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In this work the energy transfer in a one-dimensional harmonic crystal is investigated. In particular, a
comparison between the discrete approach presented by Klein, Prigogine, and Hemmer with the contin-
uum approach presented by Krivtsov is made. In the pioneering work of Klein and Prigogine the trans-
fer of thermal energy is considered. In particular, an expression is obtained, which allows to calculate
the thermal energy of each particle as a function of time. Later, Hemmer derived and used similar ex-
pressions to solve several particular problems in context of heat conduction. In the work of Krivtsov—in
contrast to the discrete approach—a partial differential continuum equation is derived from the lattice dy-
namics of a 1D harmonic crystal. This so-called ballistic heat equation describes the propagation of heat
at a finite speed in a continuous one-dimensional medium. The current work compares analyses based
on the discrete equation of Klein, Prigogine, and Hemmer with those from the continuum-PDE-based one
by Krivtsov. There is an important difference between the approaches. The continuum approach is de-
rived from the dynamics of the crystal lattice, in which only kinetic degrees of freedom were excited and
then thermal equilibration occurred. In contrast to that we consider in the discrete approach explicitly
given equal kinetic and potential initial energies. Several exactly solvable initial problems are studied by
using both methods. The problem of point perturbation shows a discrepancy in the results obtained in
the framework of the continuous and discrete approaches. It is caused by the fact that the smoothness
conditions of the initial perturbation is violated for the continuum approach. For other problems it is
shown that at large spatial scales, where the one-dimensional crystal can be considered as a continuous
medium, the discrete and the continuum relations converge. The asymptotic behavior of the difference
between two aforementioned approaches is analyzed.

© 2021 Elsevier Ltd. All rights reserved.

1. Introduction

in a 1D chain. A formula, which determines the evolution of ini-
tial distribution of individual particles’ energies, was obtained. Af-

The one-dimensional chain is a very instructive object for in-
vestigating properties of crystals on the micro- and nanoscale. It
allows to derive all statistical quantities analytically from the dy-
namics of the lattice. One of the first pioneering papers where the
one-dimensional chain was examined goes back to Schrédinger in
1914, [1]. An exact solution for the displacements of particles for
an arbitrary initial configuration in terms of Bessel functions was
obtained. It was observed that unlike to the case of signals in an
elastic string the perturbations in the one-dimensional harmonic
chain propagate at an infinite speed.

Later these results were used by Klein and Prigogine [2] for
the description of stochastic non-equilibrium transient processes
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terwards, in 1959, Hemmer obtained a similar expression [3] and
illustrated some important aspects of this process based on the ex-
ample of several initial value problems. Hemmer pointed out that
the process described by this formula is not consistent with the
classical law of Fourier. However, no continuum based alternatives
were proposed at that time. In several later works including [4,5] it
was shown that, indeed, the heat flow in a one-dimensional har-
monic crystal cannot be described by Fourier’s law in the station-
ary non-equilibrium case. Since then, discrete systems were con-
sidered by many authors as an attractive model for the investiga-
tion of heat conduction [6-12]. However, a number of questions
regarding continuum description remain to be addressed.
Recently, a continuum based approach was proposed by
Krivtsov in [13,14]. This approach is aimed at building contin-
uum models of heat conduction based on lattice dynamics. In the
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last years this approach was extensively developed for more com-
plex systems [15-22]. It was shown by Krivtsov that in the one-
dimensional chain two different types of processes occur, namely
(a) fast motions [13], when the kinetic and potential energies equi-
librate, and (b) slow motions [14], when the temperature propa-
gates along the spatial coordinate. By using covariance analysis an
equation for the generalized nonlocal temperatures was obtained
from the lattice dynamics, and after spatial continualization a con-
tinuum equation for the temperature was obtained in [14]. This
equation describes the propagation of heat in a one-dimensional
chain at a finite speed (this is a “slow” process (b)). The finite sig-
nal speed in this model does not contradict the results showing in-
finite speed of mechanical signals in discrete systems [1,3,7] since
in the derivation of Krivtsov [14] coarse graining of the initial dis-
crete model is performed. The model introduced in [14] is a rel-
evant model for the description of the ballistic heat process on a
continuum scale. However, it lacks the ability to describe several
phenomena observed on the discrete level.

