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Abstract—We consider an approach to the derivation of thermodynamic equations of state by averaging the dynamic equations of particles of the crystal lattice. Microscopic analogs of macroscopic
variables such as pressure, volume, and thermal energy are introduced. An analysis of the introduced
variables together with the equations of motion permits obtaining the equation of state. Earlier, this
approach was used to obtain the equation of state in the Mie–Grüneisen form for a one-dimensional
lattice. The aim of this paper is to develop and generalize this approach to the three-dimensional
case. As a result, we obtain the dependence of the Grüneisen function on the volume, which is
compared with the computations performed according to well-known models with experimental data
taken into account. It is proved that the Grüneisen coeﬃcient substantially depends on the form of
the strain state. Moreover, we reﬁne the equation of state; namely, we show that the Grüneisen
coeﬃcient depends on the thermal energy, but this dependence in the three-dimensional case is
much weaker than in the one-dimensional case. A reﬁned equation of state containing a nonlinear
dependence on the thermal energy is obtained.
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1. INTRODUCTION
The problem of deriving equations of state for condensed matter with admissible accuracy in a
suﬃciently wide range of thermal actions and mechanical loads is still a complicated and hard-tosolve problem of modern physics. The fundamental laws of nature such as the ﬁrst and second laws
of thermodynamics and the principle of material objectivity permit obtaining only some restrictions on
the structure of the constitutive equations [1, 2], and the remaining ambiguity in the construction of
equations of state is still rather large. As a result, the empirical equations of state used in practice
in application software packages can often lead to instabilities of various kind and physically wrong
results [3].
In such a situation, it is extremely useful to develop models in which the equations of state can be
obtained analytically with some accuracy. In practice, the Mie–Grüneisen equation is often used, in
which the dependence of the pressure p on the thermal energy ET is assumed to be linear [4],
Γ(V )ET
,
V
where V is the volume. As a rule, methods of statistical physics are used to obtain Γ(V ), which is
called the Grüneisen function. Here the key role is played by the assumption that the interatomic
interactions are linear. An expression for the Grüneisen function was obtained for a one-dimensional
lattice in [5]. It the three-dimensional case, Γ(V ) can be expressed via the so-called “cold curve” (i.e., via
the dependence p0 (V )) [6–8]. For the cold curve, there are many analytic expressions and experimental
data [4, 9, 10]. In [11], the results obtained by using the models [6–8] are written in general form
by introducing a parameter such that all above-listed models are obtained for diﬀerent values of this
p = p(V, ET ) = p0 (V ) +
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parameter. Moreover, as shown in [4], the desired dependence Γ(V ) is signiﬁcantly diﬀerent for diﬀerent
models. In [12], it was noted that this dependence holds only for isotropic structures or structures with
cubic symmetry. In the general case, it is necessary to take into account the tensor properties of the
Grüneisen coeﬃcient. Moreover, the use of these methods in the case of an anharmonic interaction
potential is a very hard problem, which is not solved yet. A qualitative estimate of the inﬂuence of the
anharmonic terms can be found in [4].
An alternative approach based on the assumption that a solid is a set of interacting particles moving
according to the laws of classical mechanics has been intensively developed in the last years because of
increasing interest in studying the mechanical behavior of nanostructure systems [13–16]. By averaging
the equations of particle dynamics, one can derive the macroscopic equation of state; this was shown
in [17–19] on the example of a one-dimensional crystal. In [17–19], the microscopic counterparts of
pressure, thermal energy, and other macroscopic variables were introduced for discrete systems. Then
these variables were averaged over time and expanded in series in a small parameter characterizing the
thermal motion. Thus, the Mie–Grüneisen equation of state was derived for a one-dimensional lattice
and the dependence of the Grüneisen coeﬃcient on the speciﬁc volume was computed. It was also shown
that the Mie–Grüneisen equation of state cannot be used in the case of strong tensile strains, and a
reﬁned equation of state was obtained for this case.
In the present paper, we generalize and develop the approaches in [17, 18]. We consider a set of
particles forming an ideal crystal lattice in spaces of various dimension, which permits generalizing the
equations earlier constructed in [17, 18] for one-dimensional crystals. We determine the dependence of
the Grüneisen coeﬃcient on the volume and show that the form of this dependence is determined by
the strain state of the crystal. The Grüneisen function thus obtained is compared with the results of
computations according to known models with experimental data taken into account. Moreover, the
equation of state is also reﬁned.
2. BASIC ASSUMPTIONS AND NOTATION
Consider an ideal inﬁnite monocrystal in a space of dimension 1, 2, or 3. We only deal with crystals of
simple structure (i.e., crystals that do not change under parallel translation by a vector connecting any
two nodes of the crystal lattice). The interatomic interaction is described by a pairwise central potential;
by way an example, we consider the Lennard–Jones, Mie, and Morse potentials.
We introduce the time averaging operator
1
f (t) =
T

