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Properties of a Harmonic Crystal in a Stationary
Nonequilibrium State*

Z. RiEDER, J. L. Lesowirz, AND E. Lien?
Belfer Graduate School of Science, Yeshiva University, New York, New York

Tl hi > T2
; L

T, and Ty, N being the number of oscillators, We also find explicitly the covariance matrix, but not the
distribution, for the case where the interaction between the system and the reservoirs is represented by
very “hard” collisions. This matrix differs from that for the previous case only by a trivial factor. The heat
flux in the stationary state is found, as expected, to be proportional to the temperature difference (T, — Ty)
rather than to the temperature gradient (7, — 7y)/N. The kinetic temperature of the jth oscillator T(j)
behaves, however, in an unexpected fashion. T(j) is essentially constant in the interior of the chain
decreasing exponentially in the direction of the hotter reservoir rising only at the end oscillator. in contact
with that reservoir (with corresponding behavior at the other end of the chain). No explanation is offered

for this paradoxical result.
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The heat flux in the stationary state is found to be
proportional to the temperature difference (7; — Ty)
rather than to the temperature gradient (7; — Ty)/N.
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_ HapyweHune 3akoHa Pypbe B UAEaNbHbIX

KPUCTANNNYECKUX CTPYKTYpPaX

h = —xVT

TenmoBoM MOTOK Temneparypa
TermnonpoBOaIHOCTD

O630pHasa cmames (cnycmsa 33 200a):

3aKkoH Pypbe: BbI3OB AN TEOPETUKOB.

Fourier’s law: A challenge for theorists

Bonetto, Rey-Bellet, Lebowitz, 2000

In Mathematical physics, Imperial college press, London
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Ultrafast Flash Thermal Conductance of Molecular Chains

Zhaohui Wangl’:, Jeffrey A. Carterl’;, Alexei Lagutchevl’;, Yee Kan KohZ, Nak-Hyun Seongl’;,
David G. Cahill> and Dana D. Dlott+31
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ABSTRACT

At the level of individual molecules, familiar concepts of heat transport no longer apply. When large
amounts of heat are transported through a molecule, a crucial process in molecular electronic
devices, energy is carried by discrete molecular vibrational excitations. We studied heat transport
through self-assembled monolayers of long-chain hydrocarbon molecules anchored to a gold
substrate by ultrafast heating of the gold with a femtosecond laser pulse. When the heat reached the
methyl groups at the chain ends, a nonlinear coherent vibrational spectroscopy technique detected
the resulting thermally induced disorder. The flow of heat into the chains was limited by the interface
conductance. The leading edge of the heat burst traveled ballistically along the chains at a velocity of
1 kilometer per second. The molecular conductance per chain was 50 picowatts per kelvin.
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Breakdown of Fourier’s Law in Nanotube Thermal Conductors

C. W. C]l:lng*l‘l:” D. Okawa,' H. Garcia,' A. MEilelTldill'..l;'J and A. Zeul'>4*
'.{Jc*;mmm’nr of Physics, University of California at Berkeley, California 94720, USA
*Center of Integrated Nanomechanical Svstems, University of California at Berkelev, California 94720, USA
Departments of Mechanical Engineering and Materials Science and Engineering,
*University of California at Berkelev, California 94720, USA
*Materials Sciences Division, Lawrence Berkeley National Laboratory, Berkeley, California 94720, USA
(Received 11 March 2008; revised manuscript received 9 July 2008; published 15 August 2008)

We present experimental evidence that the room temperature thermal conductivity () of individual
multiwalled carbon and boron-nitride nanotubes does not obey Fourier’s empirical law of thermal
conduction. Because of isotopic disorder, x’s of carbon nanotubes and boron-nitride nanotubes show
dii'l“{:rcn@l dependence behaviorODMoreover, for these systems we find that Fourier’s law is violated
even when the phonon mean free path 1s much shorter than the sample length.
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in Nanotube Thermal Conductors
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PRL 101, 075903 (2008)

Thermal conductivity of individual C
and BN nanotubes does not obey
Fourier’s law of thermal conduction. __— Ballistic conductor