The aim of the presenting work is to consider the process of
heat conduction in a 1D crystal from the viewpoints of two ap-
proaches: the continuum and the discrete one. In order to illus-
trate the differences and the similarities of the approaches, several
initial problems are considered.

2. One-dimensional harmonic chain

The harmonic chain allows us to investigate anomalous heat
conduction phenomena in a simple and powerful manner. Fol-
lowing on to the work [14] we consider an infinite harmonic
chain. Each particle with mass m is connected to its neighbors by
Hookean springs with stiffnesses C. The equation for the particle
motion reads in nearest neighbor approximation:

. C
lin = W3 (Un_1 — 2Up + Upyr), a)oz‘la, (1)

where up is the displacements of the particle with index n, dot
(...) denotes a derivative with respect to time t. Let us consider the
chain described by (1) with the following stochastic initial condi-
tions:

unlt:O = 0’ un't:O = O'(X),On, (2)

where p;, are independent random variables with zero mathemat-
ical expectation {p) =0 and unit variance {p2) =1 (see for de-
tails Ref. [14]); o (x) is the smooth function of a spatial coordinate
x = an; o2 is the variance of the initial particle velocity; a is a dis-
tance between neighboring particles at the equilibrium. Such initial
conditions can be implemented by an ultrafast laser heating [23].

For a spatially homogeneous problem o (x) = const, after the
beginning of the process described by Eq. (1) and the initial con-
ditions (2), the kinetic and potential energies of each particle os-
cillate, until they eventually tend to an equal value. These oscilla-
tions decay according to a power law (for an analytical explanation
see [13,22] and Section 5 in this work). At large times, t > 27 /wq
the energies can be assumed equal. We will now explain this pro-
cess in more detail.

Following [13,14,24] we introduce the kinetic, potential, and to-
tal specific (per particle) energies, K,, P, E, of a particle, respec-
tively:

K= gm{iZ). Po=2C(ed),
where €, = uy — up, 1 (this definition is after works [1,3]), and (...)
is the mathematical expectation value. At the initial moment, t = 0,
the displacements and deformations are zero, and the velocities
are assigned randomly to the particles, according to Eq. (2). There-
fore the initial kinetic energy K9 = Ky|;—o will be equal to the total

En:I<n+Pn, (3)
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energy, and the potential initial energy PO = Py|,—g is zero:
K0 =E, P’=o0. (4)

The kinetic and potential energies will equilibrate at large times:
Knles2r jwp = Pales2r/wy- New equilibrated energies can be in-

troduced Kneq = Knles27 /g Pneq = Palts27/wy- Thus, the following
equality holds:

E
K$9 = pfd = =3 (5)
After this transition process the kinetic temperature can be defined
proportional to the kinetic energy:
1 def E
EkBTn =K = 7” (6)
where kg is the Boltzmann constant. Note that the definition of
temperature in non-equilibrium is a classical challenge that has
received considerable attention in the community [25-28]. The
equality kgT = E, which follows from (6), corresponds to the de-
scription of a classical harmonic oscillator in contact with a heat
bath of temperature T (see Appendix B). Alternatively to the def-
inition (6) one can assume each particle to be at local quasi-
equilibrium with its surroundings and, following the considera-
tions from Appendix B, define the temperature as proportional to
the total energy kgT = E. This case, however, is beyond the scope
of this work.

2.1. The continuum approach of Krivtsov [14]

Recall the equation of motion (1) and the initial conditions (2).
In case of a spatially nonhomogeneous problem, o (x) # const and
when o (x) is a smooth function, the following equation, which de-
scribes the dynamics of the kinetic temperature field T (x, t) can be
derived based on the analysis of equations of motions (1) (see for
details [29]):
1
t
Here c is the speed of sound in the one-dimensional crystal, prime

(...)" denotes derivative with respect to spatial coordinate x. In the
framework of the continuum model we assume that

T+ -T=cT", € = wpd. (7)

 the spatial coordinate x is continuous, x € R;
« the relation following from (6),

kT (x) = E(x) (8)
is considered to hold for all values of the spatial coordinate x.

The initial conditions which follow from the stochastic initial
conditions (2) are used with Eq. (7):

Tle—o = TO(x), T|—o = 0, 9)

where TO(x) is the initial temperature profile. The initial condi-
tions (9) for the PDE (7) are the consequence of the initial condi-
tions (2) for the Eq. (1) of lattice dynamics. A solution for this ini-
tial value problem (7), (9) can be found in the following form [24]:

1 2
1 [ T%(x — cts) 1 0 p
T(x,t) = P ﬁds_ E/T (X+ctcos i)dp. (10)
. 0

The second relation for the kinetic temperature in (10) shows that
there is no singularity, which by premature judgment of the form
of Eq. (7) seems to occur at t = 0.

