The Ballistic Heat Equation
for a One-Dimensional Harmonic Crystal
Anton Krivtsov

Abstract The analytical model of unsteady ballistic heat transfer in a one-dimensional harmonic crystal is analyzed. A nonlocal temperature is introduced as a generalization of the kinetic temperature. A closed equation determining unsteady thermal
processes in terms of the nonlocal temperature is derived. For an instantaneous heat
perturbation a time-reversible equation for the kinetic temperature is derived and
solved. This equation can be referred as the ballistic heat conduction equation, it is
somewhat similar to the hyperbolic heat conduction equation, but it has important
differences. The resulting constitutive law for the heat flux in the considered system
is obtained. This law significantly differs from Fourier’s law and it predicts a finite
velocity of the heat front and independence of the heat flux on the crystal length. The
analytical results are confirmed by computer simulations. Further developments of
the presented approach are referred.

1 Introduction
An understanding of heat transfer at microlevel is essential to obtain link between
microscopic and macroscopic description of solids [1–3]. As far as macroscopic scale
level is concerned the Fourier law of heat conduction is widely and successfully used
to describe heat transfer processes. At microscopic level, however, analytical and
numerical investigations have shown substantial deviations from Fourier’s law [4–6].
These inadequacies can be on principle addressed by using special laws of particles
interactions [7–10] or complex enough structures [11, 12]. Recent experimental data
however showed that Fourier’s law is indeed violated in low-dimensional [13–15].
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The main reason is that at microlevel the ballistic heat transfer dominates, in contrast
to macrolevel, where the diffusive (Fourier) heat conduction prevails. This motivates
interest to the simplest lattice models, in particular harmonic one-dimensional crystals (chains), where the anomalies connected with the ballistic heat transfer are most
prominent [1, 16, 17]. Problems of this kind previously have been mainly addressed
in the context of the steady-state heat conduction [4–6, 17, 18]. The present work
focuses on unsteady conduction regimes [12, 19–22].
Here we describe an approach that allows rigorous derivation of macroscopic
heat conduction equations and corresponding anomalous heat conduction law for
harmonic systems in a one-dimensional, non-quantum case. This approach for the
simplest one-dimensional crystal was first presented in [23], below we show these
results in more details. The obtained equations differ substantially from the earlier
suggested heat transfer equations [24, 25], however they are in excellent agreement
with molecular dynamics simulations and previous analytical estimations [20].

2 The System
We consider a one-dimensional crystal, described by the following equation of
motion:
(1)
ü i = ωe2 (u i−1 − 2u i + u i+1 )
def √
where u i is the displacement, i is the number of the particle, ωe = C/m is the
elementary frequency, m is the particle mass, C is the stiffness of the interparticle
bond, dot is the time derivative. The crystal is infinite: the index i is an arbitrary
integer. The initial conditions are

u i |t=0 = 0 ,

u̇ i |t=0 = σ (x)ρi ,

(2)

where ρi are independent random values with zero expectation and unit variance;
σ 2 (x) is variance of the initial velocities, which is a slowly varying function of the
spatial coordinate x = ia, where a is the lattice constant. These initial conditions
correspond to an instantaneous temperature perturbation, which can be induced in
crystals, for example, by an ultrashort laser pulse [26, 27]. The displacements as
functions of time u i = u i (t) can be found as a solution of the Cauchy problem
(1)–(2). These functions are random—they depend linearly on the integration constants, which are linear functions of the random values ρi (2).
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3 Nonlocal Temperature
The first analytical solution of a steady heat conduction problem for a harmonic
chain was obtained in [18] using a covariance matrix for coordinates and momenta.
Then this approach was extended and applied to various harmonic systems [4, 11,
16, 17]. Study of the covariance matrix allowed obtaining analytical expressions
for steady [28] and unsteady [29, 30] temperature profiles. Here a somewhat similar approach based on analysis of covariances for velocities [23, 31, 32] is used.
Following [33] the nonlocal temperature θi j is defined as
def

kB θi j = mu̇ i u̇ j ,

(3)

where kB is the Boltzmann constant, angle brackets stand for mathematical expectation, u̇ i u̇ j  is the velocity covariance (note that u̇ i  ≡ u̇ j  ≡ 0). Then differentiation of (3) with the use of the dynamics equation (1) allows to obtain the following
closed differential-difference equation of the fourth order [31]
....
θ i j − 2(Li + L j )θ̈i j + (Li − L j )2 θi j = 0,

