àäàìàðó çàäà÷è.

1 Îñíîâíûå óðàâíåíèÿ

Óðàâíåíèå Äèðàêà, îïèñûâàþùåå ýëåêòðîííûå ñîñòîÿíèÿ â ãðàôåíå,

èìååò âèä: −ih̄vF 2∑
µ=1

γµ∂µ − γ0 (m+ δm) v2
F

ψ = (E − V )ψ, (1)

ãäå vF � ôåðìèåâñêàÿ ñêîðîñòü çîííûõ ýëåêòðîíîâ, γµ � ìàòðèöû Äèðàêà:

γ0 = σ3, γ1 = σ1, γ2 = iσ2,

σi � ìàòðèöû Ïàóëè, 2mvF
2 = Eg � çàïðåùåííàÿ çîíà, ψ (r) �

äâóõêîìïîíåíòíûé ñïèíîð:

ψ (r) =

 f (r)

g (r)

 . (2)

Ùåëü â ýëåêòðîííîì ñïåêòðå ãðàôåíà ìîæåò âîçíèêíóòü, íàïðèìåð,

áëàãîäàðÿ âçàèìíîìó ñäâèãó ïîäðåøåòîê ïîä âëèÿíèåì ïîäëîæêè

[8]. Ñïèíîðíàÿ ñòðóêòóðà ó÷èòûâàåò äâóõïîäðåøåòî÷íóþ ñòðóêòóðó
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ãðàôåíà. δm (r) è V (r) � ëîêàëüíîå âîçìóùåíèå ìàññû (ùåëè) è

ïîòåíöèàëà. Ëîêàëüíîå âîçìóùåíèå ìàññû ìîæåò áûòü èíäóöèðîâàíî

äåôåêòîì â ïëåíêå ãðàôåíà èëè íà ïîâåðõíîñòè ïîäëîæêè [8]. Ìû

ðàññìàòðèâàåì çäåñü äåëüòà-ôóíêöèîííóþ ìîäåëü äåôåêòà:

δm (r) = −bδ(r − r0), V (r) = −aδ(r − r0), (3)

ãäå r è r0 ðàäèàëüíàÿ êîîðäèíàòà è ðàäèóñ âîçìóùåíèÿ ñîîòâåòñòâåííî.

Òàêîå êîðîòêîäåéñòâóþùåå âîçìóùåíèå áûëî èñïîëüçîâàíî äëÿ ðåøåíèÿ

ïðîáëåìû ñâÿçàííûõ è ðåçîíàíñíûõ ñîñòîÿíèé äëÿ óçêîùåëåâîãî

è áåñùåëåâîãî òðåõìåðíûõ ïîëóïðîâîäíèêîâ â ðàáîòå [1]. Èíîãäà

îêàçûâàåòñÿ áîëåå óäîáíî âìåñòî ìàññîâîãî è ïîòåíöèàëüíîãî

âîçìóùåíèé ââîäèòü àñèììåòðè÷íûé ïî çîíàì ïîòåíöèàë:

diag(V1, V2). (4)

ãäå

V1 = V 0
1 δ(r − r0), V2 = V 0

2 δ(r − r0). (5)

Êîìïîíåíòû ýòîãî ïîòåíöèàëà ñëåäóþùèì îáðàçîì ñâÿçàíû ñ

ïàðàìåòðàìè a, b:

−V 0
1 = a+ b, − V 0

2 = a− b. (6)

Äåëüòà-ôóíêöèîííîå âîçìóùåíèå � ýòî ïðîñòàÿ ìîäåëü

êîðîòêîäåéñòâóþùåãî äåôåêòà. Êîíå÷íûé ðàäèóñ r0 ñïîñîáñòâóåò

ðåãóëÿðèçàöèè ïîñòàâëåííîé çàäà÷è. Ïðîáëåìà â òîì, ÷òî äåëüòà-

ôóíêöèîííûé ïîòåíöèàë äåëàåò äèðàêîâñêóþ çàäà÷ó íåêîððåêòíîé
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ïî Àäàìàðó [14]. Ýòî çíà÷èò, â ÷àñòíîñòè, ÷òî ðåçóëüòàòû ìîãóò