Because of isotopic disorder, thermal
conductivity of C and BN nanotubes
show different length dependence
behavior.
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a3BUTHE HAHOTEXHOIOTHI B 0603pUMOM Gy IyIeM
MTO3BOJIUT ITOJTy4aTh CBEPXYHCThIe Oe31edeKTHhIe
MaTepHaJIbl, CBOMCTBA KOTOPBIX OYyAyT KapAWUHAIHHO
OT/TMYATHCS OT CBOMCTB OOBIYHBIX MATEPUAJIOB:

* Teoperuyeckas MpPOYHOCTH (MprMep — rpadeH)
* TertoBast CBepXIIPOBOAUMOCTS (HapylleHue 3akoHa Pyphe)
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Measurement of the Elastic
Properties and Intrinsic Strength
of Monolayer Graphene

Changgu Lee,*? Xiaoding Wei,* Jeffrey W. Kysar,™> James Hone™?**

We measured the elastic properties and intrinsic breakir

ae-standing monolayer
graphene membranes by nanomdentahon in an atomic . 7

WY || 1
respectwely The breakmg strength i "'-i'
defect-free sheet. These quantities correspord
third-order elastic stiffness of D = —2.0 terapasca
for bulk graphite. These experiments establish grap
and show that atomically perfect nanoscale materials ca
well beyond the linear regime.

%G5, = 130 gigapascals
material ever measured,
lly tested to deformations




Bonpoc:

Ecnu 3akoH Pypbe He BBIMTOTHSETCS, TO KaKOU
ATBTePHATUBHBIN 3aKOH JO/DKEH UCII0/Ib30BATHCS
ZL71s1 OTTMCAHUSA PACIIPOCTPAHEHUS TerIa?

MokeT i1 3TOT 3aKOH OBITh HEIIOCPEACTBEHHO
BbIBE/I€H U3 YPABHEHUM JIBUKEHHS aTOMOB?
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Knaecnyeckasa v rnfiepboanyeckan
Tena10nNpPoOBOAHOCTH

3akoH Pypre ,
h =—krT".

HenmocTarku: MrHOBeHHO€e pacpoCTpaHeHHe CUTHAJIA,
OeCKOHEeYHbIe ITIOTOKHU.

3aKOH pacIrpocTpaHeHus Teria MakcBesia-
Karraneo-Bepuorra (MKB)

th+h = —rgT".

[IpenmymiecTBO: HaTUYME TETUIOBOTO PPOHTA;
HEeZOCTATOK: CJIOKHOCTh GU3NYECKOU MHTEPIPeTallh!
BpeMeHHU pelaKCcalluu 7T .
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Knaccnyeckasa v rvnepbonnueckan
TenaonpoBOAHOCTM

banaHc BHyTpeHHeU sHepruu
' /
U=-h", U~T.
Knaccndeckoe ypaBHeHHEe TEIIONIPOBOLHOCTHU
T = BT".

[Mnepboryeckoe ypaBHEHHE TEILIOMPOBOIHOCTH
MakcBenna-Karraneo-Bepuorra (MKB)

T +T = BT".



33/la4a 0 3aTyxaHUU =
- CMHycouaanbHOro

TENJ1I0BOro BO3MYLLEHUA

Ha4vanpHOe pacnpezeneHre TeMIiepaTyphl

To = Agsinkz + B = T = A(t)sinkz + B.

OnHOMepPHBIN TAPMOHUYECKU KPUCTAJLIT:
HeMOHOTOHHOE CTeIleHHOe 3aTyXaHue ~ 12,

Q.2
3axon Pypre: A(t) = Age K1
(MOHOTOHHOE SKCIIOHEHIA/IbHOE 3aTyXaHUe).

L
3akon MKB: A(t) = Age™ 2 cos (kct)
(HeMOHOTOHHOE SKCIIOHEHIIMA/IbHOE 3aTyXaHUe).



A.M. Krivtsov, 2015, ArXiv:1509.02506

B 1D rapmoHMn4YecKkom Kpucrtanne

YpaBHeHUSs ABKEHUS:

Uy = o (U, — 20, +Uy,y) @, =+/C/m,

U, — nepeMeneHne 4acTurbl, /77 — Macca 4aCTHLIBI, (' — 5KecTKOCTb CBSI3H.