(4)

def

where Li is the linear difference operator: Li u i = ωe2 (u i−1 − 2u i + u i+1 ). Equation
(4) is an exact one, it describes processes of two types: fast transition to the local
equilibrium [32] and slow heat transfer process [23]. For continuum description of
the heat transfer the nonlocal temperature is redefined as
def

(−1)n θn (x) = θi j ,

def

n = j −i,

x=

i+j
a,
2

(5)

where n is the covariance index, x is the macroscopic spatial coordinate. If n = 0
then i = j and quantity θn coincides with the kinetic temperature T :
kB θ0 (x) = kB T (x) = mu̇ i2 ,

(6)

where i = x/a. According to its definition, the nonlocal temperature reflects a nonlocal nature of thermal processes in harmonic crystals and can be considered as a
generalization of the kinetic temperature.
To obtain the simplified equation for description of the heat transfer only, the
following two approximations are used.
1. Continualization. The nonlocal temperature θn (x) is a slowly varying function
of the spatial coordinate x (on the distances of order of the lattice constant a).
This allows replacing the finite differences by the spatial derivatives [34]. The
approximation is adequate for processes that are sufficiently smooth in space, e.g.
for spatial temperature profiles in a form of waves that are much longer then the
lattice constant a.
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2. Slow process approximation. This approximation allows to neglect the term
with the fourth time-derivative in Eq. (4) resulting in the second order differential
equation with respect to time. Alternatively the second order equation can be
obtained [23] using the virial approximation [2]: time or spatial derivatives of
mathematical expectations are small with respect to quantities that have nonzero values in thermodynamic equilibrium. This approximation is adequate for
processes that are not too far from thermodynamic equilibrium. In particular, the
virial approximation allows to express covariances of the bond strains in terms
of the nonlocal temperature.
Then the following second order differential-difference equation can be obtained
from Eq. (4):
θ̈n + 41 c2 (θn−1 − 2θn + θn+1 ) = 0,
(7)
where c = ωe a is the speed of sound. This is a closed equation describing unsteady
thermal processes in the crystal in terms of the nonlocal temperature. The processes
under consideration should be such that the nonlocal temperature is sufficiently
smooth in time and space. Apart from this limitation any unsteady thermal processes in the considered system satisfy equation (7). This equation in its current form
appeared for the first time in [33], its derivation can be found in [23] (in different designations) or in [35] (for more complex problem). After solution (analytical or numerical) of Eq. (7) the kinetic temperature can be obtained as T (t, x) = θn (t, x)|n=0 .
The initial conditions for Eq. (7) corresponding to the original initial conditions (2)
are:
θ̇n |t=0 = 0,
(8)
θn |t=0 = T0 (x)δn ,
where T0 (x) = 2k1B mσ 2 (x) is the initial temperature distribution; δn = 1 for n = 0,
otherwise δn = 0. The initial conditions (8) are taken after a fast transition process,
which results, according to the virial theorem, in a double reduction of the initial
kinetic temperature [32]. Note that in contrast with the random initial value problem (1)–(2), the initial value problem (7)–(8) is expressed in terms of mathematical
expectations, and therefore it is a deterministic problem.

4 The Ballistic Heat Equation
Using an integral Fourier transform in the spatial coordinate x the problem (7)–(8)
can be solved analytically. For the Fourier image θ̂n (t, k) we obtain
θ̂¨n = 14 c2 k 2 (θ̂n−1 − 2θ̂n + θ̂n+1 ),
θ̂n |t=0 = T̂0 (k)δn ,
θ̂˙n |t=0 = 0,

(9)
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where k is the spatial frequency, T̂0 (k) is the Fourier image of the initial temperature
distribution T0 (x). Let us note the similarity between (1)–(2) and (9): initial value
problem (9) can be interpreted as a motion of a harmonic chain having an initial shift
of the central particle. This kind of problems can be effectively solved in terms of
Bessel functions. In particular, Bessel functions were successfully applied to solution
of shock-wave problems in harmonic chains [36, 37]. Similarly, the problem (9) has
an analytical solution θ̂n (t, k) = T̂0 (k)J2n (ckt), where J2n are the Bessel functions
of the 1st kind [38]. From the practical point of view the most interesting case is
n = 0, which gives Fourier image T̂ (t, k) of the kinetic temperature distribution:
T̂ (t, k) = T̂0 (k)J0 (ckt).