In the case when o (x) is a slowly varying function of coordi-
nate, first, at each point in space, thermal equilibration occurs lo-
cally, similar to the one described above for the spatially homo-
geneous problem. The initial kinetic temperature T° is defined as
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proportional to the kinetic energy (5) that is reached after equili-
bration:
70 — 2K€d _ maz.
kB ZkB

Let us comment on the term “initial” used in Eq. (11). Strictly
speaking, the relation (8) holds only for large times. However, in
Eq. (11) we assume Eq. (5) valid from the very beginning of the
process. This assumption is an approximation.

To summarize, there are limitations to (7). The continuous ap-
proach implicitly assumes that

(11)

o the process of thermal equilibration in the case of slowly vary-
ing o (x) is close to the one observed in the case of constant
o (x);

 the ballistic heat Eq. (7) becomes valid only for large times after
equilibration, i.e., when (8) holds.

2.2. The discrete approach

Following on to the works [2,3] the infinite system of equations
of motion (1) is considered. The following quantities [1] are intro-
duced (they are called Schrddinger coordinates in [3]):

def 1. def ~1
Eon Emitn, Exnyr € CF(Un — Ungr). (12)

It is seen (for more details see [1,2]) that the system of Eq. (1) can
be solved in terms of (12), giving the solution

&n = Z 5,?]n4<(2w0f), (13)

k=—00

where J, is the Bessel function of the first kind, S,? are the values
of &, at the initial moment of time. Eq. (13) describes the evolution
of coordinates &, based on the deterministic initial values £9.

Following [2] let us now assume that the initial conditions &2
are random and obey (£0) =0, (£0&79) = 8 ,, where &, is the
Kronecker delta, since we are interested in the macroparameters
of the system, e.g., the temperature. Following [2] we introduce the
values

1,2
En= j(é}_n ). (14)

It was shown in [2,3] that the evolution of (14) can be described
by the relation

En(t) = i &k ant), (15)

k=—00

where £0 = 1( 0%} are the values of (14) at the initial moment of
time. From (14), (12), (3) follows that introduced values (14) are

connected with kinetic and potential respectively
Eon = Ky, 52n+1 =D (16)

Therefore, it is seen from Eq. (6) and the first equality
from (16) that the kinetic temperature T, of a particle with index
n can be calculated by use of (15),

keTy =26 =2 > &5, (2wot). (17)

k=—oc0

To summarize this section, two expressions describing the evo-
lution of initial temperature field are considered. One is a function
of time and spatial coordinate (10), the other is a function of time
and the particle index (17). We will further compare the tempera-
ture fields described by both equations using the examples of sev-
eral initial value problems.

Within the framework of the discrete approach, there are initial
values €9 and £9 ,, they correspond to kinetic and potential en-

2n+1’
ergies respectively of a particle with index n at the position x = an.
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As discussed above, the continuum approach implies local thermal
equilibration. Thus these initial values are assigned with an equal
value corresponding to the kinetic temperature in the continuum
model TO(x) at the coordinate x = an, i.e.,

& =&9.1 =ksT%(an)/2. (18)
3. Comparison of the approaches

In the next sections, we will consider several initial value prob-
lems (see Tab. 1) for the two aforementioned approaches.

The approaches are compared in dimensionless form. Equa-
tion (7) depends on the continuous coordinate x while (15) de-
pends on the dimensionless index n. A dimensionless coordinate is
chosen as X = x/a. In this case x matches the position of the parti-
cle with index n, namely x = an, then X = n. We choose t = wyt as
the dimensionless time. For the temperature we choose T = T/T,f,
where T is the background temperature.

3.1. The problem of point thermal perturbation

Continuum approach. Let us consider an initial localized in-
finitely narrow perturbation. For the continuum Eq. (7) the initial
conditions are modeled by the Dirac delta function & (x),

TO(x) = aATS (x). (19)
Substitution of the initial conditions (19) into the first relation
from (10) gives the solution of Eq. (7):
aAT H(ct — |x])

Ttz —x2
where #(x) is the Heaviside function. Eq. (20) in dimensionless
form reads:
H(T — [X])
w12 - X2

T(x,t) = (20)

TX1)= (21)
The total energy assigned to the system E™! at time t = 0, ac-
cording to initial conditions Egs. (20) and (8) is:

Emt:/ PEX) dx:/ pksATas (x)dx = ks AT, (22)

where p = 1/a is the number of particles per unit length.