O OMNEGTNQNVMNOMN@MB O NS
Ha4vanbHbIe yC/10BUA: ciTydaiHast

. BCJIIMYNHA
uk‘tzo =0, uk‘tzo - G(X)'Ok’

p [ HC3aBUCHMBbIC CH}TIaﬁHLIC BCIUYHHBI C HVYJICBBIM MATOXHIAHHCM H C,JHHPFIHOfI
qucriepcue; O — JUCICPCHS HAYaIbHBIX CKOPOCTEH YaCTHULL, ABIAKOLIAACA MEIJICHHO
M3MEHSIOMIEHCS  ()YHKIMEH TPOCTPAHCTBEHHON KOOPAMHATHL, X = Al — TPOCTPAHCTBEHHAS
KOOpAauHaTta, d — Ha4YaJIbHOC PacCTOSAHHC MEKIY COCCAHUMH YaCTHLIAMMH.
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* OnpepeneHue
kp(—1)"0,(z) = m{iyi,)

def defp‘|‘q
n—=—q—p, L —= —7— 9 a,

kp — mocrosinHas boJjbiiMaHa, n — KOBapHUaIMOHHBIN HHIEKC,

T — IPOCTPAHCTBCHHAS KOOPAMHATA, (...) — MATOXUJAHUC.

u =497 P , 5
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Temriepartypbl
"Mpup=q Gy(z) = -m(uy) =T,
n =20, r = pa

kp — mocrosinHas boJjbiiMaHa, n — KOBapHUaIMOHHBIN HHIEKC,

T — IPOCTPAHCTBCHHAS KOOPAMHATA, (...) — MATOXUJAHUC.




U%LquMeypaBHE\HM AQna .
- HenoKa/sbHOW TemnepaTypbl

KoBapualMOHHBIM AaHA/TU3

(mnddepeHIIIpOBaHMEe KOBApHUAIIUI C UCIIO/Ib30BAHUEM
ypaBHeHMU IBIKeHus; Rieder, Lebowitz, Lieb; 1967)

BupuanpHOoe npubmmKeHne
(BeIpa)KeHMe KoBapHaLii zedpopMalvii yepes
KOBapHaluu ckopocteit; P. Knaysnyc; 1870)

JI TMHHOBOJIHOBOE ITPUOIMKEeHHE

(pasno)keHue B psifi IT0 IIPOCTPAHCTBEHHOM
nepeMeHHO; M. bopH; 1915)



HeNoKaibHOM TemnepaTypbl

uddepeHIInaTbHO-Pa3HOCTHOE YPaBHEHUE
2) 1.2 " __
0 + 1€ (Qn—l — 20, + 9n+1) =0
C — CKOPOCTb 3BYKA.

Ha4vasibHble ycioBus

Onli=0 = To(z)0y,, O i—0 = 0,

0, =1 npu n = 0 u pasno nymo npu n # 0.



~ FipeobpazoBaHne ®ypbe = — K
VpaBHEHME LLenoyYku ana obpasos

uddepeHIInaTbHO-Pa3HOCTHOE YPaBHEHUE
0, = 1C R (Qn—l — 20, + 9n+1)

C — CKOPOCTDL 3ByKa, K — BOJIHOBOE YHCJIO.
Ha4vasibHble ycioBus

Onlt=0 = To(K£)0n,  Onlt=0 =0,

0, =1 npu n = 0 u pasno nymo npu n # 0.
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PeweHue anan =0: (7 =6,)
BripakaeTcst uepes ¢pyHkimio beccesns 1 poga
T(k) = To(k)Jy(ckt).

C — CKOPOCTb 3BYKa, K — BOJIHOBOE YHUCJIO.

HNuddepeniiuanbHoe ypaBHeHUe beccesist naer:

o 1 = .
T+ ET — —*K°T.



Haya/ibHYO 3a4a4y A1 TeMmnepaTypbl

* IudpdepeHiinaibHOEe ypaBHEHUE

. 1.
T—I—ZT:cQT”,

C — CKOPOCTbH 3BYKA.

® HadasbHbIe ycioBUs

T‘t:() — TO(-‘l?) ; T‘t:() = 0.
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KWHETUYECKON TemnepaTypbl

HavanpHas 3amada
. 1. :
T+ -T = cT", Tl—o =To(z), Tl =0.