T
f (t) dt,
0

where T is a time interval much greater than the characteristic period of atomic vibrations in the lattice.
In addition to time averaging, it is expedient to introduce averaging over the space (to increase the
approximation accuracy), but here, for simplicity, we do not perform this averaging. Then any variable f
can be represented as the sum of the averaged component f  slowly varying in time and the oscillatory
component f˜, f = f  + f˜, rapidly varying in time. We assume that the oscillatory component is small
compared with the averaged component.
We also assume that the averaged variables obey the long-wave approximation [20] according to
which the variations in these variables at distances of the order of the distance between neighboring
particles are small. This allows us to assume that this distance is a small parameter in which the averaged
equations can be expanded in a series.
Let us introduce the basic notation [19]. We choose some original particle and number all particles
interacting with it by the index α. By aα we denote the vector connecting the original particle with particle α in the reference (undeformed) conﬁguration. The same vector in the actual (deformed) conﬁguration
is represented as the sum of the time-averaged component Aα and the oscillatory component Ãα . We
also introduce the speciﬁc volume V per particle in the actual conﬁguration. In the case of bulk strain of
a densely packed crystal lattice, it can be computed by the formula
√
5−d d
A ,
V =
2
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where A is the lattice spacing (the distance between nearest atoms) and d is the space dimension. The
Cauchy stress tensor is determined by the formula in [19] generalized to the case of nonzero thermal
motion,
1 
τ=
Aα Fα (Aα + Ãα ),
(2.1)
2V α
where Fα is the force exerted by the particle α on the particle under study. The expressions for the Cauchy
and Piola stress tensors for discrete systems without thermal motion taken into account were obtained
in [19]. Let us present a similar derivation with thermal motion taken into account.
We write out the averaged equation of motion for a particle (which will be called the original particle)
and transform it as follows:


1
Fα  =
F−α  =
Fα + F−α ,
(2.2)
mü =
2 α
α
α
where u is the averaged displacement of the particle. Consider the particle with index −α in the
numbering related to the original particle. For this particle, we construct a similar numbering, where
the original particle has index α. Then, by denoting the position vector of the reference particle in the
undeformed conﬁguration by r and by applying Newton’s third law, we can write
Fα (r − aα ) = −F−α (r).

(2.3)

By averaging this expression and by applying the long-wave approximation, we obtain
˚ α (r),
F−α (r) ≈ −Fα (r) + aα · ∇F

(2.4)

˚ is the nabla operator in the reference conﬁguration. By substituting formula (2.4) into Eq. (2.2)
where ∇
and by dividing both sides by the volume V0 of the elementary cell in the reference conﬁguration, we
obtain

m
˚· 1
aα Fα , ρ0 =
.
(2.5)
ρ0 ü = ∇
2V0 α
V0
Let us compare this expression with the continuum dynamic equation in the Piola form [24]. One can
readily see that the expression for the Piola stress tensor has the form
1 
aα Fα .
(2.6)
P =
2V0 α
Now let us obtain the expression for the Cauchy stress tensor. Consider the vectors aα and Aα . Let R(r)
be the position vector of the reference particle in the actual conﬁguration. Then, in the long-wave
approximation, we have
˚
Aα = R(r + aα ) − R(r) ≈ aα · ∇R.