Discrete approach.A similar problem at the discrete level is mod-
eled by the perturbation of the one kinetic and one potential de-
gree of freedom. Local equilibration is assumed. In this case, the
initial conditions are written

. kBAT

& 5 [8n0+ Bn1l. (23)

Note that the energy of the system is

EVt = 3" &0 = kpAT, (24)
n=-—o00

which agrees with (22). By substituting the initial condi-

tions (23) into Eq. (15) the solution reads [3]:

=82 ren + @0 (25)

The relation for the temperature is obtained by using Eq. (25) to-
gether with (17):

Ty = AT[J3,(2T) + 3, 127) ] (26)

By taking into account T..¢= AT, the dimensionless form
of (26) reads:

() = 3, 0) + 5,1 D). (27)

It is seen in Fig. 1 that the solution (27) has discrepancies with
continuum solution (21), especially near the wavefront X = t. The

&n
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Table 1
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Initial conditions for considered problems: point, step and rectangular initial profiles T°.

Point Step

Rectangular

Plot L j
AT

Continuum, T  ATad(x)

0,

Discrete, £9 Y AT[8n0 + 801l

0,

kAT,

1L

x>0 AT, —l=<x=<l

x<0 0, X<l x>1
n=0 BAT, —2N<n<2N+1
n<0 0, n<-2N,n>2N+1

L1072 .1072
5 10 \
47 - 115
3 [

e~

2 [
1 [
O | | | |

0 02 04 06 038 1

z/T
7 =250

Fig. 1. Comparison of continuum (21) (red line) and discrete (27) (blue connected crosses) solutions for an initial point thermal perturbation at different values of dimen-

sionless time 7.

continuum solution is an average curve for the discrete points. This
mismatch between the obtained solutions is due to the fact that on
the discrete level the function describing initial perturbation (23) is
not smooth in space. A rigorous comparison of point perturbations
deserves a separate consideration and is beyond the scope of this
work.

3.2. The heat step problem

Continuum approach The contact between a hot and a cold half-
space is investigated. For Eq. (7) this problem was first considered
in [14]. The problem is described by the following initial condi-
tions:

70 _ {AT, x>0,

0, x < 0. (28)

In [14] the solution of Eq. (7) with the initial conditions (28) was
obtained,

AT arccos (—g) |x| <ct,
T(x,t) = { AT, x> ct, (29)
0, X < —cCt.

Eq. (29) can be represented in dimensionless form as follows:

. L arccos (—%) X <,
T t)=11, >, (30)
0, X< —T1,

where the temperature is normalized by AT.
Discrete approach. Following the work [3], the initial problem,
corresponding to (28) is considered. According to (18),

€0 = LkgAT,
£0 =0,

n=0,

n<0. (31)

By substituting the initial conditions (31) into Eq. (15) the solution
is:

1 +00
En = EkBAT > JiQat). (32)
k=-n
By applying Egs. (17) to (32), the corresponding kinetic tempera-
tures are obtained:
+00
To=AT Y J2Quwot). (33)

k=—2n

In dimensionless form Eq. (33) reads:

+00
L= peo. (34)
k=-2n
Relation (34) can be transformed by using the relation 1=
J32T) +23 /2 J2(21) (see [30] pg. 363 for details) to avoid in-
finite summation:

I — {%(1 +B3QT)+ zz% l,g(zf)),
s-Beo-2547"Reo),
The solutions (30) and (34) are plotted in Fig. 2 for comparison.
The continuum equation (7) describes the propagation of heat with
finite speed. In the region X > 7 and % < —7 the original tempera-
ture distribution remains. It can be seen in Fig. 2 that the contin-
uum solution (30) has a pronounced wavefront which has vertical
tangent, a jump in the spatial derivative, and propagates at finite
speed. The discrete solution tends to converge to the continuum
one except for a region near the wavefront, where it detaches from
continuum curve and smoothly reaches the horizontal line (see in-
let Fig. 2).
It can be seen from Fig. 3 that on the large times, i.e., if the dis-
tance traveled by a thermal wave greatly exceeds the interatomic

n=>0,

n<0. (35)
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z

Fig. 2. Propagation of the heat front for the problem of a heat step for the continuum (30) (red solid line) and the discrete (34) (blue connected crosses) solutions at

different values of dimensionless time t.

distance, the solutions converge and the discrete and the contin-
uum solution become indistinguishable for an observer on that
scale.