C — CKOpPOCTH 3BYKA.

HMHTerpanbHoe pelieHue
1 (" To(x — c7)

— dr.
T )t Vi2— 12

T(t,z) =



Dypre MKB 1D kpucramnn
. 1. .1 .
a) T = BT" T+ -T = B T+ -T=cT"
T T t
.1 S|
b) h=—\T h+—h=—2T" | hot=h=—kpplT
T T t
2 t cos (kct— T
c) e Pr7t e 2 cos (kct) Jo(kct) ~ (%mt )
> Tplzx—s _ 52 e t Tolx—ct
d) | [ Bt tds | [% Bt s)To(x —s)ds | L[, f/iz_,rz) d

(a) ypaBHeHme pacrnpocrpasenus teiia, (b) ypapHeHHe CBsi3U TEIUIOBOIO MOTOKA U TeMIIePaTyPHhl,
(c) 3aKOH 3aryXxaHus CHHYCOMIAILHOIO TEILIOBOr0 BO3Mylenusi, (d) pernieHue ypasuenus (a) zyisi
3a/IJAHHOIO HAYaJILHOrO pacupenenerus remieparypsl 1o (z). Obo3nadenus: ¢ — Bpems (mepemeH-
Hasi), T — BpeMs pejakcaiuu (KOHCTaHTa), 3 — TeMIeparypoinpoBOIHOCTb, X — TEIIONPOBOIHOCTD,
¢ — BOJIHOBAsA CKOPOCTb, p — ILIOTHOCTh, kp — mocrosanasa boabnmana, Jy — dpyuknua beccessa
(anmpokcumarus Jy coorBercreyer 60sbimM Bpemeram), @(t, s) — sipo MHTErpaabHOro npeodbpa-
30BAHMA B BUJIE KOMOMHAIMHU CIIEIAAJIbHBIX (DYHKIUI,

.
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BO3MYLLUEHME TemnepaTypbl

[Sa)

Ty(z) = Asinkz + B ii\&—//% =

Pelltenue:

s Temneparypa: 1 (t,x) = AJy(kct) sinkx + B

* [loTok: h(t,r) = —kpcAJy(kct) cos kx
Jo, J; — dynknnn Beccest.

k —1ocrosinHast BoJibliMaHa, p — IJIOTHOCTh, ¢ — CKOPOCTH 3BYKA.
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NONYMNPOCTPAHCTBA
(nepexo0 mernsna om 2opa4Ye2o K X0100HOMY)

To(r) = Anpux < 0, nnave Ty(z) = 0.

Pemenue npu || < ct:

® TeMHepaTYPai T(ta L ) — % alCCOs %
e [ToTOK: h(t SU) ]fﬂA \/CQtQ 2

k —tnocrognunag BoJsblMana, p — IJIOTHOCTB, ¢ — CKOPOCTH 3BYKA.
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TeruioBbie IPOLECCHI B CBePXYUCTHIX MaTepUAIaX
KapAUHAIbHO OT/IMYAIOTCS OT POLLeCCOB B MaTepraiax C
3arpsi3HeHUSIMU U TepeKTaMU.

CroxacTudeckye 3a1a49H JJIsl IIPOCTEeHIINX TUCKPETHBIX
Ccpes MOTYT ObITh CBeJIeHbI K IeTEPMUHHUPOBAHHBIM 3a/Ia49aM
17151 0000IITeHHBIX TUCKPETHBIX Cpe.

PaCHpOCTpaHeHI/Ie TEIlJ/Id B NA€a/IbHbIX OAHOMEPDHDBIX
FAPpMOHHWYECKHUX KPHUCTA/IJIAX OITUChIBACTCSA
HE€ABTOHOMHbBIMH YPABHEHHWSAMMA B /1A

1 . 9 : 1

. e alll : /
~T=cT", h+-h=—kpc*T
t l

CBepxBbICOKASI CKOPOCTb TepeZlaum TeTla U HUYTOXKHOE

TEIIOBOE COIIPOTHUBJ/IEHHUE ITO3BOJIAIOT TOBOPHUTD O TEeIIOBOU
CBEPXITPOBOAVMOCTH B CBEPXYHNCTbIX KPUCTAJIJIAX.
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