(2.7)

By applying the well-known relation [24]
V0 ˚ T
∇R · P
V
between the Cauchy and Piola tensors and formula (2.7), we obtain formula (2.1) for the Cauchy stress
tensor.
For convenience, in what follows we represent Fα in the form
τ =

Π (A)
,
(2.8)
A
where Π is the potential of interaction between these two particles and A is the modulus of the vector A.
We rewrite expression (2.1) using formula (2.8),
1 
1 
Φα Aα Aα −
Aα Φ̃α Ãα .
(2.9)
τ =−
2V σ
2V α
F(A) = −Φ(A2 )A,
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For the obtained Cauchy stress tensor to be symmetric, it is necessary that both tensors on the righthand side in (2.9) be symmetric. It is well known that the symmetry of the Cauchy tensor follows from
the momentum balance equation for an elementary volume of the continuum. In the case under study,
the role of elementary volume is played by an elementary cell of the crystal lattice. Let us write out the
equilibrium condition for the elementary cell. Then we calculate the moments of forces with respect to
the cell center determined by the vector R:

 
ũ ×
F̃α = 0.
(2.10)
α

Using the long-wave approximation, one can readily show that


 
1
Ãα × F̃α  =
Aα × Φ̃α Ãα  = 0.
F̃α ≈ −
ũ ×
2 α
α
α
It follows from the last formula that the tensor


α

(2.11)

Aα Φ˜α Ãα , as well as the Cauchy tensor determined

by formula (2.1), is symmetric. Note that in the absence of the thermal motion formula (2.1) for the stress
tensor coincides with the result obtained in [21].
Let us introduce the speciﬁc thermal energy ET per particle. By the thermal energy we mean the
part of internal energy corresponding to the chaotic motion of particles. The speciﬁc thermal energy
can be represented as the sum of two components, the kinetic energy KT and the potential energy UT ,
determined by the formulas
1
1
Π(|Aα + Ãα |) − Π(Aα ),
(2.12)
KT = mũ˙ 2 , UT =
2
2 α
where Aα is the modulus of the vector Aα .
3. SERIES EXPANSION. THE FIRST APPROXIMATION
Following the above approach to the derivation of the equations of state, we expand the expressions (2.1) and (2.12) in series in the small parameter Ãα characterizing the thermal motion.
To expand the kinetic component of the thermal energy, we make transformations similar to those
used in the proof of the virial theorem [22],
1
ũ  =
T

T

˙2

0

T

˙ũ2 dt = 1 (ũ˙ · ũ) − 1
ũ · F̃α ,
T
m α
0

¨ =  F̃α . Assuming that the displacements and velocities
where we have used the equation of motion mũ
α

of points are bounded, we neglect the ﬁrst term on the right-hand side in the obtained formula because
of its smallness for large T . Then we obtain
1
1
ũ · F̃α .
(3.1)
KT = mũ˙ 2  = −
2
2 α
By expanding Fα = F(Aα + Ãα ) in a series in the small oscillatory component Ãα and by preserving
the terms up to the order of Ã2α inclusively, we obtain
1 
(3.2)
Φ(A2α )E + 2Φ (A2α )Aα Aα ·· Ãα Ãα .
KT = −
4 α
When deriving formula (3.2), we have used the identity
ũÃα S = − 12 Ãα Ãα .
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To prove this identity, consider the tensor Ãα Ãα . By uα we denote the oscillatory component of the
displacement of the atom α. Obviously, we have
Ãα = ũα − ũ.

(3.4)

We express Ãα Ãα  via ũα and ũ and obtain
Ãα Ãα  = 2ũũ − 2ũũα S .

(3.5)

Here we have used the fact that ũũ ≡ ũα ũα , because the state of the crystal lattice under study is
homogeneous. Identity (3.3) follows directly from (3.4) and (3.5).
Now consider Ã2α , i.e., the trace of the tensor Ãα Ãα . Formula (3.5) implies that
Ã2α  = 2ũ2  − 2ũ · ũα .

(3.6)

Let us show that, when deriving the equation of state, we can assume that Ã2α  is independent of α.
The ﬁrst term in formula (3.6), i.e., the displacement dispersion ũ2 , is indeed independent of α.
But the second term, i.e., the correlation ũ · ũα , in general depends on α. This dependence can be
insigniﬁcant for atoms belonging to the same coordination sphere, but for atoms belonging to diﬀerent
coordination spheres the correlations diﬀer signiﬁcantly; namely, their modulus must decrease with
increasing radius of the sphere. But we can still neglect the dependence of Ã2α  on α because of the
following considerations. First, the correlation modulus is less than the dispersion, ũ · ũα  < ũ2 ,
and possibly signiﬁcantly less. Second, the largest contribution to the equation of state comes from the
terms corresponding to the ﬁrst coordination sphere. The error in determining Ã2α  for the subsequent
coordination spheres is multiplied by small factors corresponding to the rapid decay of the interatomic
interaction and hence does not contribute signiﬁcantly to the error in the equation of state.
The expansion of the potential component of the thermal energy deﬁned by formula (2.12) gives the
expression identical to (3.2), so that in our approximation we obtain
KT = UT =

