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Abstract—In the present paper, we consider mechanical properties of an ideal hexagonal close-
packed (HCP) crystal lattice. We construct three models for describing the elastic characteristics of
metals with HCP lattice. Using examples of nine metals with different degree of geometric imper-
fection (beryllium, hafnium, cadmium, cobalt, magnesium, rhenium, titanium, zinc, and zirconium),
we show that including the moment interaction into the model leads to a more accurate description
of the elastic properties than taking into account the geometric features of a specific lattice. We also
show that, depending on the type of the electron shell, it is efficient to use different models; namely, for
d-elements, it suffices to use the two-parameter force model, while for the s-elements, it is required
to take the moment interaction into account.
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1. INTRODUCTION

Recently, the particle dynamics method [1—3], in which the material is represented as a set of points
particles or rigid bodies moving according to the laws of classical mechanics, became especially topical
because of the necessity to describe the mechanical processes at the nanometer scale level [4—10]. In
this case, the particle dynamics method is very important not only as a computational method but also
as a powerful analytical tool for investigating the material behavior at the nanolevel and for establishing
the relationship between the material micro- and macroparameters [1,11—15].

In nanotechnologies, it is required to determine the mechanical properties of objects whose dimen-
sions are commensurable with interatomic distances, and hence the specific characteristics of their
atomic structure must be taken into account explicitly. Many nanostructures are either ideal crystals
or contain significant monocrystal segments, and hence it is necessary to develop the mathematical
apparatus and mechanical models of crystal solid deformation for obtaining a correct description of
nanoobjects and for their exploitation [16—18]. Moreover, the possibility to relate the micro- and
macroparameters is important for stating the problems of computer simulation.

In the present paper, we consider the analytical modeling of one of the most widely used crystal
structures: the hexagonal close-packed (HCP) lattice. An anisotropic potential based on the Morse
potential, which takes the interatomic bond direction into account, was proposed in [17]. The bonds in
the first six coordination spheres were taken into account. This potential ensures stability and reflects
the symmetry of hexagonal crystal lattices, but the computations of elastic moduli by using this potential
do not give correct results for all metals. Moreover, since the lattice symmetry is explicitly taken into
account, it is impossible to use such a potential in the case of large strains and structural transitions. In
the present paper, we propose to consider only the first coordination sphere, which significantly simplifies
the calculations and is sufficient for describing the elastic properties (also without transition to large
strains).
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Close-packed lattices are lattices in which the maximal concentration of nodes per unit volume is
attained for a given minimal distance between the nodes. Such a structure can be visually represented
by rigid balls arranged into layers in a certain volume (Fig. 1). In contrast to directed bonding in
covalent crystals, bonding in metal crystals is spherically symmetric [19]. Therefore, in crystallography,
an actual metal atom is replaced by a rigid ball whose radius, the so-called metallic radius of an
atom, is equal to half the distance between the nearest neighboring atoms. The following two closely
packed structures are encounter most often. In crystallography, they are called the face-centered cubic
(FCC) and hexagonal close-packed (HCP) lattices [19]. The difference between the FCC (to the right)
and HCP (to the left) lattices can be seen in Fig. 1.

The HCP lattice has a two-layer periodicity and the sequence of its layers is written in the
form ... ABABAB...; the FCC lattice is a three-layer periodicity characterized by the sequence
...ABCABC'.... The packing density, which is the ratio of the total volume occupied by the balls
per cell to the total volume of the cell, is the same for both lattices, but they have significant topological
distinctions. The FCC lattice is simple: all atoms (and A and B and C') are in the same position with
respect to their environment. The HCP lattice is more complicated—it is diatomic; with respect to the
atoms in even (B)and odd (A) layers, the surrounding atoms are located differently. Conditionally, we say
that the atoms in adjacent layers (A and B) are atoms of different type, although the atoms themselves
are the same, and only the environment geometry is different. Any complicated lattice can be represented
as several simple sublattices embedded into one another. The HCP lattice has two such sublattices; they
can be obtained as the union of respective even and odd atomic layers. In contrast to the FCC lattice, the
HCP lattice has no cubic symmetry. The importance of taking account of two atoms in an elementary cell
of the HCP lattice was investigated, for example, in [20] when developing an X-ray method for studying
the short-range order in polycrystal HCP alloys.