çàâèñèòü îò ïîðÿäêà ïðåäåëüíûõ ïåðåõîäîâ. Êîíå÷íîñòü ðàäèóñà

r0 ïîçâîëÿåò òàêæå èñêëþ÷èòü ãëóáîêèå ñîñòîÿíèÿ, íåôèçè÷åñêèå

â êîíòèíóàëüíîì ïðèáëèæåíèè. Êîíå÷íûé ðàäèóñ r0 ïðèâîäèò ê

ïîÿâëåíèþ ôîðì-ôàêòîðà ïîòåíöèàëà â èìïóëüñíîì ïðåäñòàâëåíèè,

êîòîðûé äåëàåò íåýôôåêòèâíûìè ïðîöåññû ðàññåÿíèÿ ïåðåäà÷åé

áîëüøîãî êâàçèèìïóëüñà ïîðÿäêà ðàññòîÿíèÿ ìåæäó òî÷êàìè K è

K ′ â çîíå Áðèëëóýíà è, ñëåäîâàòåëüíî, ê âîçìîæíîñòè ïðåíåáðå÷ü

ìåæäîëèííûìè ïåðåõîäàìè [1].

Ââåäåì äâóìåðíîå ïðåîáðàçîâàíèå Ôóðüå äâóõêîìïîíåíòíîé

âîëíîâîé ôóíêöèè (2):

f (r) =
∫ dpxdpy

(2π)2 e
ikrfp, g (r) =

∫ d2p

(2π)2 e
ikrgp, (7)

ãäå êîìïîíåíòû Ôóðüå fp and gp îïðåäåëåíû îáðàòíûì

ïðåîáðàçîâàíèåì:

fp =
∫
dxdye−ikrf (r) , gp =

∫
dxdye−ikrg (r) (8)

Îáðàíîå ïðåîáðàçîâàíèå Ôóðüå ìîæåò áûòü ïðåäñòàâëåíî â âèäå

êîìáèíàöèè ïðåîáðàçîâàíèÿ Õàíêåëÿ è ðÿäà Ôóðüå ïî óãëîâîé

ïåðåìåííîé [?]:

fp ≡ f (p, θ) =
∞∑

n=−∞
ineinθfn (p) , gp ≡ g (p, θ) =

∞∑
n=−∞

ineinθgn (p) (9)

fn (p) =
∫ ∞
0

drrfn (r) Jn (pr) , gn (p) =
∫ ∞
0

drrgn (r) Jn (pr) (10)
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ãäå fm (r) � óãëîâàÿ êîìïîíåíòà Ôóðüå:

f (r, θ) =
1√
2π

∞∑
n=−∞

fn (r) einθ, g (r, θ) =
1√
2π

∞∑
n=−∞

gn (r) einθ (11)

Ïåðåõîäÿ ê ïðåîáðàçîâàíèþ Ôóðüå óðàâíåíèÿ Äèðàêà (1), ìû

ïðåäâàðèòåëüíî ðàññìîòðèì äâà ñëàãàåìûõ, òðåáóþùèõ îñîáåííîãî

âíèìàíèÿ. Ãðàäèåíòíûå ÷ëåíû èìåþò âèä:

−i (σ̂x∂x + σ̂y∂y)ψ (r) =

 (p̂x + ip̂y) g (r)

(p̂x − ip̂y) f (r)

 . (12)

Ñëåäîâàòåëüíî, ãðàäèåíòíûå ÷ëåíû äëÿ âåðõíåé è íèæíåé êîìïîíåíò

ñïèíîðà ïðèíèìàþò â èìïóëüñíîì ïðåäñòàâëåíèè ñëåäóþùèé âèä: (px + ipy) g (p)

(px − ipy) f (p)

 =

 peiθg (p, θ)

pe−iθf (p, θ)

 (13)

Ïîäñòàâèâ (9) â (13), ìû ïîëó÷àåì: +i
∑∞
n=−∞ i

neinθgn+1 (p)

−i∑∞n=−∞ i
neinθfn−1 (p)

 (14)

Ïðåîáðàçîâàíèå Ôóðüå Vi (p) ïîòåíöèàëà ñ êðóãîâîé ñèììåòðèåé

ìîæåò áûòü ðàçëîæåíî â ðÿä:

Vi (|p− p′|) = π
∞∑

n=−∞
einθ · V n

i (p, p′) , (15)

V n
i (p, p′) =

∫ ∞
0

dr · rJn (pr)Vi (r) Jn (p′r) (16)

ãäå Jn (pr) � ôóíêöèÿ Áåññåëÿ, i = 1, 2. Òàêèì îáðàçîì, ìû ïîëó÷àåì

ñèñòåìó èíòåãðàëüíûõ óðàâíåíèé:
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(E −m) fj (p) + ipgj (p)−
∫
dp′ · p′fj (p′)V j