1
ET ,
2

which, on the other hand, is a straightforward consequence of the virial theorem [22].
Let us introduce the thermal stress tensor τT as follows:

1 
Φ(A2α )Aα Aα .
τT = τ − τ0 , τ0 = τ Ãα =0 = −
2V α

(3.7)

For the thermal stress tensor, we use an expansion similar to that considered above and obtain the
system of equations
1  
2Φα Aα EAα + Φα Aα Aα E + Φα Aα Aα Aα Aα ·· Ãα Ãα ,
τT = −
2V α
(3.8)
1 

(n)
(n)
2
Φα E + 2Φα Aα Aα ·· Ãα Ãα , Φα = Φ (Aα ).
ET = −
2 α
To obtain the constitutive equation in explicit form, one should make some assumption about the
structure of the tensor Ãα Ãα . We assume that this is a spherical tensor independent of α. Note
that, strictly speaking, the second of these assumptions is not satisﬁed if one considers more than one
coordination sphere. But, as was shown above, this does not lead to a signiﬁcant error in the equations
of state obtained below. Thus, under the cited assumptions, the tensor Ãα Ãα  can be represented as
Ãα Ãα  =

1 2
κ E,
d

κ2 = Ã2α .

(3.9)

This representation allows completely specifying the thermal state in an elementary volume by a single
scalar parameter, which permits relating the obtained results to the classical thermodynamics, where the
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role of this parameter is played by temperature (or thermal energy). Using (3.9), we rewrite Eqs. (3.8) as
κ2 
τT = −
[(d + 2)Φα + 3Φα A2α ]Aα Aα ,
2dV α
(3.10)
κ2 
 2
(dΦα + 2Φα Aα ).
ET = −
2d α
4. MIE–GRÜNEISEN EQUATION OF STATE
Consider the classical Mie–Grüneisen equation of state
ET
.
(4.1)
V
Here p0 is the “cold pressure” and Γ is the dimensionless Grüneisen coeﬃcient. According to (4.1), both
variables are functions of the speciﬁc volume V alone. Let us ﬁnd the relation between the pressure, the
thermal energy, and the speciﬁc volume in our case. We deﬁne the total, cold, and thermal pressure by
the formulas
1
1
1
p = − tr τ, p0 = − tr τ0 , pT = − tr τT .
d
d
d
Then, by using (3.7) and by eliminating κ2 from system (3.10), we readily obtain the relation between
the pressure and the thermal energy in the form (4.1), where

[(d + 2)Φα A2α + 2Φα A4α ]

1
α
2

.
(4.2)
Φα Aα , Γ = −
p0 =
2V d α
d (dΦα + 2Φα A2α )
p = p0 (V ) + pT (V, ET ),

pT (V, ET ) = Γ(V )

α

It follows from (4.2) that in general the cold pressure and the Grüneisen coeﬃcient depend on the total
strain (rather than on its bulk component, as is usually assumed). The dependence of the Grüneisen
coeﬃcient on the form of the strain state will be considered below.
Now consider the case of bulk strain. Then we have
Aα = θaα,

θ=

V
V0

1/d

,

where V0 is the reference value of the speciﬁc volume. In what follows, it is convenient to pass from
summation over atoms to summation over the coordination spheres. As a result, formulas (4.2) become
n

Nk [(d + 2)Φk A2k + 2Φk A4k ]
n

1
k=1
2
,
(4.3)
Nk Φk Ak , Γ = −
p0 =
n

2V0 dθ d
k=1
d
Nk (dΦk + 2Φk A2k )
k=1

where n is the number of coordination spheres, Nk is the number of atoms on the kth coordination
sphere, Ak = ρk Rθ is the radius of the kth coordination sphere, the numbers ρk = Ak /A1 are dimensionless lattice constants, R is the radius of the ﬁrst coordination sphere in the reference conﬁguration,
(n)
and Φk = Φ(n) (A2k ). If only the nearest neighbor interaction in the crystal lattice is taken into account,
then, using deﬁnition (2.8) of the functions Φ(A2 ), we can rewrite formulas (4.3) in the form
p0 = −