Moreover, in actual crystals the distances between neighboring atoms belonging to the same or
different layers are always the same for the FCC lattice (this follows from the cubic symmetry). For
the HCP lattice, these distances differ to a lesser or greater extent, so that the actual HCP lattice
corresponds to the close packing of ellipsoids rather than balls. The lattice of actual metals is said to
be geometrically imperfect. In closely packed structures, each atom obviously has 12 nearest neighbors,
which are called the first coordination sphere. In the lattice of actual metals, these 12 neighbors cannot
be called the first coordination sphere, because 6 of them are closer to the central (reference) atom
than the others. Nevertheless, to avoid confusion in considering many coordination spheres, to the first
coordination sphere in a geometrically imperfect lattice, we ascribe the atoms that would belong to it if
it were a perfect lattice.
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2. MODELING TECHNIQUES. BASIC RELATIONS

The models are constructed by the particle dynamics method according to which the material (a
continuous medium) can be represented as a set of particles or rigid bodies mutually interacting by
certain laws. By doing so, one passes from a continuous model to a discrete model, which is one
of the most important steps on the way from microworld to macroworld. An important problem is
to obtain relations between macroscopic and microscopic elastic characteristics, namely, between the
components of the lattice stiffness tensor and the interparticle bonding stiffnesses. In the present paper,
we construct two “force” and one “moment” models.

The models are constructed using direct tensor calculus [21, 22]. The vector quantities are denoted by
lowercase boldface characters (e.g., a and b) and the tensor quantities, by uppercase boldface characters
(e.g., A and B). The rank of a tensor is denoted by a left superscript; for example, 3C is a tensor of rank 3.
For tensors of rank 2, this superscript will be usually omitted. A tensor of rank n is a sum of terms each
of which is the tensor product of n vectors. The tensor product is associative and distributive in both
vectors and scalar number, but it is not commutative: vectors in the tensor product cannot be permuted.

The force model is based on the idea that separate particles forming the lattice interact through a pair
potential depending only on the distance between the particles (for example, the Lenard—Jones or Morse
potential), but the form of the potential is not specified. In the first approximation, each particle (atom,
lattice node) turns out to be connected with its 12 nearest neighbors that form the first coordination
sphere by linear springs whose spring constants (stiffnesses) will be called microscopic. For a closely
packed lattice, such a model, based only on the central interaction, is stable. The stifiness tensor of a
complicated diatomic lattice in the case of force interaction can be calculated by the formulas[1]:

ic=4c,-3%Cc.2c!.3C, (2.1)
1 1 1
2C = ‘/0 za: VaCallgNg, 3C = ‘/0 Za:l/aaacanananon 4C* = ‘/0 Za:aicananananon (22)

where n,, are unit vectors of bond directions, a,, and ¢, are the bond lengths and stiffnesses, v, = 0 for
the interaction of atoms of the same type, v, = 1 for the interaction of atoms of different types, and 1}
is the volume of the elementary cell. For the HCP lattice, this is a right prism whose base is a rhombus
with angle 60° (dashed lines in Fig. 2). The summation is performed over all atoms interacting with the
reference atom. The type of the reference atom is of no importance.

Formulas (2.1) and (2.2) were obtained under the assumption that, in equilibrium, the interaction
forces between the atoms of the crystal are zero (or negligibly small). The deformation of a complicated
lattice consists of the deformation of sublattices and their mutual displacement. The tensor 4C*
characterizes the crystal elastic stifiness without taking account of the sublattice displacements; the
tensor 2C characterizes the stiffiness with respect to the sublattice displacements; and the tensor 3C
describes the mutual influence of the two types of deformation.