1 (p′, p) = 0, (17)

(E +m) gj (p)− ipfj (p)−
∫
dp′ · p′gj (p′)V j

2 (p′, p) = 0. (18)

Ìû ïîëîæèëè n = j − 1/2, ãäå j � êâàíòîâîå ÷èñëî ïñåâäîñïèíà,

j = ±1/2, ±3/2 . . . . Â îòëè÷èå îò ðåëÿòèâèñòñêîé òåîðèè, ýòî êâàíòîâîå

÷èñëî íå èìååò íè÷åãî îáùåãî ñî ñïèíîì è õàðàêòåðèçóåò âûðîæäåíèå â

äèðàêîâñêîé òî÷êå. Ýòè óðàâíåíèÿ èìåþò ñèììåòðèþ:

fj ↔ gj, E → −E, j − 1/2→ j + 1/2, a→ −a. (19)

Ïîòåíöèàëû íóëåâîãî ðàäèóñà [9] è ñåïàðàáåëüíûå ïîòåíöèàëû [10]

âåñüìà ïîïóëÿðíû â íåðåëÿòèâèñòñêîé òåîðèè ðàññåÿíèÿ. Â òî æå

âðåìÿ óðàâíåíèå Äèðàêà ÷ðåçâû÷àéíî ÷óâñòâèòåëüíî ê ñèíãóëÿðíîñòè

ïîòåíöèàëà [11]. Ñèíãóëÿðíîñòü äåëüòà-ôóíêöèîííîãî ïîòåíöèàëà ìîæåò

áûòü îñëàáëåíà ïóòåì çàäàíèÿ äåëüòà-ôóíêöèè íà îêðóæíîñòè (5) [1].

Ïîäñòàâëÿÿ (5) â (15), ìû ïîëó÷àåì ñåïàðàáåëüíûé â ïðåäñòàâëåíèè

óãëîâîãî ìîìåíòà ïîòåíöèàë:

V j
i (p, p′) = vji (p) vji (p′) , i = 1, 2 (20)

ãäå

vj1 (p) =
√
r0V 0

1 Jj−1/2(pr0), vj2 (p) =
√
r0V 0

2 Jj+1/2(pr0). (21)
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Óðàâíåíèÿ (17), (18) ñòàíîâÿòñÿ âûðîæäåííûìè è ìîãóò áûòü

çàïèñàíû â ñëåäóþùåì âèäå:

(m− E) fj (p) + pgj (p) + vj1 (p)
∫ ∞
0

dp′p′fj (p′) vj1 (p′) = 0, (22)

(m+ E) fj (p) + pgj (p)− vj2 (p)
∫ ∞
0

dp′p′gj (p′) vj2 (p′) = 0. (23)

2 Õàðàêòåðèñòè÷åñêîå óðàâíåíèå

Ââåäåì ôóíêöèè

Fj (E) =
∫ ∞
0

dp′pfj (p) vj1 (p) , Gj (E) =
∫ ∞
0

dp′pgj (p) vj2 (p) , R (p) =
(
p2 +m2 − E2

)−1
.

(24)

Òîãäà ìû ïîëó÷àåì ñèñòåìó àëãåáðàè÷åñêèõ óðàâíåíèé

Fj = Gj

∫ ∞
0

dp′p2R (p) vj1 (p) vj2 (p)− (E +m)Fj

∫ ∞
0

dp′pR (p)
(
vj1 (p)

)2
,

(25)

Gj = Fj

∫ ∞
0

dp′p2R (p) vj1 (p) vj2 (p) + (E −m)Gj

∫ ∞
0

dpp2R (p)
(
vj2 (p)

)2
.