(10)

From (10) it follows that the image T̂ (t, k) satisfies the Bessel differential equation
1
T̂¨ + T̂˙ = −c2 k 2 T̂ .
t

(11)

Fourier inversion of (11) gives a partial differential equation for the temperature field
1
T̈ + Ṫ = c2 T  ,
t

(12)

which can be referred as the ballistic heat equation. The corresponding initial conditions follow from (8):
T |t=0 = T0 (x) ,

Ṫ |t=0 = 0.

(13)

The obtained equation (12) is a particular case of the Darboux differential equation [39]. For description of the heat transfer in the harmonic one-dimensional crystal
it was originally derived in [23]. Later it was proved that the same equation describes
the ballistic heat transfer if the crystal is supported by an elastic foundation [40].
The ballistic heat equation describes the evolution of the temperature field after an
instantaneous thermal perturbation happened at t = 0, that is why this equation can
be used only with initial conditions (13). The condition Ṫ |t=0 means absence of the
heat flux in the initial state. For more complex situation the general equation for
nonlocal temperatures (7) should be used.
Fourier inversion of the representation (10) gives an analytical solution of the
initial value problem (12)–(13):
1
T (t, x) =
π

1
−1

T0 (x − cts)
ds.
√
1 − s2

(14)

Similar integral representation without obtaining equation (12) was derived in [41]
using heat energy density correlation functions. Substitution s = cos ϕ gives an alternative integral form
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1
T (t, x) =
π

π
T0 (x + ct cos ϕ) dϕ.

(15)

0

The physical meaning of this representation is that ct cos ϕ is the group velocity of
Eq. (1), where ϕ is a half of the wave number. Representation (15) can be interpreted as
superposition of the classical wave equation solutions for all wave numbers. Further
investigations have shown that the similar rule is fulfilled for much more general
harmonic systems [42, 43].
Thus, an evolution of the temperature field in a one-dimensional crystal after an
instantaneous thermal perturbation is described by partial differential equation (12)
with initial conditions (13) or by integral formulas (14)–(15). According to (14) the
thermal front propagates with the sound speed c (in contrast to the thermal conductivity based on Fourier’s law where an unphysical instantaneous signal propagation
is realized). The obtained wave behavior of the heat front is similar to predictions of
the wave theories of heat conduction [24, 25]. However, the obtained solution has
important differences, which will be shown in the text to follow.

5 Heat Flux
For the considered system the heat flux can be represented [5, 6, 44] as
q = 21 C(u i − u i+1 )(u̇ i + u̇ i+1 ).

(16)

The heat flux q satisfies the energy balance equation
ρkB Ṫ = −q  ,

(17)

where ρ = 1/a is the density (number of particles per unit volume), kB Ṫ stands for
the heat energy for the considered system. Joint consideration of Eqs. (12) and (17)
gives the constitutive law for the heat flux
1
q̇ + q = −kB c2 ρT  ,
t

(18)

which replaces Fourier’s law in the considered system. Alternatively, the law (18)
can be derived directly, in the same way as the ballistic heat conduction Eq. (12) is
derived. Integral representations for the heat flux follows from (14) and (18):
kB cρ
q(t, x) =
π

1
−1

T0 (x − cts)
sds.
√
1 − s2

(19)
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The alternative representation corresponding to (15) is
kB cρ
q(t, x) =
π

π
T0 (x + ct cos ϕ) cos ϕ dϕ.

(20)

0

6 Comparison of Different Equations Describing the Heat
Conduction
Let us consider three models of heat conduction: the classic heat equation based
on Fourier’s law of heat conduction; the hyperbolic heat equation (thermal wave
equation) based on the Maxwell-Cattaneo-Vernotte law [24, 25]; the obtained above
ballistic heat equation (12). Brief comparison of these models is given in Table 1.
The hyperbolic heat equation and Eq. (12) have similar form and somewhat similar
behavior (e.g. a finite velocity of the heat front propagation). However, there are
significant differences:
1. The main difference is that τ , a material constant, is replaced in (12) by the physical time t. Consequently, these equations are close for intermediate tomes t ≈ τ ,
however they are substantially different for small and large times. Moreover, for
t → 0, from the first glance, the ballistic equation (12) has singularity. However,
same as for the hyperbolic equation, the solution of this equation does not have
any time singularity, which can be easily seen from formula (15). For t → ∞ the
asymptotics of the hyperbolic and ballistic equations are different: exponential
and power decay respectively—see Table 1(b).
2. The ballistic heat equation, as opposite to the hyperbolic and Fourier equations,
is not time-invariant—it changes with substitution t by t + t0 . This is because
it describes reaction of the system on the instantaneous thermal perturbation at