3.3. Rectangular initial perturbation. Comparison on a large scale

Continuum approach. Let us consider a rectangular initial tem-
perature perturbation. It was considered in [31] in context with
the ballistic heat equation. The initial conditions are written as
T%(x) = AT for |x| <1, otherwise T9 = 0, where [ is the width of
the initial impulse. We are interested in the behavior at large
times. The solution for t > I/c, x > 0 is the following one [31]:

ct+1<x,
ct—l<x<ct+]1,
O<x<ct—1;

x—1
Iccos <,

T(x,t) = a
( arccos ¥ + arccos "C;t’)

0,
AT
T
AT
g

(36)

for x < 0 the solution is symmetric. Eq. (36) in dimensionless form
reads:

T4+1/a <’
TR 1) =

x+l/a

=:\~:~\~P

O0<X<t1-l/a
(37)

Discrete approach. On the discrete level the initial conditions
for the rectangular impulse are modeled as follows. The particles

a
(—arccos + arccos &L ey,

recos 12, T-lja<®<t+l/a,

with indices from —N to N are thermally excited, aN = [. Thus
thermal energies £0 with indices from —2N to 2N + 1 are excited.
The degree of freedom with index 2N + 1 is also excited, since we
want that the kinetic and the potential degrees of freedom are
both equally excited. The amplitude of perturbation %kBAT is cho-
sen to correspond to the initial conditions on to continuum level,
as it was done in the problem of step perturbation. In analogy
0 (31) the initial conditions for the discrete problem are written
as follows:

&0 = 1I<BAT —2N<k<2N+1,
-0 k<-2N, k>2N+1. (38)
The solution for the initial conditions (38) is:
1 2N+1
&= ikBAT > Qo). (39)
k=-2N

From Eq. (39) the temperature of a particle is calculated by using
formula (17):

2N+1
=AT Y [, (wot). (40)
k=-2N

The dimensionless form for the temperatures of particles with in-
dex n thus reads:

2N+1

To(r) = Y B kaot). (41)

k=-2N
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Fig. 3. Kinetic temperature profiles for the continuum (red solid line) and the discrete(blue connected crosses) solutions for the problem of heat step (upper row) and the
difference between discrete and continuum solutions (lower row) at different values of dimensionless time .

On large spatial scales the width of the initial rectangular pertur-
bation (38) tends to zero compared to the spatial scale of obser-
vation. In this context it is similar to the delta function (20). The
amount of energy stored in the system is:

2N+1
Eet = Y %kBAT - 4N2+11<BAT, (42)
—2N

In the following paragraph the solutions (41) and (37) are com-
pared. In order to keep the same amount of energy in both prob-
lems, the solution (41) is normalized by the amount of stored en-
ergy (42) when plotted in Fig. 4. It is seen from Fig. 4 that for
large times the discrete solution converges to the continuum one.
The initial rectangular perturbation for the discrete equation is fi-
nite, unlike for the delta function. Therefore, the discrete solution
has no singularity at the wavefront, unlike the continuum solution
for the delta function.

The formula (39), describing the propagation of rectangular ini-
tial perturbation within the discrete approach, is obtained in this
work by using the general solution from [3].

3.4. Rectangular initial perturbation. Comparison near the wavefront
Let us now compare the discrete solution (39) and the con-

tinuum one for an initial rectangular perturbation (36) near the
wavefront (see Fig. 5). The behavior of the solution (36) was dis-

cussed in detail in [31]. It was shown in [31] that the width of
the wavefront does not change in time and only depends on the
width of the initial perturbation. The continuum solution has verti-
cal tangents and jumps in the spatial derivative at points ¥ = 7 — N,
X=1+N.

Solutions for different initial width N at dimensionless time
T =400 are presented in Fig. 5. The spatial scale is normalized by
the width of the initial impulse. Analogous to the case discussed
in the section on the heat step perturbation, the discrete solution
detaches from the continuum one in the points where the contin-
uum solution has a vertical tangent and the spatial derivative has
a jump (see Fig. 5 (a)). However, if the initial perturbation is wider,
then the wavefront is observed on a bigger spatial scale, and this
deviation becomes almost indistinguishable (see Fig. 5 (b)).