M
Π (A)A,
2V0 dθ d

Γ=−

1 Π (A)A2 + (d − 1)[Π (A)A − Π (A)]
,
2d
Π (A)A + (d − 1)Π (A)

(4.4)

where M is the coordination number1) and A = Rθ. If the reference state of the lattice is unstressed,
then for formula (4.4) we obtain R ≡ a, where a is the bond distance (the equilibrium distance in a twoatom system). Note that, according to (4.4), the Grüneisen coeﬃcient does not in any way depend on the
structure of the crystal lattice (provided that the interaction is restricted to the ﬁrst coordination sphere).
1)

The number of nearest neighbors of an atom in the lattice.
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5. IMPORTANT SPECIAL CASES
In what follows, we present the formulas for three classical interaction potentials and the expressions
for the cold pressure computed for them by the ﬁrst formula in (4.4):
The Lennard–Jones potential
12

a
r

Π(r) = D

a
r

−2

6

⇒

6M D −12
(θ
− θ −6 ).
dV0 θ d

p0 =

The Mie potential
Π(r) =

a
D
m
n−m
r

n

m

a
r

−n

⇒

p0 =

mnM D
(θ −n − θ −m ).
2d(n − m)V0 θ d

The Morse potential
Π(r) = D[e2α(a−r) − 2eα(a−r) ]

⇒

p0 =

αaM D 2αa(1−θ)
[e
− 2eαa(1−θ) ].
dV0 θ d−1

Here D is the binding energy, a is the bond distance, α is a parameter characterizing the potential well
width, and m and n are parameters of the Mie potential. In what follows, we present formulas for the
Grüneisen coeﬃcient computed for the above potentials by the second formula in (4.4).
For the Lennard–Jones potential,
Γ=

1 4(8 − d)θ 6 − 7(14 − d)
.
d (8 − d)θ 6 − (14 − d)

For the Mie potential,
1 (n + 2)(n − d + 2)θ m−n − (m + 2)(m − d + 2)
.
2d
(n − d + 2)θ m−n − (m − d + 2)

Γ=

(5.1)

For the Morse potential,
Γ=

1 eαa(1−θ) (4α2 a2 θ 2 − 2d1 αaθ − d1 ) − (α2 a2 θ 2 − d1 αaθ − d1 )
,
2d
eαa(1−θ) (2αaθ − d1 ) − (αaθ − d1 )

d1 = d − 1,

θ=

V
V0

1/d

(5.2)

.

The Grüneisen coeﬃcient Γ0 computed for V = V0 (θ = 1) is of great practical importance, because the
dependence on the volume is often neglected in engineering computations. (For small volume variations,
this simpliﬁcation is often quite reasonable.)
For the Lennard–Jones potential,
Γ0 =

1
11
− ,
d
2

d=3

⇒

Γ0 =

19
≈ 3.17.
6

(5.3)

For the Mie potential,
Γ0 =

1
m+n+4
− ,
2d
2

d=3

⇒

Γ0 =

n+m+1
.
6

(5.4)

For the Morse potential,
1
3αa + 1
3αa − 2
− , d = 3 ⇒ Γ0 =
.
(5.5)
2d
2
6
Note that the values of Γ0 for the Lennard–Jones and Morse potentials coincide for αa = 7 (regardless
of the space dimension). According to the above formulas, the value of the Grüneisen coeﬃcient
rapidly decays with increasing space dimension. For example, for the Lennard–Jones potential we have
d = 1 ⇒ Γ0 = 10.5, d = 2 ⇒ Γ0 = 5, and d = 3 ⇒ Γ0 ≈ 3.17.
Since the values of Γ0 were experimentally obtained for many materials [9], formulas (5.2)–(5.4) for
d = 3 can be used to choose the parameters of the potential from known experimental data.
Γ0 =
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Fig. 1.