(26)

Óñëîâèå ðàçðåøèìîñòè ýòîé ñèñòåìû ïðèâîäèò íàñ ê

õàðàêòåðèñòè÷åñêîìó óðàâíåíèþ, êîðíè êîòîðîãî îïðåäåëÿþò ñâÿçàííûå

è ðåçîíàíñíûå ñîñòîÿíèÿ:
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[
1 + (m+ E)

∫ ∞
0

dppR (p)
(
vj1 (p)

)2
]
·
[
1 + (m− E)

∫ ∞
0

dppR (p)
(
vj2 (p)

)2
]

=
[∫ ∞

0
dpp2R (p) vj1 (p) vj2 (p)

]2
. (27)

Èñïîëüçóÿ èçâåñòíóþ ôîðìóëó [12]

∫ ∞
0

dx
xµ−ν+2n+1

x2 + z2
Jµ (bx) Jν (cx) = (−1)n zµ−ν+2nIν (x)Kµ (x) (28)

ìû ïîëó÷àåì

[
1 + (m+ E)V 0

1 Ij−1/2 (κr0)Kj−1/2 (κr0)
] [

1 + (m− E)V 0
2 Ij+1/2 (κr0)Kj+1/2 (κr0)

]
=

= (m+ E) (m− E) I2
j−1/2 (κr0)K

2
j+1/2 (κr0) , (29)

ãäå κ2 = (m2 − E2) , In (x) , Kn (x) � ìîäèôèöèðîâàííûå ôóíêöèè

Áåññåëÿ. Èñïîëüçóÿ òîæäåñòâî [13]

Iν (x)Kν+1 (x) + Iν+1 (x)Kν (x) = 1/x, (30)

ìû ïîëó÷àåì õàðàêòåðèñòè÷åñêîå óðàâíåíèå:

κ
[
Ij−1/2 (κr0)Kj+1/2 (κr0) + Ij+1/2 (κr0)Kj−1/2 (κr0)

]
+

(m+ E)V 0
1 Ij−1/2 (κr0)Kj−1/2 (κr0)+(m− E)V 0

2 Ij+1/2 (κr0)Kj+1/2 (κr0) = 0.

(31)

Èñïîëüçóÿ ñîîòíîøåíèÿ (6) ïîëó÷àåì óðàâíåíèå

κ
[
Ij−1/2 (κr0)Kj+1/2 (κr0) +Kj−1/2 (κr0) Ij+1/2 (κr0)

]
=
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[
(m− E) (a− b) Ij+1/2 (κr0)Kj+1/2 (κr0) + (a+ b) (m+ E)Ij−1/2 (κr0)Kj−1/2 (κr0)

]
.

(32)

Ñðàâíèì ýòî óðàâíåíèå ñ ïîëó÷åííûì íàìè ðàíåå äðóãèì ìåòîäîì

[7]:

p
(
Jj−1/2 (pr0)H

(1)
j+1/2 (pr0)− Jj+1/2 (pr0)H

(1)
j−1/2 (pr0)

)
=

T (a, b)

√E −m
E +m

(a− b) Jj+1/2 (pr0)H
(1)
j+1/2 (pr0) +

√
E +m

E −m
(a+ b) Jj−1/2 (pr0)H

(1)
j−1/2 (r0)

 ,
(33)

ãäå

T (a, b) =
tan

(√
a2 − b2

)
√
a2 − b2

, (34)

H(1)
n (z) � ôóíêöèÿ Õàíêåëÿ, p =

√
E2 −m2. Âûïîëíèâ àíàëèòè÷åñêîå

ïðîäîëæåíèå îò ñëó÷àÿ çîííûõ ñîñòîÿíèé ñ E2 > m2 ê

ïðîòèâîïîëîæíîìó ñëó÷àþ ñâÿçàííûõ E2 < m2, ìû ïîëó÷àåì óðàâíåíèå

κ
[
Ij−1/2 (κr0)Kj+1/2 (κr0) +Kj−1/2 (κr0) Ij+1/2 (κr0)

]
=

T (a, b)
[
(m− E) (a− b) Ij+1/2 (κr0)Kj+1/2 (κr0) + (a+ b) (m+ E)Ij−1/2 (κr0)Kj−1/2 (κr0)

]
.

(35)

Ìû âèäèì, ÷òî åäèíñòâåííîå îòëè÷èå ìåæäó ôîðìóëàìè (32) è (35)

ñîñòîèò â ïðèñóòñòâèè ìíîæèòåëÿ (34) â óðàâíåíèè, ïîëó÷åííîì â [7].