4. Asymptotics

Eq. (17) shows that the solution of a discrete problem (as a
function of dimensionless time 7 and particle index n) is repre-
sented as a superposition of terms of the form ]%n_k(zr), where k
is integer. We will consider the asymptotic behavior of the basic
solution, k = 0,

Ty = J5,(27) (43)
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Fig. 4. Comparison of discrete (41) (blue connected crosses) and continuum (20) (red solid line) solutions at different values of dimensionless time t.
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Fig. 5. Comparison of discrete (41) (blue connected crosses) and continuum (36) (red solid line) solutions for different initial impulse half-width [ = aN.

for large distance n > T and near the wavefront n ~ t > 1. The
results obtained will also hold for solutions composed of a finite
number of terms in (17).

Large distance asymptotics The asymptotic representation of the
Bessel function of large index (see [32]) is given by

Jn(x) ~ e"(%)nn’zn’% (co + %1 + % + ) Co = l/m,
(44)

where x is the argument and n is the index. We take only first
term cg of the asymptotic expansion (44) into account. Applying
the expansion (44) to (43) gives

1
T.(t) =J3,21) ~ 2};64”r4"(2n)’4“’1. (45)
The dominating decay behavior from formula (45) is:
Ty ~ (2n)~4-1. (46)
From Eq. (46) it can be concluded that already at several inter-

atomic distances from the wavefront the perturbation is of the or-
der 10710,

Asymptotics near the wavefront We are interested in the asymp-
totics of (43) near the wavefront at large times. This corresponds

to n ~ t. The asymptotics of Bessel functions for near-equal index
and argument is given by Airy function Ai(x) (see [17] for details),

o= (3)"n( (2

Applying (47) to (43) gives the approximation of the wavefront

H(I)«z(;)N3AF((l>1B(2n21)), (48)

Eq. (48) allows further analysis. Airy function can be represented
by an approximation

1/3

m—m>+o@1) (47)

. 1 2,32
Ai(x) = ——x"14e 5", 49
W=5 = (49)
Substitution of (49) into (48) gives

1 82 732
S s A CRA T 50
4xf2nn,/1—r/nexp|: 3 n( ”) i| (50)

It is seen that for a fixed 7, for large n formula (50) gives

Tn(T) =

Ta(T) ~ %e‘B”, (51)
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Fig. 6. Plot of basic solution (43) (blue connected crosses), large distance asymptotics (45) (red connected points), approximation (50) plotted for n > t (green connected

points).

where A= (4v2m)~1, B=28+2/3 are the constants. In Fig. 6, the
basic solution (43), large distance asymptotics (45), and an approx-
imation by Airy function (48) are presented.

The speed of signal propagation described by the discrete
model is infinite, however, it is seen from (46) that on large dis-
tances the decay rate of the perturbation is very fast. In compar-
ison, the classical Fourier model, which also predicts an infinite
speed of signal propagation has an exponential decay rate, which is
slower. In the discrete model the major amount of energy is trans-
ferred with the speed of sound in the medium, which coincides
with the result of Krivtsov [14].

As seen from Fig. 6(a), an approximation Airy function (48) is
good near the wave-front, but not so accurate for description of
decay behavior ar large-distances. On the large distances the for-
mula (45) gives a better approximation as seen from Fig. 6(b) on a
logarithmic scale.

5. Equilibration of energies

Let us now follow the paper [13] and consider a situation, when
the crystal is uniformly heated at time zero. Only the kinetic de-
grees of freedom are excited. For the discrete problem (15) the ini-
tial conditions are written:

gr? =A¢ Z 8n.2k~ (52)
k=—oc0

By substituting (52) into (15) we obtain:

Ent) = AE Y J2 5 Quot). (53)

k=—o00
Let us consider the solution (53) only for even or odd indices. It
yields:

n is even,
n is odd.

_ AS Zkoi—ocjzc(zwot)a
&t = {AS Zzi_oofzim (2wot).