Table 1 (a) Heat transfer equation, (b) equation connecting heat flux and temperature, (c) decay
law for the sinusoidal heat perturbation. Notations: t is time (variable), τ is the relaxation time
(constant), β is the thermal diffusivity, κ is the thermal conductivity, c is the sound speed, ρ is
the density, kB is the Boltzmann constant, k is the spatial frequency. Approximation (c) for the
hyperbolic heat equation is obtained for c2 = β/τ and large k; approximation for J0 is valid for
relatively large t
Fourier heat equation
Hyperbolic heat equation
Ballistic heat equation
(a)

Ṫ = βT 

(b)

q = −κ T 

(c)

e−βk

2t

β
1
Ṫ = T 
τ
τ
1
κ
q̇ + q = − T 
τ
τ
T̈ +

t

≈ e− 2τ cos (kct)

1
Ṫ = c2 T 
t
1
q̇ + q = −kB c2 ρT 
t
T̈ +

J0 (kct) ≈

cos (kct− π4 )

√π
2

kc t
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t = 0, the general situation is described by more general Eq. (7), which is timeinvariant.
3. The ballistic heat equation is time-reversible: it does not change with substitution
t by −t. Same fulfils for the original dynamical equation (1) and the general equation for nonlocal temperatures (7). On contrary, the Fourier and hyperbolic heat
equations are not time-reversible. The contradiction between time-reversibility
of the classical microscopic equations and irreversibility of the corresponding
macroscopic continuum equations is one of the opened questions of the modern
physics [2, 45]. The obtained reversible macroscopic equation of the ballistic
heat conduction may be a step towards solution of this problem. In particular, it
will be shown below that this equation describes irreversible processes, such as
decay of the sinusoidal heat perturbation—see Fig. 1. Thus reversible equations
can produce irreversible solutions, even in a finite domain.

7 Sinusoidal Temperature Perturbation
We consider now a sinusoidal temperature perturbation
T0 (x) = A0 sin kx + B,

(21)

where A0 and B are temperature constants, k = 2π/λ is the spatial frequency, λ is
the wavelength of the perturbation. These initial conditions provide simple and informative testing of thermal transfer in closed systems [12, 23, 46]. This is especially
important for the ballistic heat transfer analysis, because in this case any external
heat supply can substantially affect the thermal processes [47, 48]. Formulas (14)
and (19) give an exact analytical solution for the temperature and heat flux
T (t, x) = A0 J0 (kct) sin kx + B,
q(t, x) = −kB cρ A0 J1 (kct) cos kx,

(22)

where J0 and J1 are the Bessel functions of the 1st kind. This solution was obtained
in [23]. Previously, without obtaining equation (12), an existence of a Bessel function
solution for the sinusoidal temperature distribution in the one-dimensional harmonic
crystal was mentioned in [20], and solution similar to (22) for the temperature field
was obtained in Master-degree thesis [49].
To justify the assumptions in derivation of the analytical solution we compare it
with results of molecular dynamics (MD) simulations. Equation (1) is solved by the
central differences method, the time step is 0.01τ0 , where τ0 = 2π/ωe . The initial
conditions (21) are set by a random number generator, the wavelength λ is equal to
the length of the chain containing 104 particles. To provide correspondence with the
analytical approach used above, 104 realizations of such chain with an independent
random initiation are computed. To optimize the computations all chains are joined
at end-points to form a long chain (108 particles) with periodic boundary conditions.
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Fig. 1 Oscillational decay of the thermal perturbation amplitude for 1D harmonic crystal. Comparison of the analytical solution (22) with the MD modeling results (10√4 joined chains containing
104 particles each). Dashed lines show the envelope proportional to 1/ t and also an exponential
envelope inherent to the hyperbolic heat equation