In a description that uses moment (noncentral) interaction, rods with longitudinal and transverse
stiffnesses are introduced instead of springs. For the case of moment interaction, the following formulas
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for the stiffness tensors of a diatomic lattice were obtained in [23]:

1 cA—C
0= LS ullea— eomana tepBl 0= S nanane
0 (e} 0 (07
1 (2.3)
ic, = Vi Z[(CA — cD)ainananana + chaEna]S,

67

where ¢4 and cp are the longitudinal and transverse stiffnesses of the bond and E is the unit tensor
of rank 2. The symbol S denotes the symmetry with respect to all the vectors contained in the tensor
product.

3. ONE-PARAMETER FORCE MODEL

We consider the simplest model of ideal HCP lattice, namely, the model in which the distance between
any atom and all its neighbors in the first coordination sphere is the same as well as the stiffness of their
bonds. Such a model is one-parameter, because it contains a single microscopic elastic characteristic.

For the HCP lattice, we assume that v, = 0 in the case of interaction of the nearest neighbors in
one layer (& = 1,...,6) and v, = 1 in the case of interaction of the nearest neighbors in adjacent layers
(fora=17,...,12).

Then formulas (2.2) take the form

12 12 12
9 c 3 ca 4 ca® 3
C = E ny,n,, °C= E nyn,n, C,= E nanyNNN,, Vo= V2a , (3.1)
VO a=T VO a=T VO a=1

where a and c are the bond length and stiffness.

We introduce an orthonormal basis i, j, k so that the vectors i and j lies in the atomic layer plane and
the vector k is perpendicular to the layer.

Then the vectors n,, can be represented as

: V3., V3 1., V3, 1. V3, V6
ng=+, ngu= o j* k, mno3se== giE 5 d mrgronp=*,i- i+ k. (3.2)
Substituting these expressions into formulas (3.1), we obtain
9 c = 3 V3 ca® 4 ca? [5 ~= g - g 8
C= _ (E+4kk), C= J, ‘c,.= EE)® + 4(Ekk)S + _ kkkk|,
Vo ( ) 6 Vo Vo [2 (EE) ( ) 3 (3.3)

E=ii+jj, *J=jjj- 3(ij)°.

The symbol S denotes the symmetrization with respect to all vectors contained in the tensor product, in
particular,

(ij)” = § (ij +iji +ji), (BE)° = }(J1+J), J1=EE,
Jys = 28+ 24 + i+ Jidj + i1 + Jid, (34)
(Ekk)® = | (Ekk + kEk + kkE + ikik + jkjk + kiki + kjkj + ikki + jkkj).

It follows from the geometric considerations that the stifiness tensor *C, given by formula (3.3) is the

stiffiness tensor of the FCC lattice under the nearest neighbor interaction. The second term in (2.1) can
be calculated as

1 ca? 1 ca® - ~

3. 201 .30y _ 31.37 — _

C-“C C 12 1, J - °J 19 VO(J23 Jy). (3.5)

Then, according to (2.1), for the stiffness tensor of the HCP lattice, we obtain
2
4 ca” | 11 < 3= ~ g 8
= 4(Ekk kkkk|. )
C Ve 1o 91T J23 +A(EKK) + . (3.6)

MECHANICS OF SOLIDS  Vol. 45 No.3 2010



374 KRIVTSOV, PODOLSKAYA

%
70

50 — —

30 —

20 — N —

iR RS il nrl |

Cd Zn Co Mg Re Zr Ti Hf Be

Fig. 3.