Let us consider the behavior of thermal energy associated with the
kinetic part, namely when n is even. An algebraic transformation
(see Appendix A) of the first relation from (54) yields,

(54)

En(0) = A Y B, Cant) = 5511+ Jo(dwon)] (55)

k=—oc0

and in the dimensionless form,

En(0) = 511 +o(4D)]

Formula (56) was first derived from the discrete considerations
in [2]. Formula (55) coincides with the formula derived in Ref. [13],
where it has been obtained from covariance based approach.

We will finally compare the result (55) with a result obtained
from computer simulations, a.k.a. Molecular Dynamics.

Numerical simulations Following [13,33] in the computer simula-
tions we solve Eq. (1) numerically. In order to obtain the numerical
solution we use the leap frog scheme:

(56)

AV = 0 (Ui, — 2Uig + Uiy &) AL,

Viky1 = Vik + AV, (57)
Ui ki1 = Uik + Vikp1 AL,

where in {...}; the first lower index refers to i-th particle, sec-
ond lower index refers to k-th timestep of simulation, At is the
timestep. We consider a chain with N particles in total and with

periodic boundary conditions,
Ug = UN. (58)

In our simulation we use a timestep of At = 0.01%. 401 parti-

Uy = Un+1,

cles and 10* realizations (samples). At timestep zero R realisations
(samples) of the system are generated. All particles have zero dis-
placements and random velocities corresponding to initial condi-
tions (2). The average over realizations (...) is used:

_ ZI::] y

) R (59)

where y is arbitrary quantity of interest, upper index {...}" refer to
value from r-th realization.

As seen explicitly from right hand side of Eq. (56) for a homo-
geneous problem behavior of kinetic energies does not depend on
index n. Therefore, for certainty, in numerical calculation we con-
sider the particle with index % and find the average (59) of it's
kinetic energy as a function of a discrete time ¢, = kAt:

B P %mvr,%l'k
(K1 (t)) = ———F——

In Fig. 7 the average kinetic energy of a (N +1)/2-th particle
(60) normalized to it's initial value at time zero (Ky.1),2(0)) and

(60)
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Fig. 7. Oscillations of kinetic energy. The red solid line refers to analytical expres-
sion (55), blue crosses are normalized kinetic energy (60) obtained from the simu-
lation.

kinetic energy calculated by analytical expression (56) are plotted.
As seen from Fig. 7 the potential and kinetic energies equilibrate,
which corresponds to the virial theorem and was shown for a 1D
crystal in [13]. In Ref. [18] this approach was extended to the de-
scription of such phenomena in 2D scalar lattices. However, it was
shown in [18] that, in general, equilibrium temperatures, corre-
sponding to different degrees of freedom of the unit cell, are not
equal. This fact led to formulation of a non-equipartition theorem
(see Ref. [18]).

To sum up this section, it has been demonstrated that three ap-
proaches: discrete (see Section 2.2 and Ref. [2,3]), continuum (see
Section 2.1 and Ref. [13]), and numerical lead to the same result
for the problem of a homogeneous initial perturbation. Potential
and kinetic energies oscillate according to formula (55) and tend
to equal value for large times. This result is consistent with the
general concepts of statistical mechanics.

6. Conclusions

In this work, the heat conduction in the 1D chain is investi-
gated. A comparison between the discrete approach from [2,3] and
the continuum PDE derived in [14] was made.

The continuum approach is based on excitation of only kinetic
lattice degrees of freedom, while initial potential degrees of free-
dom are zero. The function determining the amplitude of the ini-
tial perturbation is considered to be a smooth function of the spa-
tial coordinate. Such initial conditions lead to fast equilibration
between potential and kinetic energies locally in space. Strictly
speaking, the obtained continuum PDE becomes valid after this ini-
tial equilibration. However, within the framework of the proposed
continuum approach, the equilibration time is approximately as-
sumed to be infinitely small and the proposed PDE is considered
from the moment t = 0. On the other hand, the discrete approach
has no limitiations on the ratio between initial kinetic and poten-
tial energies. However, in order to compare the discrete approach
with the continuum one, we consider the initial kinetic and po-
tential energies to be explicitly equal for each particle respectively
within the framework of the discrete approach.

Examples of several initial profiles were considered. The prob-
lem of a point perturbation in a discrete system is of particular
interest since, strictly speaking, it does not satisfy the condition
of smoothness of the continuum model. As a result, discrepancies
between Kkinetic temperature fields in the discrete and continuum
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models are observed. A rigorous description of point sources con-
sistent with both approaches is beyond the scope of this paper.