Ýòè óðàâíåíèÿ ïðàêòè÷åñêè èäåíòè÷íû â ïðåäåëå

a2 − b2 −→ 0, T (a, b) −→ 1. (36)
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Ýòîò ïðåäåë ìîæåò áûòü äîñòèãíóò íà ëèíèè a2 − b2 = 0, èëè

êîãäà a è b ìàëû. Ïðè÷èíà îòëè÷èÿ ýòèõ óðàâíåíèé ñîñòîèò â

ñëåäóþùåì. Äåëüòà-ôóíêöèîííûé ïîòåíöèàë â óðàâíåíèè Äèðàêà

ïîðîæäàåò ãðàíè÷íóþ çàäà÷ó, íåêîððåêòíóþ ïî Àäàìàðó [14]. Òàêàÿ

ïðîáëåìà íóæäàåòñÿ â ðåãóëÿðèçàöèè. Ïðè ýòîì â íàñòîÿùåé ðàáîòå

è â ðàáîòå [7] èñïîëüçîâàëèñü ðàçíûå ìåòîäû ðåãóëÿðèçàöèè. Â

ðàáîòå [7] ñîõðàíÿëàñü ñèíãóëÿðíîñòü âîçìóùåíèÿ è äëÿ ðåãóëÿðèçàöèè

èñïîëüçîâàëàñü ñïåöèàëüíàÿ ñõåìà ñøèâàíèÿ ðåøåíèé, â òî âðåìÿ êàê

â íàñòîÿùåé ðàáîòå ðåãóëÿðèçàöèÿ äîñòèãàëàñü çà ñ÷åò ñãëàæèâàþùåãî

ñâîéñòâà ïðåîáðàçîâàíèÿ Ôóðüå. Â ÷àñòíîñòè, ïîòåíöèàë ïðèíÿë

ñåïàðàáåëüíûé âèä ñ íåëîêàëüíûì ÿäðîì vli (p) =
√
r0V 0

i Jl+1/2(pr0)

(ñì. ôîðìóëó (21)). Èìåííî ýòà íåëîêàëüíîñòü èãðàåò öåíòðàëüíóþ

ðîëü â ðåãóëÿðèçàöèè. Óðàâíåíèÿ (32) è (35) èìåþò àñèìïòîòè÷åñêè

ñîâïàäàþùèå ðåøåíèÿ, êîãäà ñïðàâåäëèâî (36). â òîæå âðåìÿ, ìíîæåñòâà

èõ ðåøåíèé ñîâåðøåííî ðàçëè÷íû âíå ýòîé îáëàñòè ïàðàìåòðîâ a

è b. Áîëåå òîãî, óðàâíåíèå (35) èìååò çíà÷èòåëüíî áîëåå áîãàòîå

ìíîæåñòâî ðåøåíèé, ÷åì óðàâíåíèå (32) [7] áëàãîäàðÿ ïåðèîäè÷íîñòè

òàíãåíñà, ïðèñóòñòâóþùåãî â (34). Ìû ïðèõîäèì ê çàêëþ÷åíèþ, ÷òî

áîëåå áîãàòîå ìíîæåñòâî ðåøåíèé óðàâíåíèÿ (35) ÿâëÿåòñÿ àðòèôàêòîì

ìîäåëè òî÷å÷íîãî âçàèìîäåéñòâèÿ. Íàêîíåö, ìîäåëü êîëüöåâîé ÿìû,

èññëåäîâàííàÿ â [15], íå âîñïðîèçâîäèò ýòî áîãàòîå ìíîæåñòâî ðåøåíèé

äàæå â ïðåäåëå íóëåâîé øèðèíû êîëüöà è áåñêîíå÷íîé ãëóáèíû ÿìû.

Ñëåäîâàòåëüíî, óðàâíåíèå, ïîëó÷åííîå â íàñòîÿùåé ðàáîòå, ìîæíî
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ðàññìàòðèâàòü êàê ðåøåíèå êîððåêíî ðåãóëÿðèçîâàííîé ãðàíè÷íîé

çàäà÷è.

Çàêëþ÷åíèå

Ïîêàçàíî, ÷òî ìåòîä ïðåîáðàçîâàíèÿ Ôóðüå äëÿ óðàâíåíèÿ Äèðàêà

ñ íåñèììåòðè÷íûì ïî çîíàì äåëüòà-ôóíêöèîííûì ïîòåíöèàëîì

äåôåêòà ïðèâîäèò ê ðåãóëÿðèçîâàííîé çàäà÷å, â êîòîðîé îòñóòñòâóþò

ôàíòîìíûå äîïîëíèòåëüíûå ðåøåíèÿ, ÿâëÿþùèåñÿ àðòèôàêòîì

òî÷å÷íîãî âçàèìîäåéñòèÿ. Ýòîò ïîäõîä ðåãóëÿðèçóåò íåêððåêòíóþ

ïî Àäàìàðó çàäà÷è.
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