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Maxwell’s demon 



Breakdown of Fourier's law in 
perfect low-dimensional systems  

Review papers: 
 

Heat transport in low-dimensional systems 
A. Dhar, Advances in Physics, 57 (5), 2008. 
 

Fourier’s law: А challenge for theorists    
Bonetto, Rey-Bellet, Lebowitz, 2000 
In Mathematical physics, Imperial college press, London   

Heat conductivity 
Heat flux Temperature 



Theory: breakdown of Fourier's law 
in perfect low-dimensional systems  

Properties of a harmonic crystal  
in a stationary nonequilibrium state    
Rieder, Z.,  Lebowitz, J.L.,  Lieb, E.   
Journal of Mathematical Physics 
Vol. 8, Iss. 5, 1967, P. 1073-1078 

Fourier’s low: 

Heat superconductivity 



Fourier’s law fulfills for perfect crystals 
with randomly distributed vacancies 

 Heat conductivity is 
proportional to inverse 
square root of defect density  

A.A. Le-Zakharov, A.M. Krivtsov, Doklady Physics, 2008  



1 km/s 

Heat superconductance: 
experimental confirmation 



Breakdown of Fourier's law: 
experimental confirmation 



Questions: 
 If Fourier’s law is not valid, what law should be used 

instead for 1D crystals to describe heat transfer?  
 

 Can it be derived rationally from the equations of 
atoms motion? 

? 



Nonsteady heat transfer in 1D harmonic crystal: 
derivation of the modified Fourier’s law 
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Initial conditions: 

Equations of motion: 

A.M. Krivtsov, 2015, ArXiv:1509.02506 

where 𝑢𝑢𝑘𝑘 is the displacement, m is the particle mass, C is the bond stiffness.  



Nonlocal temperature 
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Initial problem for nonlocal temperature: 
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A.M. Krivtsov, 2015, ArXiv:1509.02506 



Kinetic temperature 
Initial problem for nonlocal temperature: 
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Initial problem for kinetic temperature: 
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Relation between kinetic and nonlocal temperature: 

A.M. Krivtsov, 2015, ArXiv:1509.02506 



Kinetic temperature 
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Initial problem solution: 
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Initial problem for kinetic temperature: 

A.M. Krivtsov, 2015, ArXiv:1509.02506 



Heat equations comparison 

 Classic (Fourier): 

 
 Hyperbolic (Maxwell-Cattaneo)  

 
 Modified (Krivtsov) 
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Heat conduction laws comparison 

 Classic (Fourier): 

 
 Hyperbolic (Maxwell-Cattaneo)  

 
 Modified (Krivtsov) 



Example 1: sinusoidal temperature 
disturbance 

 Temperature: 
 

 Heat flux: 

Solution: 



Decay of the sinusoidal 
temperature disturbance 



Example 2: Heat transfer from  
hot half-space to cold half-space  

 Temperature: 
 

 Heat flux: 

Solution for: 



Heat transfer from “hot” to “cold” 



 Stochastic problems for simple discrete media can be 
reduced to deterministic problems for generalized discrete 
media. 

 The presented methods allow solving nonstationary 
problems, where notion of thermodynamic equilibrium is 
not valid. 

 Heat transfer in 1D harmonic crystals is described by the 
following equations: 
 

 
 

 Ultrafast heat transfer and negligible thermal resistance 
indicate thermal superconductivity in one-dimensional 
crystals. 
 

Conclusions 
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