The results of the computations are compared with analytical solution (22) in Fig. 1.
The horizontal axis in Fig. 1 represents the dimensionless time t/t0 , where t0 = λ/c;
the vertical axis stands for the oscillation amplitude A(t), which is computed as the
first coefficient of a spatial Fourier expansion of the temperature field. According
to Fig. 1 there is an excellent agreement between the computational results and the
analytical curve.
Due to the Bessel function properties [38], the temperature and heat flux (22) have
an oscillational
decay, where the oscillation amplitude is asymptotically proportional
√
to 1/ t. The same asymptotics has been obtained in [20]
√for one-dimensional harmonic crystals. In Fig. 1 the envelope proportional to 1/ t is shown by the dashed
lines, perfectly bounding both analytical and computational graphs. The existing
theories of heat conduction [24, 25], such as Fourier’s, Maxwell-Cattaneo-Vernotte
(MCV), dual-phase-lag [50], and spacetime-elasticity [21] yield linear differential
equations with constant coefficients, and therefore all of them predict an exponential decay of the sinusoidal perturbation amplitude. In Table 1 a comparison of the
analytically obtained decay law for A(t)/A0 with the results based on some other
theories is demonstrated, an exponential envelope inherent to the thermal wave model
is also shown in Fig. 1. Thus, among the mentioned theories only the current one
gives an analytical solution, which agrees with the MD simulations and asymptotic
estimations of the oscillation decay for harmonic chains [20].
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8 Stepwise Temperature Perturbation
Let us consider now a stepwise initial temperature distribution, modeling heat transfer
between a hot and a cold body:
x <0:

T (x) = T2 ,

x >0:

T (x) = T1 ,

(23)

where T2 > T1 . In this case the integral representations (14), (19) yield for |x| ≤ ct
an exact analytical solution
T (t, x) = T1 + ΔT
arccos ctx ,
π

 2
q(t, x) = kB cρΔT
1 − ctx ,
π

(24)

where ΔT = T2 − T1 ; for x > ct the original temperature distribution remains and
the heat flux is zero. According to (24) the heat front propagates with the sound speed
c and the heat flux through cross-section x = 0 is constant and equal to π1 kB cρΔT . In
contrast, use of Fourier’s law for the same problem gives the heat flux proportional to
t −1/2 , which is infinite at t = 0 (an unphysical consequence of Fourier’s law). Thus
the heat flux π1 kB cρΔT is provided by the temperature difference that is realized
on the spatial interval x ∈ [−ct, ct] with increasing length of 2ct. Consequently,
the heat flux depends on the temperature difference rather than on the temperature
gradient. This is in qualitative agreement with the known phenomenon of thermal
superconductivity: the heat flux through a one-dimensional harmonic crystal placed
between two thermal reservoirs does not depend on the length of the crystal [6, 18].
The same value π1 kB cρΔT was obtained in [51] as a steady-state limit of the heat
flux for large t.
In Fig. 2 the analytical solution (24) is compared with computer simulations for
T2 = 2T1 . The above described computation procedure is used. Figure 2 shows the
initial temperature distribution, the analytical solution, and the computation results
obtained at t = t0 /8 using 106 and 108 particles (t0 = L/c, where L is the chain
length; only half of the chain is shown in the figure). Convergence to the analytical
solution with the increase of the system size is clearly seen.
Figure 3 shows a part of Fig. 2 corresponding to positive x. For symmetry reasons
this case can be interpreted as a problem of a half-space heating: the initial temperature for x > 0 is T1 and the boundary condition at x = 0 is T = (T2 + T1 )/2 > T1 .
The advantage of this formulation is that the constant boundary temperature is maintained without any thermostat. This is important since the heat transfer can substantially depend on the thermostat properties [47, 48]. Solutions of the considered
problem using four different continuum equations are compared in Fig. 3 with the
simulation results. Parameters are chosen in such a way that the total heat quantity
transferred through the cross-section x = 0 (area under each curve) is equal for all
models and the heat front (when it exists) propagates with the sound speed c. According to Fig. 3 the computation results almost coincide with the analytical solution of
Eq. (12) and significantly differ from the solutions based on the other theories of
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Fig. 2 Heat transfer between hot (left) and cold (right) areas of 1D harmonic crystal. The analytical
solution (24) is compared with the computer simulation (MD): 103 chains containing 103 particles
each (cross is an average over 10 particles); 104 chains containing 104 particles (circle is an average
over 100 particles)

Fig. 3 Heat propagation for different 1D models: a Fourier heat equation, b hyperbolic heat equation, c wave equation, d ballistic heat equation, e computer simulation for 1D harmonic crystal (104
chains containing 104 particles each)

thermal conduction. Indeed, the Fourier heat equation predicts no heat front, the
hyperbolic heat equation gives a stepwise front, while the real heat front is described
by a smooth curve having a vertical tangent at x = ct. Note that the hyperbolic heat
equation behaves as the wave equation at small times and as the Fourier heat equation at large times [52]. However, according to the analytical solution (24) and the
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presented computer simulations, the heat transfer in a one-dimensional harmonic
crystal is self-similar, i. e. T = T ( ctx ), so it demonstrates same behavior for any
times.