6. COMPARISON WITH CLASSICAL MODELS
There are many substantially diﬀerent approaches to determining the Grüneisen coeﬃcient. The
models proposed in [6–8] are used most frequently. The comparison performed in [11] showed that all
models proposed above can be reduced to the generalized form
Γ(V ) = −

V d2 (p0 V n )/dV 2
4 − 3n
−
,
6
2 d(p0 V n )/dV

(6.1)

where p0 is the “cold” pressure, V is the elementary cell volume, and n is the model parameter equal
to 0, 2/3, and 4/3 for [6–8], respectively. Thus, the Grüneisen coeﬃcient in these models is determined
on the basis of the so-called “cold curve,” i.e., the dependence p0 (V ). This curve in a small range of
volumes can relatively easily be obtained from experiments. However, as was shown in [4], the Grüneisen
functions constructed on the basis of the above models diﬀer signiﬁcantly, and there is still no ﬁnal answer
to the question as to which of the models is preferable.
By substituting the expression (4.4) for the pressure into (6.1), we obtain Γ(V /V0 ). In Fig. 1,
we present the dependencies Γ(V /V0 ) for αa = 6 for various values of the parameter n. The curves
corresponding to the models [6–8] and to the proposed model are denoted on the graph by A1–A4,
respectively. The graphs corresponding to the proposed model and the model [8] are practically indistinguishable. In [8], the free volume theory was used to consider the vibrations of atoms in a spherically
symmetric ﬁeld of their neighbors. Such a model approximately corresponds to vibrations of an atom in
an elementary cell of a crystal with ﬁxed neighbors. By using the ﬁrst formula in (4.4) for p0 (V ), one can
show that formula (6.1) with n = 4/3 gives precisely the same dependence Γ(V ) as the second formula
in (4.4). Thus, if only the nearest neighbor interaction is taken into account, then our model gives the
same result as the model [8]. If the subsequent coordination spheres are taken into account, then the
results will be diﬀerent.
Let us compare our results with those obtained in [23] on the basis of classical models with experimental data taken into account. In Figs. 2 and 3, we present the graphs of the dependence Γ(V /V0 ),
which are computed by formula (5.1) and illustrate the data given in [22] for several metals with a facecentered cubic lattice. Curves A1 (solid line) and A2 (dashed line) in Fig. 2 correspond to the dependence
of the Grüneisen coeﬃcient on the volume of aluminum and lead proposed in the present paper, while
curves B1 (squares) and B2 (triangles) correspond to similar dependencies given in [23]. The same
curves for nickel (C1 (dash-dotted line) and D1 (triangles)) and for copper (C2 (dashed line) and D2
(squares)) are shown in Fig. 3.
The values of the parameter αa were chosen so that the values of Γ0 coincide with the values
presented in [23].
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Fig. 2.

Fig. 3.

For aluminum and lead, the coincidence is rather good; the error does not exceed 4%. For nickel and
copper, there are rather signiﬁcant distinctions; the error does not exceed 18%.
7. SERIES EXPANSION. THE SECOND APPROXIMATION
An analysis of formula (4.4) shows that its denominator is zero for some value of the volume, and
this means that the Grüneisen function has a singularity. This result was obtained in [17] for a onedimensional model in which the singular point corresponds to the case of critical extension of the lattice.
In [17], it was shown that by preserving the fourth-order terms in the expansions of the thermal pressure
and the thermal energy one can obtain a new equation of state without any singularities. By using
formula (4.4), one can show that in the two- and three-dimensional cases the strain at which the
Grüneisen coeﬃcient becomes inﬁnite is somewhat greater than the critical strain; i.e., such a strain
cannot be realized in practice. However, for large tensile strains and especially for near-critical strains,
the Grüneisen equation can give a large error, and hence it is necessary to study the inﬂuence of the
fourth-order terms in the expansions of the thermal pressure and the thermal energy.
Consider the tensors Ãα Ãα , Ãα Ãα Ãα , and Ãα Ãα Ãα Ãα . By deﬁnition, they have the property
MECHANICS OF SOLIDS

Vol. 46

No. 3

2011

396

KRIVTSOV, KUZ’KIN

of absolute symmetry, i.e., are invariant under any permutation of the vectors occurring in them. We
assume that these tensors are isotropic, because the thermal motion is chaotic. Then Ãα Ãα Ãα  ≡ 0,
just as for any isotropic absolutely symmetric tensor of odd rank [19]. By expanding the expressions for
the tensors of thermal stress (2.1) and thermal energy (2.12), (3.1) into series and by preserving the
fourth-order terms, we obtain
τT = τ1 + τ2 , ET = E1 + E2 ,
1 
(3Φα Aα Aα EE + 12Φα Aα EAα E + 12Φ
τ2 = −
α Aα Aα Aα Aα E
12V α

+ 8Φ
α Aα EAα Aα + 4Φα Aα Aα Aα Aα Aα Aα ) ····Ãα Ãα Ãα Ãα ,


3 
4
A
A
A
A
Φα EE + 4Φα Aα Aα E + Φ
E2 = −
α α α α ····Ãα Ãα Ãα Ãα ,
8 α
3 α

(7.1)