From (3.6) we derive the analytic expressions for the stifiness tensor components (in the three-
dimensional case, a 6 x 6 matrix corresponds to it) in terms of the bond stiffness and length:

29v2 ¢ 44/2 ¢ 11v/2 ¢
Ci1 = Coy = v , Oz = v , Ci2 = v )
24 a 3 a 24 a (3.7)
V2 ¢ 3v2 ¢ '
Ci13 = O3 = Cyy = Cs5 = , Ceg = )
3 a 8 a

Here Ca323 = Cu4, C3131 = Css, and Cra12 = Cge.
The other components can be obtained from the above expressions by permutations of indices, for
example, Cy1 = C12. The bulk compression modulus is determined by the formula

2V2 ¢
3 a

Further, the bond stifiness ¢ for several HCP metals (beryllium, hainium, cadmium, cobalt, mag-
nesium, rhenium, titanium, zinc, zirconium) was calculated on the basis of experimental data [17]
for the stiffness tensor component C7; and the bond length a. Also the following verification was
performed: two experimental values of the bulk modulus K and K [17, 24] were compared with the bulk
modulus K calculated by formula (3.8). Since the difference between K and K was less than 20%, a
result was regarded as satisfactory if it differed from both values by no more than 20%. This criterion
is satisfied for metals whose bond lengths are approximately the same in all directions (Fig. 3). In

Fig. 3, the light-shaded regions show the deviation | (") — K|/K, and the dark-shaded regions show
the deviation |K(") — K|/K.

KO = ;E JAC L E = (3.8)

4. TWO-PARAMETER FORCE MODEL

Now we consider the model that takes account of the lattice geometric imperfection for different
metals, where the interatomic distance within the same layer differs from that for adjacent layers. So
we consider two bond lengths and, accordingly, two bond stifinesses, and the model thus becomes two-
parameter. Just as in the case of the one-parameter force model, we obtain the following expressions for
the components of the stiffness tensor and the bulk compression modulus:

V3 (9 4 2v/3nc V3 (3 4
Cn = Ch3 = Cys = Oy =
1= 340m <2CO+ 4+ 32 C)’ BZES T 00(da+3n2)" 27 3agn <2CO+ 4+ 302 C(>4’1)
3v/3n3c @ V3 4+ 32 V3co '
33 = ; = dep + cl, Ce= ;
aop(4 + 3n?) 9agn 3 2agm

where ag and ¢g are the length and stiffness of the bond between neighboring atoms lying in the same
layer, a and c is the length and stifiness of the bond between neighboring atoms lying in adjacent layers,

MECHANICS OF SOLIDS  Vol.45 No.3 2010



MODELING OF ELASTIC PROPERTIES OF CRYSTALS 375

%
70

60 —
50 —
40 —
30 —
20 —

Sl mw i Wl |

Cd Zn Co Mg Re Zr Ti Hf Be

Fig. 4.

n=2h/ag, and h= /a2 — a2 /3 is the distance between neighboring layers (in the case of ideal geometry,
n=10=2y2/3).

Further, on the basis of experimental data [17] for the stifiness tensor components C1; and Cs3z and
the bond length ag, the bond stifinesses ¢y and ¢ were calculated and then the bulk compression moduli

were compared (Fig. 4). In Fig. 4, the light-shaded regions show the relative deviation |K?® — K|/K,
and the dark-shaded regions show |[K(®) — K|/K. Here K and K are the experimental values [17, 24]

and K@ is determined by (4.1).

[t turned out that, taking the geometric imperfection into account enabled to decrease the difference
between the experimental and computational values of this modulus, especially for metals whose bond
lengths in different directions differ by 13—15% (zinc, cadmium). When analyzing the two force models,
it was noted that the bond stiffness decreases as the bond length increases.

Beryllium was the only exception among metals under study, for which the results predicted by the
two force models give a discrepancy that is 2—3 times larger than the adopted allowed value. It is well
known that most of the above-considered HCP metals are d-elements, in which both the outermost and
the previous electronic subshells participate in the interatomic interaction. But beryllium has only two
electronic subshells and is an s-element.