9 Conclusions and Further Research
An approach for description of the ballistic heat transfer in one-dimensional harmonic crystals is described. A notion of nonlocal temperature (a generalization of
the kinetic temperature for two separate particles) is used for obtaining a closed
system of equations for the thermal transfer description. For the case of an instantaneous heat perturbation this yields to a partial differential equation (12) for the kinetic
temperature, which can be referred to as the ballistic heat equation. The resulting
macroscopic constitutive law (18) (an alternative of Fourier’s law for the considered
system) predicts a finite velocity of the heat front and independence of the heat flux
on the crystal length. The analytical findings are in excellent agreement with the
molecular dynamics simulations and previous analytical estimations.
Further analysis of the ballistic heat equation (12) can be found in [53]. Application
of the presented approach for more complex one-dimensional systems is given in [40],
where a substrate potential is added, and in [35], where an external heat supply and
a viscous environment are considered. Extension of this approach to systems of
higher dimensions is presented in [42] for monoatomic and in [43] for polyatomic
lattices. The presented approach in frames of the general approach for transition
from discrete to continuum thermomechanics is outlined in [54]. The results of the
referred investigations are relevant to aspects of nanotechnology that involve heat
transfer processes in high purity nanostructures [13, 14, 55, 56].
Acknowledgements The author is grateful to O. V. Gendelman, W. G. Hoover, D. A. Indeitsev, M.
L. Kachanov, V. A. Kuzkin, S. A. Lurie, N. F. Morozov, and V. F. Zhuravlev for helpful and stimulating discussions; to M. B. Babenkov and D. V. Tsvetkov for additional analysis and computations.
This work is supported by the Russian Science Foundation (Grant No. 18-11-00201).

References
1. Thermal transport in low dimensions: from statistical physics to nanoscale heat transfer. In:
Lepri S. (ed.) Lecture Notes in Physics, vol. 921, 418 p. Springer, Switzerland (2016)
2. Hoover, W.G., Hoover, C.G.: Simulation and control of chaotic nonequilibrium systems. In:
Advanced Series in Nonlinear Dynamics, vol. 27, 324 p. World Scientific (2015)
3. Charlotte, M., Truskinovsky, L.: Lattice dynamics from a continuum viewpoint. J. Mech. Phys.
Solids 60, 1508–1544 (2012)
4. Bonetto, F., Lebowitz, J.L., Rey-Bellet, L.: Fourier’s law: a challenge to theorists. In: Fokas, A.,
et al. (eds.) Mathematical Physics 2000, pp. 128–150. Imperial College Press, London (2000)
5. Lepri, S., Livi, R., Politi, A.: Thermal conduction in classical low-dimensional lattices. Phys.
Rep. 377, 1–80 (2003)