(7.2)
(7.3)

Φα(n) = Φ(n) (A2α ).
Here τ1 and E1 are determined by the ﬁrst approximation formulas (3.7). Every isotropic absolutely
symmetric tensor of rank four can be represented in the form [19]
Ãα Ãα Ãα Ãα  =

λκ4
(EE + ek Eek + ek en ek en ),
d(d + 2)

λκ4 = Ã4α ,

(7.4)

where the ek are the unit vectors of some Cartesian basis, the summation is performed over the repeated
indices k and n from 1 to d, κ2 is determined by formula (3.9), and λ is a dimensionless coeﬃcient. By
using (7.4), we reduce Eqs. (7.2) and (7.3) to the form

λκ4
2
 4
[(d + 2)(d + 4)Φα + 4(d + 4)Φ
(7.5)
τ2 = −
α Aα + 4Φα Aα ]Aα Aα ,
4d(d + 2)V α
3λκ4  
4
4
4
Φ
Φα + Φα A2α +
(7.6)
E2 = −
α Aα .
8
d
d(d
+
2)
α
As a result, relations (7.1) with the use of formulas (3.10) for τ1 and E1 and formulas (7.5) and (7.6)
for τ2 and E2 lead to the system of equations
pT = f1 κ2 + f2 λκ4 ,

ET = f3 κ2 + f4 λκ4 ,

(7.7)

where the functions fi can be obtained from relations (3.10), (7.5), and (7.6):
1 
[(d + 2)Φα A2α + 2Φα A4α ],
f1 =
2d2 V α

1
4
 6
[(d + 2)(d + 4)Φα A2α + 4(d + 4)Φ
f2 =
α Aα + 4Φα Aα ],
2
4d (d + 2)V α
1 
(dΦα + 3Φα A2α ),
f3 = −
2d α
3  
4
4
Φ A4 .
Φα + Φα A2α +
f4 = −
8 α
d
d(d + 2) α α
Following the argument in the one-dimensional case [18, 19], we assume that the parameter λ can be
approximately treated as a constant. This is conﬁrmed by computations by the method of molecular
dynamics, where it was shown that λ is practically independent of the thermal energy and volume. For
the Lennard–Jones potential and d = 3, numerical computations give λ ≈ 1.7. Now, by eliminating the
variable κ from system (7.7), we obtain the following equation of state:


 f
1
2
2
(f2 f3 − f1 f4 ) f3 − f3 + 4λf4 ET +
ET .
(7.8)
pT =
f4
2λf42
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Fig. 4.

This equation is qualitatively diﬀerent from the Mie–Grüneisen equation, where the linear dependence
on the thermal energy is assumed.
By setting λ = 1.7, we construct the dependence pT (ET ) for the Lennard–Jones potential for various
values of the bulk strain. Curves A1 and A2 (solid line) in Fig. 4 correspond to the Mie–Grüneisen
equation of state for V /V0 = 0.9 and V /V0 = 1.1; curves B1 (squares) and B2 (circles) correspond
to the speciﬁed equation of state (7.8) for V /V0 = 0.9 and V /V0 = 1.1. By Eq. (4.1), the Grüneisen
function characterizes the slope of the dependence pT (ET ). Figure 4 shows that the function pT (ET )
is practically linear, and hence the Grüneisen coeﬃcient in the proposed mode weakly depends on the
thermal energy. The maximal error of the Mie–Grüneisen equation in the thermal energy range under
study is approximately 10%.
8. DEPENDENCE OF THE GRÜNEISEN COEFFICIENT ON THE STRAIN STATE
Earlier, it was noted that the Grüneisen coeﬃcient must generally depend on the total strain tensor
rather than on its spherical part (the volume variation). Let us estimate the inﬂuence of the shear strain
on the Grüneisen coeﬃcient.
Consider the case of small strains. We expand Eq. (4.2) in a series in the small parameter
(2/a2 )aα aα ·· ε, where ε is the small strain tensor. In this case, we have the representation [19]
A2α = a2α + 2aα aα ·· ε.
By expanding Eq. (4.2) in a series and by preserving the terms up to the second order of magnitude,
we obtain