5. MOMENT MODEL

Now we consider the moment model of an ideal HCP lattice. It is also a two-parameter lattice, we
introduce rods with both the tensile and bending stiffnesses instead of springs.
We use formulas (2.1) and (2.3) to calculate the stifiness tensor components

\/2 (CA - CD)2 \/2
Ci1 = o |:5CA + 3cp — 6(CA n 5CD) :|, Ci3 = 34 (CA — CD),
V2(ca — ep)(1ley + 49¢p) 2v/2
= = 2 5.1
Ci2 2Ualcs + 5ep) , Cs3 3q (2ca + cp), (5.1)
2 (ca — CD)2 V2 3) 2v/2
Cées 1% [5014 + Tcp 2ea+5cp) | Cus 34 (ca + 2¢p), 3, A

where c4 and cp are the bond longitudinal and transverse stiffnesses and a is the bond length.
Comparison with experimental data shows that the moment model works better than the one-

parameters model for all metals and better than the two-parameter model for all metals except zinc

and cadmium, whose geometric imperfection is too strong (Fig. 5). In Fig. 5, the light-shaded regions

show the relative deviation [K®) — K|/K, the dark-shaded regions represent |[K(®) — K|/K. Here K

and K are experimental values [17, 24], and K'®) is determined by formula (5.1).
An important result is that this model can describe beryllium.
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Fig. 5.
Table 1

Metal (group, subgroup) ¢, % O N/m P N/m c@/c? ca,N/m cp/ca

I Cd(II B) 15.49 12.6 15.4 0.262 8.7 —0.893
Zn (11 B) 13.67 15.7 18.9 0.232 9.5 ~0.863

I Co (VIII B) ~0.006 28.2 28.1 1.062 31.3 ~0.096
Mg (Il A) —0.55 7.0 7.0 0.946 74 —0.243

Re (VII B) —1.11 61.8 60.8 1.045 66.7 ~0.129

I11 Zr(1V B) —2.48 16.9 16.3 1.127 23.1 —0.476
Ti(IV B) —2.72 17.5 16.9 1.096 20.8 —0.298
Hi(IV B) —3.06 21.1 20.3 1.081 23.2 —0.207

Be (I A) —3.25 24.4 23.2 1.156 18.4 0.766

6. RESULTS AND CONCLUSIONS

Table 1 presents the computational results for several HCP metals. We introduce the notation:
¢ = (m —mo)/no is the dimensionless parameter characterizing the lattice geometry (for a geometrically

perfect lattice, we have ¢ = 0), ¢(!) is the interatomic bond stifiness calculated on the basis of the one-

parameter model, C(()z) and ¢ are the respective bond stifinesses in the layer plane and between the
layers (the two-parameter force model), and ¢4 and cp are the respective longitudinal and transverse
bond stiffnesses (the moment model). All the stifinesses were determined on the basis of experimental
data for C11 and Csz with the well-known dimensions of the elementary cell taken into account [17, 24].

Depending on the value of the parameter ¢, the above-considered metals can be divided into three
groups, denoted by the Roman numerals 1, II, and III in the table. For the first group (Cd and Zn),
we have the inequality ¢ > 0 (the lattice is elongated along the vertical axis of symmetry), and the
stiffiness of the bond issuing from the plane is approximately four times less than that of the bond lying
in the plane. For the second group (Mg, Co, and Re), we can assume that ¢ ~ 0, and the difference

between ¢(?) and c((f) is approximately 5%. For the third group (Zr, Ti, and Hf), we have ¢ < 0 (the lattice

is compressed along the vertical axis of symmetry), and the difference between ¢(?) and c((f) increases up

to 8—16%.

In the moment model for all the above-considered metals except for beryllium, the transverse bond
stiffness is, first, less than the longitudinal bond stiffiness and, second, negative. Thus, the introduction
of the moment interaction slightly destabilized the lattice (although the stability was not lost) in order to,
apparently, compensate the geometric imperfection, which was not taken into account. The fact that c¢p
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is negative can testify that the metallic bond is nondirectional. In the case of beryllium, the transverse
bond stifiness is positive.

Thus, we can conclude that (i) in the majority of cases, a correct choice of the interaction is more

important than taking account of the geometric characteristics of a specific lattice and (ii) the choice
of the interaction depends on the type of the metal electronic subshell; in particular, d-elements can be
described with a sufficient accuracy by purely force models.
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