The Ballistic Heat Equation for a One-Dimensional Harmonic Crystal

357

6. Dhar, A.: Heat transport in low-dimensional systems. Adv. Phys. 57, 457–537 (2008)
7. Aoki, K., Kusnezov, D.: Bulk properties of anharmonic chains in strong thermal gradients:
non-equilibrium φ 4 theory. Phys. Lett. A 265, 250–256 (2000)
8. Gendelman, O.V., Savin, A.V.: Normal heat conductivity of the one-dimensional lattice with
periodic potential. Phys. Rev. Lett. 84, 2381–2384 (2000)
9. Giardina, C., Livi, R., Politi, A., Vassalli, M.: Finite thermal conductivity in 1D lattices. Phys.
Rev. Lett. 84, 2144–2147 (2000)
10. Gendelman, O.V., Savin, A.V.: Normal heat conductivity in chains capable of dissociation.
Europhys. Lett. 106, 34004 (2014)
11. Bonetto, F., Lebowitz, J.L., Lukkarinen, J.: Fourier’s law for a harmonic crystal with selfconsistent stochastic reservoirs. J. Stat. Phys. 116, 783–813 (2004)
12. Le-Zakharov, A.A., Krivtsov, A.M.: Molecular dynamics investigation of heat conduction in
crystals with defects. Dokl. Phys. 53, 261–264 (2008)
13. Chang, C.W., Okawa, D., Garcia, H., Majumdar, A., Zettl, A.: Breakdown of fourier’s law in
nanotube thermal conductors. Phys. Rev. Lett. 101, 075903 (2008)
14. Xu, X., Pereira, L.F., Wang, Y., Wu, J., Zhang, K., Zhao, X., Bae, S., Bui, C.T., Xie, R., Thong,
J.T., Hong, B.H., Loh, K.P., Donadio, D., Li, B., Ozyilmaz, B.: Length-dependent thermal
conductivity in suspended single-layer graphene. Nat. Commun. 5, 3689 (2014)
15. Hsiao, T.K., Huang, B.W., Chang, H.K., Liou, S.C., Chu, M.W., Lee, S.C., Chang, C.W.:
Micron-scale ballistic thermal conduction and suppressed thermal conductivity in heterogeneously interfaced nanowires. Phys. Rev. B 91, 035406 (2015)
16. Kannan, V., Dhar, A., Lebowitz, J.L.: Nonequilibrium stationary state of a harmonic crystal
with alternating masses. Phys. Rev. E 85, 041118 (2012)
17. Dhar, A., Dandekar, R.: Heat transport and current fluctuations in harmonic crystals. Physica
A 418, 49–64 (2015)
18. Rieder, Z., Lebowitz, J.L., Lieb, E.: Properties of a harmonic crystal in a stationary nonequilibrium state. J. Math. Phys. 8, 1073–1078 (1967)
19. Rubin, R.J.: Momentum autocorrelation functions and energy transport in harmonic crystals
containing isotopic defects. Phys. Rev. 131, 964–989 (1963)
20. Gendelman, O.V., Shvartsman, R., Madar, B., Savin, A.V.: Nonstationary heat conduction in
one-dimensional models with substrate potential. Phys. Rev. E 85, 011105 (2012)
21. Gusev, A.A., Lurie, S.A.: Wave-relaxation duality of heat propagation in Fermi-Pasta-Ulam
chains. Mod. Phys. Lett. B 26, 1250145 (2012)
22. Guzev, M.A.: The Fourier law for a one-dimensional crystal. Far East. Math. J. (1), 34–39
(2018)
23. Krivtsov, A.M.: Heat transfer in infinite harmonic one-dimensional crystals. Dokl. Phys. 60,
407–411 (2015)
24. Chandrasekharaiah, D.S.: Hyperbolic thermoelasticity: a review of recent literature. Appl.
Mech. Rev 39, 355–376 (1986)
25. Tzou, D.Y.: Macro- to Microscale Heat Transfer: The Lagging Behavior, 566 p. Wiley (2015)
26. Poletkin, K.V., Gurzadyan, G.G., Shang, J., Kulish, V.: Ultrafast heat transfer on nanoscale in
thin gold films. Appl. Phys. B 107, 137–143 (2012)
27. Indeitsev, D.A., Osipova, E.V.: A two-temperature model of optical excitation of acoustic waves
in conductors. Dokl. Phys. 62(3), 136–140 (2017)
28. Lepri, S., Mejia-Monasterio, C., Politi, A.: A stochastic model of anomalous heat transport:
analytical solution of the steady state. J. Phys. A Math. Theor. 42, 025001, 15 p. (2009)
29. Lepri, S., Mejia-Monasterio, C., Politi, A.: Nonequilibrium dynamics of a stochastic model of
anomalous heat transport. J. Phys. A: Math. Theor. 43, 065002, 22 p. (2010)
30. Delfini, L., Lepri, S., Livi, R., Mejia-Monasterio, C., Politi, A.: Nonequilibrium dynamics of
a stochastic model of anomalous heat transport: numerical analysis. J. Phys. A Math. Theor.
43, 145001, 16 p. (2009)
31. Krivtsov, A.M.: Dynamics of energy characteristics in one-dimensional crystal. In: Procedings
of XXXIV Summer School “Advanced Problems in Mechanics”, St.-Petersburg, Russia, 2007,
pp. 261–273. ISBN 5-98883-009-9