1 
aα aα ·· ε + η2
aα aα aα aα ····εε ,
(8.1)
Γ(ε) = Γ(0) 1 + η1
2
α
α
where the coeﬃcients η1 and η2 are determined by the parameters of the interaction potential. For the
most widely used simple lattices, the tensor aα aα is spherical, and hence in the ﬁrst approximation the
Grüneisen coeﬃcient determined by formula (8.1) depends only on the bulk strain. However, the second
approximation already depends on the shape change strain. For simplicity, we illustrate this fact by a
two-dimensional triangular lattice in the case of nearest neighbor interaction. In this case, the tensors
contained in (8.1) are isotropic and have the form [19]


3
aα aα = 3a2 E,
aα aα aα aα = a4 (EE + ek Eek + ek en ek en ),
(8.2)
4
α
α
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Fig. 5.

where a = |aα | and ek are the unit vectors of some Cartesian basis and the summation is performed over
repeated Latin indices from 1 to 2. By substituting (8.1) into (8.2), we obtain
Γ(ε) = Γ(0)(1 + 3η1 a tr ε +

4 2
3
4 η2 a tr ε

+ 34 η2 a4 dev ε ·· dev ε).

Here tr ε and dev ε are the strain tensor trace and deviator, respectively. In the ﬁrst approximation, the
trace describes the volume variation tr ε ≈ V /V0 − 1, and the deviator characterizes the shape change
under constant volume (shear strains). Therefore, the deviation from the bulk strain aﬀects the value of
the Grüneisen coeﬃcient. We use an example to show that, in the case of large strains, these deviations
can signiﬁcantly change the Grüneisen coeﬃcient.
Consider a two-dimensional crystal with a triangular lattice under a uniaxial strain along one of its
crystallographic axes. Such a strain state is implemented, for example, in slabbing fracture problems.
Denoting the relative strain by δ, we readily obtain the following expression for Aα :

A1 = A−1 = aδ, A2 = A−2 = A3 = A−3 = a 3 + 12 (1 − δ)2 .
The graphs of Γ(V ) for two diﬀerent strain modes, the bulk and uniaxial strains, is presented in Fig. 5
(curves A1 (solid line) and A2 (dashed line), respectively. These graphs show that for large strains the
Grüneisen coeﬃcient signiﬁcantly depends on the strain mode. This fact must be taken into account in
experiments.
9. CONCLUSION
In this paper, we generalize the approach to determining equations of state suggested in [17, 18].
We show that this approach permits obtaining not only equations in the Mie–Grüneisen form, but also
more precise equations that are nonlinear in the thermal energy and take into account shear strains. In
the ﬁrst approximation, we obtain the Mie–Grüneisen equation and determine the dependence of the
Grüneisen function on the volume. In the case where only the nearest neighbors are taken into account,
the obtained results agree with the free volume theory [8]. We show that for large strains the Grüneisen
function signiﬁcantly depends on the form of the deformed state. One should take into account this fact
in experiments. The following qualitative distinction from the one-dimensional case was discovered: the
singular point of the Grüneisen function is displaced into the region of unrealizable strains. Therefore,
in the two- and three-dimensional cases, the Mie–Grüneisen equation (4.1) need not be modiﬁed. In
the thermal energy range under study, the maximum error in Eq. (4.1) is approximately 10%, which is
quite admissible in a majority of applications. But it should be noted that, for large degrees of matter
compression at which the Mie–Grüneisen equation is used as a rule, the thermal energy can vary
in much wider ranges than those considered in the present paper. Therefore, the error in the Mie–
Grüneisen equation can be signiﬁcantly larger. This problem requires more detailed study and is beyond
the framework of this paper.
MECHANICS OF SOLIDS

Vol. 46 No. 3 2011

DERIVATION OF EQUATIONS OF STATE FOR IDEAL CRYSTALS OF SIMPLE STRUCTURE 399

ACKNOWLEDGMENTS
This research was supported by the Russian Foundation for Basic Research under project No. 0801-00865-a.
REFERENCES
1. V. A. Palmov, Vibrations of Elasto-Plastic Bodies (Nauka, Moscow, 1976; Springer, Berlin, 1998).
2. P. A. Zhilin, “Mathematical Theory of Inelastic Bodies,” Uspekhi Mekh. 2 (4), 3–36 (2003).
3. S. B. Segletes, “Thermodynamic Stability of the Mie–Grüneisen Equation of State and Its Relevance to
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