For the rest of the considered problems, the discrepancy be-
tween the discrete and continuous approaches is also caused by
the nonsmoothness of the initial conditions. However, in this case,
the difference between approaches become indistinguishable when
considering the process on scales much larger than the equilibrium
distance between particles.

The discrete model [2,3] predicts infinite speed of signal propa-
gation, in contrast to the continuum model [14]. Therefore, from
the discrete viewpoint a localized initial perturbation causes an
instant change in the field at large distances far away from the
source. However, the asymptotical analysis of discrete model shows
that this change rapidly decays as the observer moves away from
the source and can be neglected on larger scales.

The obtained results help to understand the connection be-
tween the discrete and continuum description of heat conduction
in low dimensional structures and allow to choose the type of de-
scription, depending on the considered scale level.
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Appendix A. Representation of Bessel function of double
argument

According to Ref. [30] the following relation holds:

Jo@x) =J5x) +2) (D (0. (A1)
k=1

By adding and substituting 2} 2, jlf(x) from the right part of

Eq. (A.1) we obtain:

Jo@0) =R+ 23 1D + 112x) -2 k). (A2)
k=1 k=1

The factor (—1)¥+1 in front of the Bessel function in the second

term of (A.2) is equal to zero for odd values of k and to 2 for even
values of k. Applying the relation (see Ref. [30])

1= +2) k) (A3)
k=1

to Eq. (A.2) yields

Jo(2x) = =1+ 25 (x) +4)_J5.(0), (A4)

k=1
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and by taking into
SR )2, (x) it leads to:

account that J3(x) +2)72, /5, (%) =

> B = 51145 (20) (A3)

k=—c0
Appendix B. Mean energy of a harmonic oscillator
Let us consider the classical harmonic oscillator in 1D in a con-

tact with a heat bath at temperature T. The oscillator’s Hamilto-
nian is
2
p 1 2.2
H(q, p) = =— + =mw;q~,
(q.p) = 5+ 5mwnq

where p = mq is the momentum, q spatial coordinate of the oscil-
lator. The partition function for this system is [34]

Z= %/e*ﬂ”(q’p)dqdp,

(B.1)

(B.2)

where 8 = (kgT)~! is Boltzmann’s factor, h is Planck’s constant.
The integration is done over all possible values of coordinate q and
momentum p, and we denote here and further down [ = (% [ .
By substituting the Hamiltonian (B.1) into (B.2) one obtains:

V4

2
pre Eina)gap -
FI e P dp [ e dPmoitdg =
2 o0, £2 2 kgT
= g (o €757dE)" = g = 2
where h = h/(27) is the reduced Planck constant. The mean value
(A) of the value A is found by using the relation [34]:

(A) = / f(q. p)A(q. p)dqdp.

where f(q, p) is the probability density function. The probability
density function is calculated with the relation [34]

1
_— _— p—BH(.p)
f(q.p)= 7t . (B.5)

By substituting the probability density function (B.5) into the re-
lation for the mean value (B.4) and by applying it to the energy
(given by the Hamiltonian) one obtains:

(B.3)

(B.4)

1 1 [ dePH 1d 1dz

— —-BH — - —pH I
(E)_hZ/e qudp_hz 3B dqdp_hzdﬂ/e dqdp_Zdﬂ'
(B.6)

Then the mean energy of the system with partition func-
tion (B.2) is

For the description of non-equilibrium process discussed in
Section 2 we can consider each particle as an oscillator in quasi-
equilibrium with the surroundings, if the temperature profile is a
slowly changing function. Thus one can define the temperature by
the relation (B.7). Equipartition theorem Let us consider the mean
values of the kinetic and the potential energies, K = p?/(2m) and
P = 1mw3q?, respectively, by using the relation (B.4). Substituting
the kinetic energy K into (B.4) yields

— kgT. (B.7)

_1 1P L2 e [P g, 11
(K)—ﬁ/ﬁe ”dqdp_W/:me dS[wgze ¢ dt_m_ikﬂ.
(B.8)
In a similar manner one obtains the mean potential energy
1 1 2.2, BH 1
(P) = Wz / 5Mmawyq’e dqdp = ikBT, (B.9)

which is equal to the mean kinetic energy. This result corresponds
with the equipartition theorem. More generally it states, that each
variable appearing quadratically in the Hamiltonian contributes
%kBT to the total average energy.
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