358

A. Krivtsov

32. Krivtsov, A.M.: Energy oscillations in a one-dimensional crystal. Dokl. Phys. 59, 427–430
(2014)
33. Krivtsov, A.M.: On unsteady heat conduction in a harmonic crystal (2015). ArXiv:1509.02506
34. Born, M., Huang, K.: Dynamical Theory of Crystal Lattices, 432 p. Clarendon Press, Oxford
(1954)
35. Gavrilov, S.N., Krivtsov, A.M., Tsvetkov, D.V.: Heat transfer in a one-dimensional harmonic
crystal in a viscous environment subjected to an external heat supply. In: Continuum Mechanics
and Thermodynamics (2018)
36. Manvi, R., Duvall, G.E., Lowell, S.C.: Finite amplitude longitudinal waves in lattices. Int. J.
Mech. Sci. 11, 1 (1969)
37. Holian, B.L., Straub, G.K.: Molecular dynamics of shock waves in one-dimensional chains.
Phys. Rev. B 18, 1593 (1978)
38. Abramowitz, M., Stegun, I.A.: Handbook of Mathematical Functions with Formulas, Graphs,
and Mathematical Tables, 1046 p. U. S. Government Printing Office (1972)
39. Polyanin, A.D., Nazaikinskii, V.E.: Handbook of Linear Partial Differential Equations for
Engineers and Scientists, 2nd edn, 1632 p. CRC Press, Boca Raton-London (2016)
40. Babenkov, M.B., Krivtsov, A.M., Tsvetkov, D.V.: Unsteady heat conduction processes in a
harmonic crystal with a substrate potential. In: Proceedings of XXIV ICTAM, 21–26 August
2016, Montreal, Canada, 2440–2441 (2016)
41. Shoby, K., Yoshida, T., Mori, H.: Dynamic properties of one-dimensional harmonic liquids. II,
Prog. Theoret. Phys. 66, 1160–1168 (1981)
42. Kuzkin, V.A., Krivtsov, A.M.: Fast and slow thermal processes in harmonic scalar lattices. J.
Phys. Condens. Matter 29, 505401, 14 p. (2017)
43. Kuzkin, V.A.: Fast and slow thermal processes in harmonic crystals with polyatomic lattice.
Arxiv preprint(2018). ArXiv:1808.00504
44. Hoover, W.G.: Molecular dynamics. In: Lecture Notes in Physics, vol. 258, 324 p. SpringerVerlag (1986)
45. Holian, B.L., Hoover, W.G., Posch, H.A.: Resolution of Loschmidt’s paradox: the origin of
irreversible behavior in reversible atomistic dynamics. Phys. Rev. Lett. 59, 10–13 (1987)
46. Gendelman, O.V., Savin, A.V.: Nonstationary heat conduction in one-dimensional chains with
conserved momentum. Phys. Rev. E 81, 020103 (2010)
47. Dhar, A.: Heat conduction in the disordered harmonic chain revisited. Phys. Rev. Lett. 86,
5882–5885 (2001)
48. Hoover, W.G., Hoover, C.G.: Hamiltonian thermostats fail to promote heat flow. Commun.
Nonlinear Sci. Numer. Simulat. 18, 3365–3372 (2013)
49. Kachman, T.: Master-degree thesis under supervision of O. V. Gendelman, 187 p., Technion,
Izrael (2011)
50. Tzou, D.Y.: The generalized lagging responce in small scale and high rate heating. Int. J. Mass
Transf. 38, 3231–3240 (1995)
51. Rubin, R.J., Greer, W.L.: Abnormal lattice thermal conductivity of a one-dimensional, harmonic, isotopically disordered crystal. J. Math. Phys. 12, 1686–1701 (1971)
52. Babenkov, M.B., Ivanova, E.A.: Analysis of the wave propagation processes in heat transfer
problems of the hyperbolic type. Contin. Mech. Thermodyn. 26, 483–502 (2014)
53. Sokolov, A.A., Krivtsov, A.M., Müller, W.H.: Localized heat perturbation in harmonic 1D
crystals: solutions for an equation of anomalous heat conduction. Phys. Mesomech. 20(3),
305–310 (2017)
54. Krivtsov, A.M., Kuzkin, V.A.: Discrete and continuum thermomechanics. In: Encyclopedia of
Continuum Mechanics, 16 p (2018)
55. Goldstein, R.V., Morozov, N.F.: Mechanics of deformation and fracture of nanomaterials and
nanotechnology. Phys. Mesomech. 10, 235–246 (2007)
56. Shtukin, L.V., Berinskii, I.E., Indeitsev, D.A., Morozov, N.F., Skubov, D.Y.: Electromechanical
models of nanoresonators. Phys. Mesomech. 19(3), 248–254 (2016)

